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Elementary lowering operators for the symplectic group, for which a graphical algorithm was
given by Mickelsson, are obtained in the form of tensor operators. The resultant simple analytic
expressions are analogous to the corresponding ones found previously for the unitary and

orthogonal groups.
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1. INTRODUCTION

Shift operators have been introduced for the purpose of
constructing a basis in the representation space of a group.
By definition, a basis vector of any weight can be obtained
from a basis vector of any other weight by the application of
an appropriate shift operator. In particular, if the represen-
tation space contains a maximal vector the entire representa-
tion space may be obtained by applying appropriate lower-
ing operators to the maximal vector.

These ideas were first formulated explicitly in applica-
tion to the unitary groups by Nagel and Moshinsky,' who
gave analytic expressions for the shift operators. Until re-
cently attempts to extend these results to other groups have
proceeded in two ways. On the one hand, analytic results
were obtained for the SO(n) and SO(n, 1) groups by Wong,?
for the U(n, 1) groups by Patera,” and for the discrete series of
the U(p, q) groups by Patera, Winternitz, and Sharp.* On the
other hand, less explicit results based on a graphical algo-
rithm were obtained for the SO(n) groups by Pang and
Hecht,® and for the Sp(2n) groups by Mickelsson.®

Recently I have proposed another approach, which
makes use of the concept of tensor operators due to Louck
and Biedenharn.” In this approach the nonuniqueness inher-
ent in the definition of the shift operators is exploited to
express them as tensor operators. By this means much
simpler analytic expressions were obtained for the U(r) and
SO(n) groups,® as well as for the discrete series of the SO(p, g)
groups.® In the present work the tensor operator technique is
used to obtain simple analytic expressions for the elementary
lowering operators of the Sp(2n) groups, thus closing the gap
in the list of the classical groups.

2. TENSOR OPERATORS

Following Mickelsson® I denote the generators of
Sp(2n) by E; = E;; with indices ranging from — n to n, zero
excluded. The Sp(2¢) subgroup, 1<t < n, is obtained by re-
stricting the indices to range from — ¢ to ¢, zero excluded.

The commutation relations of the generators are

[Exj7Ekl] =8uwEy +8uEy + 8B + 8uEy, (2.1)
with the symplectic metric given by
g; =0 ifi# —j andg_, = —g ,=i/li|. (2.2)

In a unitary representation the generators have the Hermiti-
city property
E; = —gu&iEu- (2.3)
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I define an Sp(2¢ ) tensor operator 7, with (2¢)* compo-
nents 7, 1<|i|, | j|<¢, by the transformation properties

[Eij’TkI] =guTy +gu T, +8:Ty +8: Ty (2.4)
It is obvious that E, whose components are the generators, is
a tensor operator. Another example is the symplectic metric

g (an invariant tensor operator). It is easily shown that if 77
and U are two Sp(2t ) tensor operators then so is 7U, where

(TU )= — Ty Uygy (2.5)
with all indices in the range appropriate to Sp(2¢).

3. MAXIMAL AND SEMIMAXIMAL VECTORS

The Cartan subalgebra is generated by then E,;_;
==H, (no summation), 1<i<n. A vector |w) in the represen-
tation space may be taken to be a simultaneous eigenvector

of the H:
H;|w) =w,|w),

W=(,,W;y..., W, ),

1<i<n, (3.1)

(3.2)

where w is calied the weight. Two weights are called equal if
all the components of the weights are equal, otherwise the
weight w' is called higher than w if

wi = w;

for 1<i<j andw/>w;. {3.3)

The T; belong to the set a™(a ™) of raising (lowering)
tensor operators if in the equation

T;lw)=|w) (3.4)
the weight w’ is higher (lower) than w. It follows that

a® = {T,|i,j>0}u{T,_;|j>i>0}, (3.5)

a” = {T;li,j<0}u{T,_;|i>j>0}. (3.6)

Since all unitary irreducible representations (unireps) of
Sp(2n) are finite-dimensional they necessarily contain a basis
vector of highest weight, the so-called maximal vector
|m?"):

E;lm*) =0, Egea™, I<|il,|jl|<n, (3.7

H,|m*) = m?|m*"), 1<ig<n, (3.8)

and this highest weight characterizes the unirep. Since a un-
irep of Sp(2n) is necessarily a representation (possibly reduc-
ible) of the Sp(2n — 2) subgroup, the representation space of
Sp(2n) characterized by m*” must also contain so-called se-
mimaximal vectors |s.m.), which are maximal vectors of
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Sp(2n — 2):
E;lsm.)=0, Eea®, I<|i|,|jl<n—1, {3.9)
1<i<n — 1, (3.10)
(3.11)

H |sm.) = m}" %sm.),

H, |sm.) =w,|s.m.).

4. THE MICKELSSON LOWERING OPERATORS

A basis in the Sp(2n) representation space may be con-
structed by determining the lowering operators, whose ap-
,plication to the maximal vector yields all independent semi-
maximal vectors, and then iterating this procedure down the
subgroups chain Sp(27) D Sp{2n — 2)D-..DSp(2). Such low-
ering operators were given by Mickelsson® in the form of a
polynomialinE _, _, and L #",1<j<n — 1. The L *"are

the elementary lowering operators defined by®

[H,,LF"]= +L*" (4.1)
He L") = —6,L*" 1<k<n—1, (4.2)

(Ex, L "]|sm.y =0, Eyea™, 1<|il,lk|<n—1.
(4.3)

These equations state that the action of L ;* " on a semi-
maximal vector in Sp(2n) representation space is to produce
another such semimaximal vector, whose jth weight is lower

by 1, and whose nth weight is raised (for L ;" ") or lowered
{for L ,~")by L.

APPENDIX
If follows from Egs. (4.6) and (2.5) that

n—1

T(j—1), = {T(j)(E_cjgnlk =¢T (P + Z {T(j)lpE-pk -

r=1

Therefore, forj — 1< —k<n — 1,

To solve these equations Mickelsson® devised an algo-
rithm using graphs. I proceed instead as follows. It is seen
from the definition of tensor operators, Eq. (2.4, that Egs.
(4.1) and (4.2) are satisfied by

L, "={ET(j)}

where T'{ j}is an arbitrary Sp(2n — 2) tensor operator. More-
over, Eq. (4.3} is also satisfied if the operator T'{j} obeys

1< j<n — 1 (4.4)

+on - f

T(jlulsm)=0 fori<k<n—1 andj< —k<n—1.

(4.5)
It is shown in the Appendix that a solution to Eq. (4.5) is
given by

r— 1

" 1 i
Ti= T {E+dg [ (E+c8) (4.6)
y--1 p=j+l
where
d=s—1—-—m>""72 (4.7
c,=2n—p—1+m" ? (4.8)

and where | use the convention

"

Il £ +c,e=¢ (4.9)

oo
The reader is reminded that all products are defined by Eq.
{2.5) with repeated indices summed over the Sp(2n — 2)
range.

T pEp - (Al)

{— p™~pk

T(j— glsm.) =(c; — m* T (fus.m.) + "21 {E_ Ty + [Ty E - pic 1} sm)

p=1

S BTy + [Ty Exc ]} lsm)
p=—k+1

=(¢; —m™*—2n — k+ 1T (jly|sm.) + "il {E_ Ty — 8Ty — 8T () pp }[s-m.)

_ nil

p=—k+1

where I have used the fact that Sp(2n — 2) raising tensor
operators annihilate the semimaximal vector.

Assuming Eq. (4.5) to be true, I deduce that the right-
hand side of Eq. (A2) vanishes forj < — k<n — 1. Moreover,
the right-hand side of Eq. (A2) also vanishes forj = — k by
definition of ¢;, Eq. (4.8). By similar, except simpler, manipu-
lations I deduce from Eq. (A1) that T(j — 1), |s.m.) also
vanishes for 1<k<n — 1. Thus I have shown that the valid-
ity of Eq. (4.5) implies the validity of the same equation with/
replaced by j — 1. It then follows by iteration that Eq. (4.5} is
true for 1< j<n — 2 provided it is true forj =n — 1, i.e,,
provided

Tn—1),lsm.)=0 forl<k<n 1, (A3)
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p=1

{Epk T(jhi—p— gpIT(j)k —p gle(j)p —p }|s.m.), (A2)

|

where I leave off the restriction j < — k<n — 1 because it is
empty forj =n — 1.
To prove Eq. (A3} let

p—=_1

Wip=1]] (E+dg), 2<p<n (A4)
so that
Tn—1)=Win). (AS5)

Using the same technique as above I can show that the
equation

W(p),lsm.) =0 forl<k<p—1 (A6)

implies the validity of the same equation with p replaced by
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A method for constructing infinite-dimensional representations of Lie superalgebras employing
boson representations of their Lie subalgebras is outlined. As an example the osp(1,2)
superalgebra is considered; explicit formulae for its generators in terms of one pair of boson
operators, at most one pair of fermion ones, and at most one parameter are obtained, the Casimir
operator being represented by a multiple of unity. The restriction of these representations to the
real form of osp(1,2) is skew-symmetric in the even part and can be regarded as a natural
generalization of skew-symmetric representations of real Lie algebras. Some other aspects of the

presented construction are discussed.

PACS numbers: 02.20.Qs, 11.30.Pb, 02.20.Sv, 02.20.Tw

I. INTRODUCTION

1.1. The physical concept of supersymmetry has at-
tracted attention to the mathematical structure of Lie super-
algebras and their representations. The (finite-dimensional)
Lie superalgebras can be classified in a manner analogous to
the Lie algerbra theory. A complete classification is known
for the complex simple Lie superalgebras'~ as well as for real
ones'; it allows one to describe also all semisimple Lie super-
algebras, however, in a more complicated way than in the
usual Lie theory. Various results are known concerning fin-
ite-dimensional irreducible representations of simple Lie su-
peralgebras’’~'7; the situation is much less satisfactory for
infinite-dimensional representations. In this paper we pro-
pose a method for constructing such representations and il-
lustrate it on the simplest nontrivial example of the osp(1,2)
superalgebra [called also B(0,1) or (sp(2),2) *andosp(2,1) 7].

1.2. There exists a wide family of the so-called boson
representations for real classical simple Lie algebras. They
are obtained with the help of canonical realizations, i.e., real-
izations in terms of several pairs of boson creation and anni-
hilation operators satisfying the canonical commutation re-
lations (cf. Ref. 11 and references quoted therein). All of
these representations are Schurean, i.e., every Casimir oper-
ator is represented by a multiple of unity. They are, more-
over, skew-symmetric. Our aim is to use some of these boson
representations for constructing representations of real Lie
superalgebras which have the even elements skew-symmet-
ric {this property will be hereafter referred to as ESS) and are
Schurean. There are two reasons why we restrict ourselves to
Schurean representations: (i) it is relatively simple to con-
struct them by means of our method, whereas the problem of
irreducibility is much more complicated as we are dealing
with unbounded operators, (ii) non-Schurean representa-

" On leave from Faculty of Mathematics and Physics of the Charles Uni-
versity, Prague, Czechoslovakia.
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tions are reducible.

1.3. The construction for a Lie superalgebra
L = L,e L, proceeds as follows. In a suitably chosen skew-
symmetric boson representation of the Lie algebra L, which
depends on at least one numerical parameter, we replace all
the parameters by operators on some “fermion” Hilbert
space ;. Then we look for generators of the odd part L, in
the form of linear combinations of operators
Ty @ Ty; Tye End J¥°; depends on a certain number of
pairs of operators on the representation space #°y of the
boson representation satisfying the canonical commutation
relations (CCR), and analogously Tz€ End 7 is expressed
by means of one or more pairs of operators on & which
obey the canonical anticommutation relations (CAR]. The
trivial case dim#";. = 1 is not excluded; it yields the special
type of “pure boson representations” of L where no fermion
operators occur.

1.4. It should be stressed that not every skew-symmetric
boson representation of L, is suitable for applying this ap-
proach. The choice is restricted especially by the ESS re-
quirement. An example of a boson representation of sp(2, R)
which is not “suitable” just for this reason is given in Sec. 3.
On the other hand, our results in the next section concerning
the osp(1,2) superalgebra as well as our preliminary results
for osp(1,4) suggest that there exists at least one suitable bo-
son representation of L, which, moreover, gives rise to a
family of representations of L depending on n parameters, »
being the number of independent Casimir operators of L.

I, SCHUREAN REPRESENTATIONS OF THE osp(1,2)
SUPERALGEBRA

In this section we shall apply the construction sketched
in the introduction to the particular case of osp(1,2).

2.1. In the basis of osp(1,2) considered in Ref. 7 the even
generators @, ,Q_,Q, and the odd ones V',V _ fulfill the
relations
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(2.Q. 1= +0Q., [Q.Q ]1=20, (la)
(@7, ]= £4V., (1b)
[QuV_ 1=V, [V..V,. ] = £i0.,

Vo V_li= —40, (Ic)
[Q..V.]1=0, [Q_V.1=V_. (1d)

The Casimir operator is expressed as

K,=Q3+40.Q_+Q Q)+ V. V_-V_V, (2

2.2. The even part of osp{1,2} is the Lie algebra
sp(2,R)=sl(2,R). A suitable boson representation of this al-
gebra can be constructed using one pair of boson operators
b,b * which obey the CCR: [b,b *] = I};. It is convenient to
pass to the linear combinations
p=2""2b—b*), g=2""3b+ b ") fulfilling

pg) =Ip. (3)
We choose the operators p,q in such a way that p is skew-
symmetric and ¢ symmetric. This choice is consistent with

the standard relation b * C b*, where b * is the adjoint of b.
One can easily verify that the operators

Q% =ig’, QF=lp+ils) Q° =4p’+ivg’
(4)
satisfy for each y€C the relations (1a) and generate a Schur-
ean representation of sp(2,R). Moreover, if ¥€R, then this
representation is skew-symmetric.

2.3. The relations {1a) are to be understood in the sense
commonly accepted in the representation theory (cf. Ref.
12): there is a common dense invariant domain DC 77, i.e.,
such that all the operators (4) map D into D. One has, of
course, to specify a representation of the CCR (3) appropri-
ate for this case. In the following we put 55 = L *R) and
use the Schrodinger representation:

(pf)x) = £ 1x), (@f)x) = xf(x). Itsstandard domain #(R) has
to be restricted because of ¢~ % occurring in (4). We can take,
¢.g., the following common dense invariant domain of

2,08 ,and 0%:
D = {, |9y (%) = x*exp[ — x* — (nx?)™'];

k=0, + Loy n=12,],.

The term — (nx?) ™' in the exponent of i, ,, ensures that D is
in the domain of g =% ¢ > ¢y, = ¥y _3.,., ¥s,(0)=O0forallk
and n, and the ¥, are continuous on R.

2.4. As mentioned above, we choose #° = ¥y @ ¢
for the representation space, %’ being a “fermion” Hilbert
space to be specified later. The expressions for the even gen-
erators are obtained by extending the boson representation
(4) on 7 as follows:

Q+ = Q Ii— ® I Fr

O;=Q%el, Q_=yp’el:)+ig ed) (5
The commutation relations (1a) are obviously satisfied for an
arbitrary operator 4; if we want these operators to be skew-
symmetric 4 has to be symmetric.

2.5. The prescription (5) has to be completed by expres-

sions for operators V',V _ representing the odd generators.
We shall adopt the following ansatz:
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V_=q '8C,+peC, (6)

Then the commutation relations (1b) are fulfilled, as can be
easily seen by comparing (1b) to the relations

[Q ?,Q] = .2L q,

[Qap+Bg~']= —Hap+Bg™"), apeC
which immediately follow form Egs. (3) and (4). For specify-
ing the “fermion” operators C, (r = 1,2,3) and 4, we make
use of (1c); the remaining relations (1d) follow from (1a)—(1c)
so that they provide no new conditions for the fermion oper-
ators. After simple calculations we get the following result:

Let the operators C,,C, on 57 fulfill

Cl=ylp, [C,G], =0 (7)
Then the operators

0, =ig?ely, Q;=lgp+is)el,
Q_ =éip2®IF +tq“2®(2ClC2+4lC§)’ (8)
V.=geC, V_=1peC +q '8C,

V~'+ ='q®C1,

satisfy the relations (1a)-(1d) and the Casimir operator is
expressed as

K,= —LI—4ilyeC!. (9)

2.6. Let us now examine under which conditions Egs.
(7),(8) determine an irreducible or at least Schurean represen-
tation of osp(1,2) supposing dim7#¢ < .

Lemma 1: If the set {C,,C,} CEnd#% is reducible,
then the operators (8} form a reducible set in
End(5 g ® ).

Proof: This assertion immediately follows if one uses the
Y @ & realization of #%, ¥ (dim ¢ = n), in

i=1
which 4 ® B is expressed via matrix representation (b} of B
by

(A@B)xpx,) = (Z bydx, -, S b,,,Ax,). n

=1 j=1

Therefore, we shall consider only irreducible sets {C,,C,}
satisfying Eqs. (7). The Schur lemma implies that K, is then a
multiple of unity, since [C,,C,], = 0 implies [C,,C}] =0,
i.e., Schurean representations arise. The next lemma shows
that such sets exist only if dims7¢ 2.

Lemma 2: (a) If 2 < dim#°; < w0, then any solution
{C},C,} of Eqs. (7) is a reducible set. (b) If dim#x <2, then
Eqgs. (7) have the following solution only (up to similarity
transformations):

dim# =1, C, = +1, C,=0, (10)
dim# e =2, C, =0, C, =clo,, (11)
where € = exp(im/4), ceC, and o, are the Pauli matrices.
Proof: Let x be an eigenvector of C,:
Cox = cle/2)x, ceC,
and let y = (2/¢)Cx. The linear envelope of {x,y} is invar-
iant with respect to both C, and C, so that the irreducibility
condition implies {x,y},, = #%, i.e., dim#°; = 1,2. The
remaining statements of the lemma can be easily verified

combining the defining relations for x and y with Eqgs. (7). B
2.7. Consider the case dim#°x = 1. Substituting (10)
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into (8) and (9) yields

Q+ = iqz’ s =13gp + ), Q— = i(P2/4)’ (12a)
V,=t4eq, V_= +liep, (12b)
K,= — 4. (12¢)

We thus have two sets of operators 0,,, V differing in the
sign of VB However, these sets are equlvalent the equiv-
alence between them being established, e.g., by the unitary
operator R on L }(R) which is given by (Ry)(x) = ¥( — x).

All the operators (12a) and (12b) are in the vector space
EndD where D is the domain discussed in 2.3. In order to get
a representation of osp(1,2) in terms of them, one has to in-
troduce a Lie superalgebra structure in EndD such that the
operators J, become even and ¥, odd elements.'? To this
purpose we use the linear manifolds D,,D, of even and odd
functions

D, = {¢eD [Y(—x)=(—fy(x)}, k=01,
and by means of them introduce the following manifolds in
EndD:

L, = {T€EndD |TD, CDy , jmoazn k =01} j=0,1.
Then D = D, @ D,, EndD = L, ® L, and the operators (12a)
are in L, (even) while (12b) in L, (odd). Hence a representa-
tion of osp(1,2) on L *(R) is determined by Eqgs. (12a) and
(12b). Each element of osp(1,2) is represented in terms of one
pair of boson operators p,q. Therefore, this representation
will be called “pure boson representation” (PBR).

Obviously, this representation has the ESS property.
Notice that the PBR becomes a star representation of the
complexification osp(1,2;C), if one defines involution {ad-
joint operation) on osp(1,2;C} by

Q.=—0Q. Vp=—iVs (13)
On the other hand, the PBR is not a grade star representa-
tion.® If it were so, then the relations between the standard
involution * 4 ” and the standard graded involution “H#”
onEndD ® wouldimply 0 # = Q ; = — Q,. Asthe PBRiis
faithful, a graded involution on osp(1,2) satisfying
Q# = — Q, would have to exist. Then the axioms of graded
involution and relations (1) would imply

VE=cyVs cs€C,
which contradicts the axiom V% = — V.

2.8. In the case dim#¥’ = 2 it is convenient to express
the operators C,,C, in (11) by means of

at = -71_(0'1 + 10'2)
satisfy the CAR

la.a*), =1Ig,

a= %(0'1 - iU2),
The operators a,a™*
a?. — (a+)2 — 0,

and it further holds
[a*,a) = o,

Substituting (11) into Egs. (8) and {9), we get
0, =ig"ely, 0= igp + ) ® I,
O_ =ilp*/4— g Yol +Yicg *ela*,al, (l4a)
/_=lepolat —a) +iceg™'®la+a™),
V,=liegela—~a"), (14b)

=(c? — YL (14c)
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In order to embed the operators (14a) and (14b) into a
Lie superalgebra, let us take the (%7, ® 57 ) realization of
the tensor product #°y ® 7% and the vector space EndD ?,
where

D® = {(x,y)e# 'y & H#y|x,yeD }.

The Lie superalgebra structure EndD ® = L, @ L, can be in-
troduced as in 2.7; the only difference consists in replacing
the linear manifolds D, by D {2

D§ = {(x0)xeD}, DY = {(0y)lyeD }.

Then the operators (14a) and (14b) form a representation of
osp(1,2); this assertion immediately follows from the fact
that 4 @ BeL iff (b;) is a diagonal matrix and 4 @ BeL, iff
(b;) is antidiagonal (see the proof of Lemma 1 in 2.6).

The representation we have obtained is expressed in
terms of one pair of boson operators p,q and one pair of
fermion operators a,a™, is Schurean, and depends on one
complex parameter ¢; it will be called “fermion—boson repre-
sentation” (FBR). For ¢ = 0 the FBR is, of course, reducible
[see Eq. (11)] and is equivalent to direct sum of two pure
boson representations.

Has the FBR the ESS property? The standard involu-
tion “ + " on EndD@yields 0 * = —0,,0;" = — 0,
andQ * = —Q_+zq‘2(c——c)®((c + ey — i[a*,a))
Thus the ESS requirement is fulfilled iff ceR. For real ¢ one
further gets

Vi=—iV,
Hence the FBR is a star representation of osp(1,2;C) with
respect to the involution (13). On the other hand, the FBR is

not a grade star representation for the same reasons as in the
case of PBR.

1il. CONCLUSIONS AND DISCUSSION

3.1. Our analysis of the representations of osp(1,2) aris-
ing from the boson representation (4) of sp(2,R} can be sum-
marized as follows:

(i) If dim#¢ > 2, then there is no irreducible represen-
tation of the form (8); if dim#“: <2, then any representation
determined by Eqs. (7) and (8) is Schurean.

(ii) In the case dim#°r = 1 the Eqs. (7) and (8) deter-
mine just one representation (up to equivalence), namely the
PBR [see (12a) and (12b)].

(iii) In the case dim#¥’; = 2 each representation deter-
mined by Eqgs. (7) and (8) belongs (up to equivalence) to the
family of FBR [see Eqs. (14a) and (14b)]. This family depends
on one complex parameter ¢ which is related to the Casimir
operator by K, = (¢* — L)1

(iv)The PBR is a star representation of osp(1,2;C) with
respect to the involution (13); the FBR is so iff ceR. In par-
ticular, the real forms of PBR and FBR have the ESS proper-
ty (even elements are represented by skew-symmetric
operators).

(v) Neither the PBR nor the FBR (for any ceC) is a grade
star representation.

3.2. The pure boson representation can easily be gener-
alized for the osp(1,2n) superalgebra. To this purpose one has
to take n pairs of boson operators p,,q, obeying the CCR, p,
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being skew-symmetric and ¢, symmetric. It is well known
that the operators

X, =1g.p. ]+,
Xr,—s= —%’[qr’qs]+ s, —r

X—’»S = - % l[pr’ps]+= —s5,r
r,s = 1,2,..n, generate a skew-symmetric representation of
the Lie algebra sp(2n, R). Let us further introduce

V, =iexplinr/4)q,, V_,=iexp(—im/4)p,,
r=12,.n.
Then the following relations hold:
[X quk] = 5ij: - eieja—i,k V_;
(ViVi]e =26X, _, =26X, _4,

where i, j, k, /= + 1, + 2,.., + n and €, = sgni. Thus, the
operators X,V generate a representation of osp(1,2n)
which is ESS.

3.3. Canonical realizations of Lie algebras'! provide an
effective method for constructing infinite-dimensional re-
presentations. The possibility of applying an analogous pro-
cedure to Lie superalgebras seems to be promising: notice
that the method is essentially an algebraic one. To this pur-
pose one has to choose a suitable generalization of the Weyl
algebra W,,. We can take the most straightforward general-
ization'*'S omitting other possibilities'®: the associative al-
gebra W, with unity generated by the elements
q:0ii = 1,2.,nand &, k = 1,2,..,m, which obey the
relations

[pi:g;1=641, [pip;]= [pig;1=0
[gk’§1]+ =0x1, [Pi»é'k] = [q,-,§k] =0

Notice that the (complex) algebra generated by n pairs of
boson operators &,,b ;" and m pairs of fermion operators
a,,a," is identical with W,,, . : it is sufficient to choose

& =2""Ya, +ap), £, =i27"*a, —a;"). Then the
problem we have solved in Sec. II may be formulated as
searching for Schurean realizations of osp(1,2) in the Weyl
superalgebra W,,,.

3.4. It was pointed out in 1.4 that our approach does not
work for each skew-symmetric boson representation of L, if
we want to obtain an ESS representation of L. As an illustra-
tion let us consider the following example. The operators

Q.,=-» Q_ =q2[7 +9—iyg,

Q= —gp—H1—iylg (15)
generate for each yeR a skew-symmetric Schurean represen-
tation of sp(2,R) on %’y = L }(R). If we replace the param-
eter ¥ by a symmetric operator 4 on #°y (dim# . < ), we
get skew-symmetric operators on ¥ ® #° which repre-
sent even generators of osp(1,2) [cf. Eq.(5)]:

O.=—pel, O_=(p+ael
Q= —(qgp+ Up)elp + Ll ®A.

—igeA,
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For getting the operators f/" v use now the relations

A

[QA+’I}+]=0 [Qs:V ]=%
0_V.1=V_, [Q_V_l (16)

[the relations [Q s V1=V, [0 V_ ] - %f} follow
from (16) and hence provide no further conditions for

14 +,V ] The first of the relations (16) implies V = V(p),
where

V(p)(x,,...xn)=(j;V,,-(p)x,, SACARE.

(cf. the proof of Lemma 1 in 2.6), the operators ¥V, ,(p)cEndD
being functions of p only. Using the remaining three rela-
tions (16) and the fact that A is a symmetric operator on a
finite-dimensional Hilbert space 57, one easily finds

V,=V_=o.

As this result contradicts anticommutation relations (1c), we
conclude that the boson representation (15} cannot be ex-
tended to an ESS representation of osp(1,2).

3.5. It is obvious that our results remain valid also for
the other real form of osp(1,2;C) whose basis is obtained from
Egs. (1) replacing ¥, by iV,

3.6. Finally, let us remark that a pure boson representa-
tion akin to our PBR was obtained within a different frame-
work in Ref. 17.
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Lie-algebraic properties of infinite-dimensional wave equations

A. Cant
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To an infinite-dimensional Lorentz-invariant wave equation of the form (a*d, + ix)y{x) = 01is
associated a Lie algebra S over C which contains so(4,C) and a*. We show, by considering a certain
class of equations, that in general S'is an infinite-dimensional Lie algebra. It has a structure which
is quite different from that of the known types of infinite-dimensional algebras.

PACS numbers: 02.20.Tw

1. INTRODUCTION

In previous papers'— we have discussed the Lie-algebra-
ic properties of finite-dimensional Lorentz-invariant wave
equations of the form

(a“—a; + ix)t//(x) =0,

™ (1.1)

where the o* (u = 0,1,2,3) are n X n matrices and « is a real
nonzero constant. In this paper we make some comments on
the Lie-algebraic structure of infinite-dimensional equations
of the form (1.1).

We keep the notation of Refs. 1 and 2. We recall that a
finite-dimensional equation of the form (1.1) is specified by a
representation 7 of the Lorentz Lie algebra so (3,1)
=sl (2,C)® which admits a vector operator {a*}. Welet S
denote the Lie algebra generated by #(D,) and the a* over C,
where D, denotes the compexification so (4,C) of so (3,1).
Then, if we go over all irreducible representations p of S, we
obtain a family of invariant wave equations based on the
initial one."?

Furthermore, when there is a real form S, of S which
contains sl(2,C)R, with the corresponding Lie group embed-
ding SL(2,C)C %, then we can include infinite-dimensional
representations of %, in this family.’

However, a new situation arises if we take an infinite-
dimensional equation as our initial equation. We can define
the Lie algebra S exactly as in the finite-dimensional case.
After introducing the requisite notation in Sec. 2, we shall
examine in Sec. 3 a particular class of infinite-dimensional
equations, and demonstrate that S is almost always an infi-
nite-dimensional Lie algebra. We conclude with some brief
comments on the general structure of S.

2. NOTATION

Infinite-dimensional wave equations were discussed in
detail by Gel’fand and Yaglom* in 1948; we shall use the
notation of Ref. 5. The irreducible representations of
sl (2,C)® which are integrable to representations of the group
SL (2,C) are denoted by {/,,/,}, where [, is an integer or half-
integer and /,eC. The representation {/,,/,} decomposes into
irreducible representations of the maximal compact subalge-
bra su (2):

{1osd }_’ &, .
J= ol Hal + Lo

If |/, > |l,]and l,,/, are simultaneously integral or half-inte-
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gral, then {/,,/,] is finite-dimensional, and the above sum
terminates atj = |/,| — 1. In all other cases {/,,/,} is infinite-
dimensional. Matrix elements of the generators of sl (2,C)® in
this representation can be found in Ref. 5.

An invariant wave equation is thus specified by a repre-
sentation 7 which is the direct sum (or, more generally, di-
rect integral) of representations of the form {/,,/,}. The vec-
tor operator @* can only have nonzero matrix elements
between {/,,/,} and [/;,/,'} when

=L+l or ly=l+1, I/=I

1
l():o’

Explicit formulae for o* are given in Ref. 5.

3. THE STRUCTURE OF S IN THE INFINITE-
DIMENSIONAL CASE

To get an idea of the properties of S for a given infinite-
dimensional wave equation, we shall consider the following
family of equations®:

r=mem={LI,}e{ L}, (3.1)

actinginthespace V=V, @ V,, where/,# + 3/2, 4+ 5/2,--,
so V is infinite-dimensional.
The matrices a* are of the form

(e %)
at = ,
Y« 0

in which X #, Y * are matrices, each determined up to multi-
plication by an arbitrary nonzero complex factor. (These fac-
tors are unimportant in what follows.)

Theorem 3.1: For the wave equations described by (3.1),
the Lie algebra S over C which is generated by 7{D,) and the
a* is (a) isomorphic to sp (4,C) =so0(5,C) if [, = 0, (b) infinite-
dimensional when /,#0.

Proof: It has been shown by Bracken® that, for a suitable
choice of the complex factors appearing in a*,

la,.a.] =1, —2L1,7s {3.2)

where 7, are the generators of 7,
T o
I;u' = %e,uvpnlp (EOI23 = 1)’

andys =1, ®{—1,)), I, and I, being the identity opera-
torson ¥V, and V,.

(a) If I, = 0, we have [a,,,@, | = I,,, which means that
we have S'=50(5,C) =sp(4,C). This proves (a).
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{b} From (3.2) we have

laga\] = Tor — 21l L3y,

[a,a)] =1, + 2il {o3ys, et
Thus if /, #0, we see that .S contains

— {apa,] + I [ay,a,] + 1,
Iy = ——t0zid T ool =22 T 120 ec,
23¥s 2, 03Ys 2l
Clearly the matrices 1, /., 75 all belong to S, and therefore S
contains

Nx)=m(x)e0, Ix)=0em,x)
We put

_(0 Xo)
%=\y, o/

where X,, Y, are given in Ref. 5 (p. 276). Then, for m,neZ™
and x,yeD, we have

(VxeD,).

[adl(x)]™ [adT ()] ",

_ (0 (— 1)"[W.(X)]'"Xo[772(1’)]")
0 ’
By taking suitable repeated commutators, it is clear by the
Poincaré-Birkhoff-Witt theorem’ that S will contain all ma-
trices of the form

(0 () Xomy(u')
0
Hence U denotes the universal enveloping algebra of D,,
with identity 1.

We recall now that if ¥, ¥, are vector spaces over C,
then the finite topology on Hom (V,, V) is defined by stipu-
lating that a basis for the topology is given by the open sets®

O (&;m;) = {AeHom(V,,V )|4€; = ;, i=1,...m]},

) Vu,u'eU* = U\ {1}.

where {&,...,£,, } is a linearly independent set of vectors in
V, and {%,,...,7., } is any set of vectors in V.

Consider the set D = 7 (U*)X,7,(U*)C Hom(V,, V).
We shall show that D is dense in Hom({¥,, V) in the finite
topology; it then follows immediately that S is infinite-
dimensional.

We use the following criterion (Ref. 8, p. 251): “a subset
A of Hom (¥,,V)) is dense < for every set {£,...,5,, } of
linearly independent vectorsin V, and every set {,,...9,,, } of
vectors in V|, 34€A such that 4§, = 3,, i=1,...m.”

Suppose, then, that {£,,...£,, } are linearly independent
in V,,. Since ,(U*) is an irreducible algebra of linear trans-
formations of a complex vector space of countable dimen-
sion, it follows from a result of Dixmier, proved in Ref. 9,
that 7,(U*)is algebraically completely irreducible, i.e., dense
in End ¥,. Thus we can choose 4,em,(U*) such that
& =4, &, i=1,..,m. Then, since kerX, = {0}, the set
{Xo &.] is linearly independent in V. Again, choose
Aem (U*) such that 9, = 4,(X,&;) = (4,Xo4,) &:. Since
A4.X, 4,€D, itis clear that D is dense in Hom(V,,V,).00

The case (a) of this theorem expresses the fact that the
(half-integral spin) Majorana equation, for which 7 = {4,0},
is a member of the family of equations based on Dirac’s equa-
tion. It is obtained by considering the ladder representation
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of sp (4,R).>'° On the other hand, the case (b) of the theorem
tells us that no wave equation of the form (3.1) canbe a
member of the family based on any finite-dimensional equa-
tion; it is a genuinely new equation. We could, in principle,
produce new families of wave equations by finding the repre-
sentations of S.

It is clear that for infinite-dimensional equations, the
Lie algebra S will almost always be infinite-dimensional.
This situation is directly analogous to that for finite-dimen-
sional equations (see Sec. 3 of Ref. 1). There we used the same
kind of irreducibility argument to show that S is almost al-
ways the whole of the appropriate algebra so(V'), sp(V'), or
sl(V), with the corresponding wave equation being almost
never obtainable from a lower-order equation.

We observe that the irreducible representation
p = {I],}, acting on W, is self-contragradient—a nonde-
generate bilinear form with matrix B is induced on W by
means of its structure as an su(2)-module

F=blo] + 1
where
(Bj)mm’ = ( - 1}" mam' e

Clearly the generators /,,, of p are all skew relative to B. In
other words we have an embedding

D, Cso(W )[sp(W)],

according as /, is integral (half-integral), where so (W)
[sp(W )] denotes the Lie algebra of column-finite matrices
which are skew relative to B.

This situation is similar to the finite-dimensional
case"?; in fact, an argument analogous to that of Theorem
3.3in Ref. 1 shows that, if ¥ admits a vector-operator a*, we
can often ensure that SCso( ¥ )[sp(¥ )], if a bilinear form on V'
is suitably chosen [this is possible, in particular, for Eq.
(3.1].

The Lie algebra S is, however, unlike any of the infinite-
dimensional Lie algebras normally considered in the litera-
ture. First, S'is a finitely generated algebra of operators on a
Hilbert space; but, since .S contains unbounded operators
(the a* are closed but unbounded '), it is not a “classical” Lie
algebra in the sense of Ref. 12. Second, S has an obvious
filtration S,CS,CS,C--, where

So = mtDy),

S, = subspace spanned by 7(D,) and the a*,-..

S, = subspace spanned by #{D,) and the commutators
e[ [ (a1 1, (r<k)].

It is clear that [S,,S;]CS, . ; and u.S; = S. However S does
not possess an obvious gradation compatible with this filtra-
tion. Thus S does not fit into the range of filtered algebras
considered, for example, by Rudakov'? and Guillemin.!*
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Remarks on certain dual series equations involving the Konhauser

biorthogonal polynomials
H. M. Srivastava
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It is observed, in the present note, that the literature contains erroneous results concerning the
solutions of certain dual (and triple) equations involving series of the Konhauser biorthogonal
polynomials. For example, the main results proved recently by K. R. Patil and N. K Thakare [J.
Math. Phys. 18, 1724 (1977)] are shown to be invalid except in their already-known special cases.
The errors are traced to the misuse of a certain Weyl fractional integral which holds true only in

the case of the classical Laguerre polynomials.

PACS numbers: 02.30. — f,02.30.Jm

Patil and Thakare (Ref. 1, p. 1725) claim to have solved
some dual series equations involving the Konhauser biortho-
gonal polynomial set {Z %(x;k )} 7. . Their method uses
Abel’s integral equations and is based rather heavily upon
the following Weyl fractional integral of order 3 [Ref. 1, p.

1725, Eq. (2.2)]:

[ exot = nx — 572+ Aok i
3

=T (B)exp(—£)Z0(Ek), 6+ 1>8>0, (1)
which, upon setting x = & + ¢, yields its equivalent form

5 (£, — __l_ fw _ B—175+ 5 .
Z,(&k TG b exp (— )" Z "8+ rk)dt, (2)
where, as before, 8 + 1> 8> 0. For k = 1, both (1) and (2)
reduce to the corresponding well-known results for the
Laguerre polynomials L 'P(x)=2Z %(x;1).

In view of the definition of Z ¢(x;k ), the left-hand side
of (2) is a polynomial of degree n in £ *, whereas the right-
hand side is a polynomial also, of degree nk in £, in which all
powers of £ from O to nk appear with nonzero coefficients.
Thus it would suffice to check the validity of (2) for n = 1, in
which case (2) readily yields

ré+k+1) £
reo+1
_Tro+8+k+1
Lé+p+1
which (upon comparing the coefficients of like powers of £ ) is
seen to hold true if and only if k = 1.
It follows that (2), and hence also its equivalent form (1),

(— IFRILL2-4%g),  (3)

*Supported, in part, by NSERC Grant A7353.
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are invalid for k = 2,3,4,-... Therefore, all of Sec. 3 of the
Patil-Thakare paper,' except possibly their equation (3.1),
would hold true only for k = 1, that is, for the classical
Laguerre polynomials. Indeed, such dual Laguerre series
equations were solved earlier by Lowndes? and their various
generalizations were considered subsequently by Srivastava
(Refs. 3-5), and Srivastava and Panda.®

The integral formula (1) and its further erroneous ver-
sions have also appeared elsewhere in the literature. For ex-
ample, the recent papers by Karande and Thakare [Ref. 7, p.
643, Eq. (3.6)] and Kumbhat [Ref. 8, p. 140, Eq. (2.4)] may be
cited. The former attribute (1), by an obvious oversight, to
Prabhakar,’ while the latter uses (1), with a further error, in
solving certain dual and triple series equations involving the
Konhauser biorthogonal polynomials Z %(x;k ). The correc-
tions to all these papers, and possibly many more using (1),
would simply amount to viewing each of their results in the
already-known context of the classical Laguerre
polynomials.
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The bi-Hamiltonian structure of some nonlinear fifth- and seventh-order
differential equations and recursion formulas for their symmetries and

conserved covariants
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Using a bi-Hamiltonian formulation we give explicit formulas for the conserved quantities and
infinitesimal generators of symmetries for some nonlinear fifth- and seventh-order nonlinear
partial differential equations; among them, the Caudrey—Dodd-Gibbon-Sawada-Kotera
equation and the Kupershmidt equation. We show that the Lie algebras of the symmetry groups
of these equations are of a very special form: Among the C = vector fields they are generated
from two given commuting vector fields by a recursive application of a single operator.
Furthermore, for some higher order equations, those multisoliton solutions, which for |¢ |— o0
asymptotically decompose into traveling wave solutions, are characterized as eigenvector

decompositions of certain operators.

PACS numbers: 02.30.Jr

1. THE MAIN RESULTS

It has long been known'~® that the Caudrey-Dodd-Gib-
bon-Sawada—Kotera (CDGSK) equation

ut = Kl(u) = Uxxxxx + %guuxxx
+3u,u,, + 3¢ uu, (¢ arbitrary eR)) (1)
is “completely integrable” in the sense that it admits infinite-
ly many conservation laws and infinitely many symmetries
(via a suitable version of Noether’s theorem). Reference 1
provides explicit formulas for only four conserved quantities
“because of the enormity of the calculation.”

Satsuma and Kaup? have found a Bicklund transfor-
mation and an inverse scattering method for (1) that enabled
them to give an explicit recursion formula for the conserved
densities. It turned out that many of those densities are triv-
ial in the sense that the conserved charges vanish. Moreover,
conserved densities of certain order in # do not seem to exist
at all, e.g., there obviously is no conserved polynomial densi-
ty with u?,u°,u®... as the highest power of u.

A. Our main result is that all symmetries and all nontri-
vial conserved densities of (1) can be obtained by a straight-
forward recursion scheme. Weclaim that ( /,,K,0,)is a gen-
eralized bi-Hamilton system, where &, and J, are given by

6,(u)=D" + § (uD + Du), (2)
J(u)=2D>+¢(D%uD =" + D ~'uD?
+ %D ' + D ") (3)

Here D stands for the differential operator and D ' for its
inverse (defined on a suitable solution space that is explained
later on). As will be shown in Sec. II the bi-Hamiltonian
structure means that ©,(z) maps conserved convariants of (1)
(especially the gradients of conservation laws) onto infinites-
imal generators of one-parameter symmetry groups, and
J,(u) works in the opposite way, i.e., infinitesimal generators
of symmetries are mapped onto conserved covariants.
Hence, the operator
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Py(u) = B,(u) J,(u) (4a)

is a recursion operator in the sense that it maps infinitesimal
generators of symmetries onto infinitesimal generators of
symmetries, and

D" u)= J1(1)6,(u) (4b)

maps conserved covariants of (1) onto conserved covariants.
We review some basic notions.
A vector field ofu) is said to be the infinitesimal gener-
ator of a symmetry of

u, =Ku) (5a)

iftheinfinitesimaltransformationu(z }—u(t ) + eo{u(t })leaves
(5a) form-invariant. In other words v(t } = ofu(t )) has tobe a
solution of

0 =LK+ ). (sb)
de

A covector field G (u) is called a conserved covariant if
(G (uft)),vit)) is time independent whenever (¢ ) is a solution
of (5a) and v(t ) is a solution of (5b). Special conserved covar-
iants are given by gradients of conservation laws. The quan-
tity p(u) is a conservation law of (5a) if p(u( )) is time indepen-
dent for every solution «(t ) of (5a). The gradient of p{u) is
defined by

plu + ev).

e=0

d

(grad p(u),v) = —

de

Here ( , ) stands for the bilinear form given by

(fg) = f fxlglx) dx.

Now, we return to Eq. (1). Picking o(¢) = », and
o;(u) = K,(u) as the infinitesimal generators of space and
time translation, we can construct two sequences of symme-
try generators by
Oy 1) = uu, and oy, 5(u): =@ (w)K,(u).
(6a)
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The subscripts are chosen in such a way that they indicate
the order in u (i.e., the maximal power of u) of each gener-
ator. Analogously there are 2 hierarchies of conserved co-
variants that are connected to the symmetry generators via
O, and J, and can as well be constructed from simple ances-
tors. The simplest conserved densities of (1) are « and

[(£ /12)® — ul/2)] so that we pick their gradients as the
starting points of the two hierarchies. Defining

Gylu} = gradJ‘ udx=1

and
. 2
§ o % ) e £
= = = + Usrs
G,(u) = grad f_ 3 ( S > ”
we obtain the sequences
Gu =6 Pl and G,y =+ S+ u)
(6b)
for which the relations
Oy 41 (u) = B,(u)G,, (w) and J\({u)o,(u) =G, 1(u) (7

hold for £ = 0,2,3,5... and & = 1,3,4,6..., respectively.

In the particular case under consideration all the quan-
tities G, (u) are gradients. Hence the corresponding conser-
vation laws can be found by integration, i.e., all the

I, ()= j (GulAu)u) dA ®)

are conserved densities. The first four of these densities can
be found in Ref. 1.

Looking at the orders of the I, we see that there are the
two hierarchies I, ., and I, , 5, so we have verified the
conjecture “that a series of conservation laws exists with
every third polynomial conservation law (p.c.1.) missing, i.e.,
if{(2r — 1)isaninteger then the p.c.l. (of that order in «) does
not exist.”! This conjecture was already proved® (by the in-
verse scattering method and under strong compact-support
assumptions). It should be noted that our results do not de-
pend on inverse scattering techniques.

B. We shall see that the same analysis holds for the
Kupershmidt equation® (among others):

u = Kz(u) = Usrexxx + Euxxxu + z4"!§uaur u, + 3§2“2ux . (9)

Here, the crucial operators € (z) and J () have the following
form:

O,(u) =
Jyu) =

D?+ }¢(uD + Du),
2D° + 3 (uD + Du)+ § (D*uD ' +D ~'uD?
+&%u’D '+ D ", (11)

and the two gradients of conservation laws we have to start
with are in this case

(10)

Gylu) =1, (12a)
uZ
Gu)=u, + tu? —gradf (é;u - T")dx.
(12b)
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C. Another fifth-order equation that can be dealt with
in the same way is

v, =v

- S(Ux Vxxx + vix + Ui + 4Ul)x Uyx + vzvxxx - Udvx )
(13)

It was recently discovered” that this equation is connected to
(1) as well as to (9) by a Bicklund transformation (modified
Miura transformation). Hence we can apply the transforma-
tion formulas of Ref. 7 to obtain the corresponding operators
6 (v), J( v}, as well as the conserved covariants to start our two
sequences.

Equation (1) goes over into (13) via

v, —v'=1u.

In Sec. III we explain that such a formula, which is called a
Bicklund transformation, yields transformation formu-
las”" for the corresponding operators © and J. By applica-
tion of these transformation formulas we obtain the corre-
sponding operators @ (v) and J (v) for Eq. (13). They are given
by

(14)

6()=—(w-D)"'6, (-—;—(v, —vz))(lv-i-D)",

(15a)
Jm=£o <2v+Dv,(—§-<vx—v2>)<2v—D), (15b)

§

where J,(+) and 6,(+) are the operators given by (2) and (3).
The conserved covariants to obtain the two sequences of
conservation laws from are

Gyv) =1, (16)

Gyfv) = (D + ) [(vx — v*)* + 200, — 1) ]. (17)

D. In addition our method yields recursion formulas for
conservation laws and infinitesimal generators of symme-
tries of some seventh-order equations that were not yet dis-
covered as completely integrable. To be precise, take any
pair of operators 6, J given by either (2), (3) or (10), (11) or
(15a), (15b). Then the equations

u, =P (u)'u,, where @u)=0u)J (u), (18)
are completely integrable and the operators 6, J play the
same role as before.

The infinitesimal generators of one-parameter symme-

try groups are given by
o, (u)=P(u)u,,

and

G,(u) =

HENr (193)

D *(u)"Gylu), neN, (19b)

[where G(u) = 1 and @ *(u) = J (4)O ()] are gradients of
conserved quantities. Furthermore for Eq. (18) we have a
very transparent description of the multisoliton solutions.
As described in Sec. III (see also Refs. 8 and 9) a solution u of
(18) is a pure N-soliton, i.e., a solution that decomposes for

|t | =<0 into N traveling wave solutions with prescribed as-

B. Fuchssteiner and W. Oevel 359



ymptotic speeds such that the total energy is carried by the
asymptotic waves, if and only if u, can be written as

N
u, = 2 s (20a)
k=1
where
D Uw, = — Ao, k=1,..,N, (20b)

i.e., the w, are eigenvectors of & (¥). Hence the manifold of
N-soliton solutions of {18) can be described in terms of the
solution manifold of a system of ordinary differential equa-
tions. The asymptotic speeds are given by the eigenvalues,
and areequalto A },...A }.

Il. COMPARISON WITH OTHER WORK

A recursion formula for the conserved quantities (inte-
grals) of the CDGSK equation has been given before (see, for
example, Ref. 2). This recursion formula is rather complicat-
ed since the nth integral I, is a polynomial of third order in
the I, , k < n. Although this formula is the result of ingenious
considerations, it seems absolutely hopeless to find an explic-
it solution for this recursion scheme. But indeed, formula
(6b) constitutes such an explicit solution. To be precise, it
constitutes an explicit formula for the gradients of the inte-
grals. But obtaining the integrals from their gradients is only
an elementary calculation [formula (8)]. In fact, dealing with
the gradients instead of the integrals has a considerable ad-
vantage since one immediately works within the framework
of the Poisson brackets. In addition, the operator ¢ * [given
by formula (4b)] is a deformation in that Lie-algebra of Pois-
son brackets having strong linear interpolation proper-
ties'*—and since the kernel of @ * is empty, one can be sure
to construct only those integrals for which the correspond-
ing densities do not vanish.

We should like to emphasize that our results are not
obtained by inverse scattering techniques. Although we do
appreciate inverse scattering as one of the most ingenious
contributions in the field, we cannot overlook the fact that,
for the equations under consideration, the validity of the
results obtained by this method depends, up to now, on very
strong compact support assumptions (see Ref. 6, p. 215). In
contrast, all the results obtained in this paper can be checked
by direct (although cumbersome) calculations.

Our approach yields in addition a complete description
of the symmetry group of the CDGSK equation (in terms of
infinitesimal generators). Symmetries for this equation have
not been considered in detail. Of course, barring some minor
complications, one obtains the symmetry group from the
conserved quantities via a suitable version of Noether’s law.
But the point is, that for finding such a version of Noether’s
law one has to perform, at least partly, those calculations
that are presented in this paper (namely, finding Hamilton-
ian formulations for the equations under consideration).
Since the infinitesimal generators of the one-parameter sym-
metry groups do commute, one has, in addition, found the
generalized CDGSK equations. Here “generalized” is
meant in exactly the same sense as in the case of the
Korteweg—de-Vries (KdV) equation.
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Hi. THE BACKGROUND
We consider a dynamical system
u, =K(u), (21)

where u is in some manifold M and where K is a suitable C ®
vector field. For our purpose we assume throughout this
paper that M = S = the Schwartz space of C * functions on
the real line vanishing rapidly at + «. Because of this as-
sumption we can identify the manifold with the typical fiber
of the tangent bundle, and everything becomes very trans-
parent. In the C = vector fields we introduce the usual Lie-
algebra product (see any standard textbook, for example Ref.
10 or 11} given by

d

(H,H,)(u) = 5(:-' [H\(u + eH,(u)) — Hy{u + €H,(u))],

€=0
where H,, H, are arbitrary C * vector fields.

The importance of this Lie algebra lies in the fact thata
flow defined by a vector field H is a one-parameter symmetry
group of (21) if and only if [K, H] = 0. Therefore if
[K, o] = O, then o is the infinitesimal generator of a symme-
try and has the properties required in Sec. 1.

Now, let us turn our.attention towards the dual. Let S *
be a space of C * functions on the real line such that the
elements f&S * define continuous linear functionals on S via

+ o
(fs) = f&)s(E)dg,  seS.
Let us henceforth restrict all notions of continuity and differ-
entiability to the topology given by the pair (S *,S') (where S *
will be chosen later on in such a way that the operators we
deal with do make sense). A C = covector field G is called a
conserved covariant if L, G = 0, where L, denotes the Lie
derivative. That is the same as saying that G defines a flow in
the cotangent bundle such that { G, K ) is a conserved quan-
tity for (21). Gradients of conservation laws are standard
examples for conserved quantities; in that case we have triv-
ially ( G,K ) = 0. But in general a conserved covariant need
not be closed.

It is very useful to look for a relationship between sym-
metries and conserved quantities of the dynamical system
given by KX (u). Such a connection similar to Noether’s theo-
rem can be formulated, if X () has a special, i.e., Hamilton-
ian, structure. To make precise what this means, we first
have to establish the notion of symplectic and implectic (in-
verse-symplectic) operators.

Definition: An operator-valued function
u—J (u) : S—S *is called symplecticif (1) J (u)is antisymme-
tric with respect to ( , ); and (2) the 2-form @ defined by
@(51,5,): = (J ()5 ,5,) V5,,5,€S is closed.

A 2-form w is closed if and only if the following Jacobi identi-
ty is satisfied:

Ly, (@(X,X5)) + Ly, (@0(X5,X5)) + Ly, (0{X3,X,)) = 0
for all vector fields X, X,, X;. This is equivalent to

(J'(w)ls1ls2553 ) + (T "(u)[s2)53,81 )
+ (J(u)fs;]s1,5, ) =0 for all

51,5253€S.
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Hereagain L is the Lie-derivative with respect to the vector
field X and J'(u)[v] stands for the derivative

TW] = 2T+ ) o

Analogously, an antisymmetric operator @ (1) : § *—S is
called implectic if it satisfies the same Jacobi identity as the
inverse of a nondegenerate symplectic operator.

Definition: Anoperator G (u) : S *—Siscalled implectic,
if(1) O (u)is antisymmetric withrespectto {, };and(2) the2
times contravariant tensor field ¢ defined by

PXTXY):=(X1OXE) VXt XteS*
satisfies
Logsp (X TX3)+ Loyyp (X 3XT) + Loyop(X3,X3)=0

for all covector fields X ¥, X ¥, X ¥.
Again, this last identity is equivalent to

(s3,0'(W)[B (u)st]s2) + (51,0 '(u)[O (w)st ]s3)
+ (3.0 W) [O (u)st ]st) =0 for all stst.s¥eS*.

Now we can characterize those dynamical systems
u, = K (u) for which intimate relations between the symme-
tries and the conserved quantities exist. Let d denote the
exterior derivative.

Definition: If there is a symplectic O (¢} : S*—>Sand a
function H () : S—R (i.e., a zero form) such that

K (1) = O (u) dH (u)

then we call (K,6) a generalized Hamiltonian system.
If there is an implectic J () : S—S * and a function
H () : S—R such that

J(u)K (u) = dH (u),

then we call ( J,K ) a generalized inverse Hamiltonian system.
Here “generalized” refers to the fact that we do not assume
any nondegeneracy or invertibility conditions for the opera-
tors @ (u) and J (u).

The nice properties of these systems can be stated in a
kind of generalized Noether Theorem:

Theorem:

(i) Let(K,©)begeneralized Hamiltonian. Then © maps
conserved covariant forms onto infinitesimal generators of
symmetries.

(ii) Let(J,K )be generalized inverse Hamiltonian. Then
J maps infinitesimal generators of symmetries onto con-
served covariant forms. The proof of this theorem can be
found in Ref. 13 and a detailed analysis of the Lie-algebraic
aspects is contained in Ref. 12.

A most convenient case is a dynamical system that
turns out to be generalized bi-Hamiltonian, i.e., there is a
symplectic © and an implectic J such that (K,8 ) is general-
ized Hamiltonian and ( /,K ) is generalized inverse
Hamiltonian.

For such a system ( /,K,0 ) our theorem immediately
yieldsthat® (u) : = O (u)oJ (u)and P *(u) : = J (u)oO (u)are
self-maps in the spaces of infinitesimal generators of symme-
tries and of conserved covariant forms, respectively. There-
fore the bi-Hamiltonian structure of a system gives us a re-
cursion operator in the sense of Olver,'* which maps one
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generator of a symmetry to another one and the adjoint of
which maps one conserved quantity to the next.

If this recursion process is not cyclic or stops at a certain
stage, we can construct an infinite hierarchy of symmetries
starting with simple ones such as space or time translation.
To the members of this hierarchy correspond conserved co-
variant forms, which as well can be constructed via @ * from
common ancestors. This method goes back to an ingenious
idea of Magri, '® who considered bi-Hamiltonian systems un-
der the additional hypothesis that @ * is a self-map in those
closed covector fields commuting (in the Lie algebra of Pois-
son brackets) with J ()X (u).

We claim that, for all the cases considered in Sec. I, the
system ( J,K,0 ) is bi-Hamiltonian; this then proves all asser-
tions of Secs. IA and IB except the statement that the G, are
closed and in involution. The necessary calculations to prove
that ( /,K,0 ) is bi-Hamiltonian are given in Sec. IV; the rea-
sons for the latter statement, and the claims of Sec. ID are
presented in Sec. V.

Let us turn our attention to Sec. IC. Let F: S—Sbea
C =-diffeomorphism, mapping solutions of v, = H (v) onto
solutions of u, = K (). For example

u= 2/, — v
Such a map is said to be a Bicklund transformation between
the two evolution equations. It is well known (Ref. 11, p. 132)
that the derivative F’ of a C =-diffeomorphism defines a Lie-
algebra isomorphism in the vector fields; its adjoint '+ is an
isomorphism with respect to the Poisson brackets. Applica-
tion of these facts yields the formulas (15). (For more exam-
ples of such transformations see Refs. 7 and 13.)

IV. THE CALCULATIONS
Consider the vector field X given by
K(u) = Uxxxx + aluuxxx + azuxuxx + aSuzux’ (22)

where u€S and «,,a,,a; are numbers.

For a; = | (2a, — a,)(3a; — a,) this can be written
13

as
te ul 2a, —
Ku=6 df (— I o4 278 ) dx, (23
() (u) gra . > 30 (23)
where
O (u) = D* + i(3a, — a,)uD + Du). (24)

The operator @ is in fact implectic (already observed in Refs.
7 and 13, an easy calculation). Now, we consider the
operator

J(u)=2D*+ y(uD + Du) + a(D*uD ~' + D ~'uD?
+BD " +D " 'ut)+ 6uD " 'u, ueS (25)

and we fix our dual space S * in such a way that J (u) : S—S'*
(which can be done easily). One proves that the correspond-
ing 2-form is closed; hence J () is symplectic. Now we want
to determine our coefficients in such a way thatJ (¢) K (u)is a
closed form (i.e., a gradient). This appears to be a simple
exercise, but in fact is not (at least if the calculation is done by
hand; some of our students are at present writing a computer
program for calculations of this kind). Here, we only present
the essential steps of that calculation.
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Onelooks at different powers in « of J (¢) K (u). The first-
and fifth-order terms are easily seen to be gradients.
Second order in u: The gradient of

+ o0 + o
Af ul, dx+Bf uu?, dx

— o

is equal to
(6A - B)uxxx Uexx + (6A — 6B )u"x Unexx
- 6Bux Uprxxx T ZBuuxxxxxx‘

If one assumes that the second-order term of J (u) K (1) is of
that form one obtains the following expressions:

a=ia,
Y= %(az —a,),
(26)
A =Fla, +Tay),
B= —a,—ia,.

Third order in u: We assume that the third order term is
equal to the gradient of

+ o + oo
Cf uy dx + Ef whul, dx.

This leads to the following equations for the coefficients:
a; = {5 (3a; — a))2a; - a)),
B= %aa,—a)
5= A|a,— ja)|la;—a), (27)
C= s (1332} + 82a3 — 283a,a,),
E= &(—27al —14a} + 73a,a,).

Fourth order in u: We assume that the fourth-order
term is equal to the gradient of

+ oo
F J wiu? dx.

This yields the following equations:
F=a) + ka; — fhaia,— Haa3,
F=— Za} + a3 + Fsala, — 4,0, (28)
0=(a, — ja)lla, — a)lla, — 2a,).

Combining the first and second equation for F one gets a

cubic equation having the following solutions
a,=Aa;,, A=1, 3 2. (29)

s P

Then the third equation is satisfied automatically. Now one
can insert the three cases of (29) into (27) and (26} and obtain
three sets of coefficients such that J (u)K («) is a gradient. Be-
fore we list these cases we would like to make a remark: The
choice of our potentials seems to be rather special, but in fact
one can show that all the possible potentials have to be of the
form we assumed.

First case:

Q=0a;a; = %a%§a =z%ay;

B= kal;6=y=0.
These coefficients lead to the operators (2) and (3) and Eq. (1)
(putting a, = 3{).
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Second case:
a,=ja;a,=tal;a=ta;
?’='§al;ﬁ= Zﬁs.af;5 =0.
This leads immediately to the case considered in Sec. I B

(wherea;, =3().
Third case:

. — 2, — . A — .
a,=2apa,= Haj;a=ia; Y= ay;

— 2.6 2
B= %ay;8= %aj.

This case leads to the first generalization of the Korteweg—
de-Vries equation, a case which is not at all interesting since
the bi-Hamiltonian structure of that equations is already
known.

Having proved the assertions of Secs. IA and IB we
obtain IC out of the general transformation formulas for bi-
Hamiltonian systems presented in Ref. 7. The verification of
the bi-Hamiltonian structure of Eq. (18) is, again, not at all
difficult (once the coefficients are known). Another ap-
proach to Eq. (18} and its properties will be given in Sec. V.

V. HEREDITARINESS

Let us now turn our attention to the question whether
or not the conserved covariants in (6b) and (19b) are closed,
i.e., gradients of suitable potentials. Checking that directly
leads into a rather frustrating adventure. But there is an-
other method, namely, to determine whether or not the cor-
responding operator @ (¢) = © (u) J (u) is hereditary. Before
we explain what hereditariness can do for us, let us give the
following abstract definition: The tensorfield given by @ is
said to be hereditary if, with respect to the Lie algebra of
vector fields, the following holds'*:

(pz[Hlst] + [¢H1’¢Hz] =9 {[H1»¢H2] + [¢H1»H2]}

for all C ~-vector fields H, and H, (compare with the notion
of a Nijenhuis operator in Ref. 16, or a regular operator in
Ref. 17).

Now, assume that (J, K, 6 }is bi-Hamiltonian and that
K and @ = OJ are invariant against x-translation. Invari-
ance against x-translation means that

Do (u) — P (u)D = aidi(u + €u,)e_o for all ueS
3

and that the flow ¥, = K (1) commutes with x-translation.
Under these assumptions the hereditariness of @ = 6J has
the following consequences {see Refs. 8, 13, or 14): The vec-
tor fields given by

[P (u)" K (u)|neNo} U { @ (u)"u, |neN,} (30)
are contained in an abelian subalgebra of the Lie-algebra
given by all vector fields. All the covector fields given by

{ J ()P "(w)K (u)|neN,} U | J (u)® "(u)u, |neNo}  (31)
do have potentials, i.e., they are closed covector fields.

Now, all the operators @ considered in Sec. I are in fact
hereditary. To prove this is only necessary for one of the
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operators, since all the corresponding bi-Hamiltonian sys-
tems are related by Bécklund transformations (which pre-
serve the property of hereditariness). To check the algebraic
relation seems to be a rather straightforward calculation, but
it is not, the calculation is cumbersome and extremely
boring.

However, there are other ways to derive the hereditary
property of @ from. Let us indicate this briefly: For example,
one can use the fact that any of the equations is an isospectral
flow for some eigenvalue problem™® and that the gradients of
the corresponding eigenvalues are eigenvectors for @ *(u).
From this one can show that @ is hereditary.

Another procedure is given by the results of Ref. 21,
There the authors showed that for certain dynamical sys-
tems the two given Hamiltonian structures are compatible.
Since the CDGSK equation is the reduction of one of these
systems one can derive that the two Hamiltonian structures
of this equation are compatible. However, compatible Ha-
miltonian structures yield hereditary operators.'*

Now, application of {30) immediately yields that the
03, 41 and g, , 5 (considered in Sec. I) are infinitesimal gen-
erators of an abelian symmetry group. Observation (31)
yields that the corresponding G,, and G, , , have poten-
tials. Since Jis a Lie-algebra homomorphism from the vector
fields into the gradients (endowed with the Poisson brackets)
all these conserved quantities must be in involution.

These results can also be obtained by other methods.
The fact that the G have potentials can be derived by the
ingenious reasoning presented in Ref. 20, and the abelian
structure of the symmetry group can be derived from a gen-
eral result of Tu.??

Finally, we would like to point out the connection with
the soliton solutions mentioned in I D.

Let & be as above and consider the system

u, = @ uu, =K (u). (32)
Then it can be shown®'* that the manifold

N
M= [ueS lu, = Z @, o, eigenvector of @ (u)]
k=1

must be invariant under the flow given by (32). Let u(¢) be a
pure N-soliton solution, i.e.,
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ulx,t)= i U,x—6, —c,t)+4{x,t)

n=1
with ||4 ( - ,¢)||—0 for | |— o (in L 2-norm) and with
u, =¢,K(u,) for n=1,.,N. (33)

Then, by (33), the u,_are eigenvectors of @ (u, ) and, since
P (u) is semilocal, u{t ) belongs, for |f | = o, (i.e., asymptoti-
cally) to the manifold M. Hence u(r ) belongs for all # to this
manifold. By comparison of the dimensions one sees that M
is exactly the manifold of N- soliton solutions [with pre-
scribed asymptotic speeds ¢,,...,c,, depending on the eigen-
values of @ (u)].
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If w = wix,r ) is a solution of w, = 6ww, — w,,, + 6€’w’w, thenW = — w — e 2isalsoa
solution. In general, integrable families and their members admit discrete symmetries whereas

original systems may not.

PACS numbers: 02.30.Jr, 02.30.Qy

1. INTRODUCTION

As a rule, integrable systems (i.e., evolutions equations
with an infinity of integrals) occur in families (see Refs. 1 and
2). The simplest example is provided by* the “Gardner trans-
formation”: If w is a solution of the Gardner equation

w, = 3w — w,, +2ew), d=d/dx (1.1)

then u, produced by the map g(e),

gle)w—u = w + €w? + ew,, (1.2)
satisfies the Korteweg—de Vries (KdV) equation

u, =0(3u* —u,,). (1.3)

Now if w is a solution of (1.1) then i,

W=sw):= —w—e? (1.4)

is also a solution of (1.1). Thus (1.1), which is a regular defor-
mation of (1.3), admits the symmetry s which is singular in
the deformation parameter €. In particular, when € tends to
zero, s does not have any limit. This, together with the obvi-
ous absence of any (nontrivial) symmetries of the form
u—i(u) for the KdV equation, indicates that the appearance
of new symmetries, when an integrable system is included in
an integrable family, might be a generic event. Below we
prove this for deformations of higher KdV equations con-
structed in Ref. 1, and for some other systems considered in
Ref. 2, such as deformation of the MKdV equation

v, = 60, — Uy, (1.5)
which does admit a (discrete) symmetry
muy—b = —u. (1.6)

2. HIGHER KdV CURVES

The KdV equation (1.3) is just one of the series of equa-
tions resulting from the Lax representation
L ={PL] (2.1)

with L = — 3% + u. Bach of these equations is a pointon a
curve of integrable systems. This curve can be described in
the following way, somewhat simpler than in Ref. 1.

If v is a solution of MKdYV, (i.e., higher modified KdV
equation # ) (then “Miura transformation’’)

Muw—su =1+, (2.2)
is a solution of KdV,. More generally, if v is a solution of a

*Supported in part by NSF Grant MCS 800 3104.
'Permanent address: Department of Mathematics, University of Michi-
gan, Ann Arbor, Michigan 48109.
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linear combination of MKdV fields, then (2.2) is a solution of
a corresponding combination of KdV fields. In addition, if u
is a solution of linear combination of KdV fields, then

i = u + ¢, ¢ = const, is again a solution (of another combi-

nation) (see, e.g., Ref. 4). Thus forc = — ¢7%/4 and
w=¢€"'v—e%2, (2.3)
(2.2) becomes
i=w+ew + ew,, (2.4)

which is just (1.2) if we drop the tilde off 4. Therefore, the w
curve through the KdV, is a linear combination of MKdV
fields combined with the affine transformation (2.3). This
curve depends polynomially upon €.' Let us write
weKdV  (€) to mean that w is a solution of a deformed KdV,
with parameter €.

Theorem 2.5: (a) The map s from (1.4) is a symmetry of
KdV,(e); (b) KdV,(€) depends on €% (c)

gl — €)os = gle). (2.6)

Proof: {a} If v is a solution of a linear combination of
MKV fields, then v = — v is also a solution (see, e.g., Ref.
5.80(2.3)givesw= (e '0—€e"2/2)=(—€e v—€2/2)

= —(ev—€e2)—€e = —w—€%(c)

[g( — €)osl(w) = (g( — e —w — €77

= —w—€t+e(~w—-€P—€e—-w—-€?,

=w + €w? + ew, = ( gle))w); (b) since i = u — €~ 2/4, we
start from linear combinations of KdV and MKdV fields,
with coefficients which are even in €. Now {2.3) tells us that
v = €lw + €2/2), so that if v = F (v) then

w =€ = e 'Fle(w + €~ ?/2)] and since F'is an odd func-
tion, t i1s even in €. L]

Theorem 2.5(b) immediately provides Backlund trans-
formations, that is, infinitesimal formal automorphisms, of
all KdV, egs. Indeed, KdV, (€} depends upon €’; therefore if
weKdV . (€) then both ( g(€))(w) and ( g( — €))(w) are solutions
of KdV,, and we get g( — €)og(e) ' as the desired automor-
phism (cf. tedious constructions in Ref. 2).

_2)

3. HIGHER MKdV CURVES

To understand the degree of generality of the appear-
ance of new symmetries, it is natural to look outside the (very
degenerate, from every point of view) KdV situation. In this
section we analyze MKdV, fields.

To see the pattern let us begin from the simplest case:
the MKdV equation?

vt = 6Uzvx - Uxxx) (31)
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its deformation

g, = 6[sh2eq/2€1q, — ¢, + 26741, (3.2)
its reduction Mg(e)

Mgle):gq—v = sh2eq/2€ + €q,, (3.3)
and the deformation of the Miura map (2.2)

M (€):g—w = (sheg/€)* + q,.. (3.4)

This means: if ¢ satisfies MKdV(e) (3.2), then (3.3) satisfies
MKAV (3.1), (3.4) satisfies KdV(e) (1.1), and

MoMg(e) = glejoM (€). (3.5)
It is easy to compute symmetries of (3.2). They have the
form
m,(k ):q—q + mik /2€, mylk ):gq— — q + wik /2¢€, keZ. (3.6)
Notice that m,(0) covers m of (1.6):
Mgle)om,(0) = moMgle),
so the involution m does survive the deformation (3.2).
I now claim that (3.6) provides symmetries not only of
MKdV(e) but also of MKV, (¢) for all s as well. First, we
define MKdV, simply as [Mg(e)]~'(MKdV,).
Proposition 3.8:MKdV, (€) depends on €.
Proof: By (3.5), MKdV, (¢) = [M (¢)] ~(KdV,(¢€)). But
KdV, (¢) depends upon €* by Theorem 2.5(b), and
M(— €)= Me) by (3.4). [ |
Corollary 3.9: Mg(e)o[Mg( — €)] ' yields the Bicklund
transformation for all MKdV, fields.
Lemma 3.10: (a) (Mg[( — 1Y * '€])om,(k ) = Mgle) for
J+ k=1 (mod 2); (b) (Mg[({ — 1)’e])om;,(k ) = moMge) for
J + k=0(mod 2).
Proof: ((Mg[( — 1€])om,(k ))ig)
= (Mg[(— 1Pel)l( — 1Y * 'q + mik /2¢]
={—1)**/*'sh2eg/2e + (— 1y */* 'eq,. [ ]
Theorem 3.11: MK dV, (€) possesses symmetry (3.6).
Proof: Let geMKdV ,(€). If j + k =1(mod 2) then
m;(k )ig) = (Mg[(— 1Y '(e)])~ 'oMg(e))g)eMKAV, (€) by
Proposition (3.8). Analogously for j + k£ =0 (mod 2). [ |

(3.7)

4. RELATIONS BETWEEN SYMMETRIES OF KdV AND
MKdV CURVES

Symmetries (1.4) and (3.6) are closely connected, as one
would expect.
Theorem 4.1: For k =1(mod 2), M (e)om,k ) = soM (€).
Proof: (s°M (€))(q) = s(sh’eq/€* + q,.)
—sh’eq/e? —q, — €2
— ch2eq/2€* — g, — € 2/2,(M (€)om,(k ))(g)
(M (e — g + ik /2¢)
[ch2e( — g + mik /2€) — 1]/2€* + ( — q + mik /2€),
= (— l)fch2eq/2¢* — 1/26* —q,. [ |

5. THE KdV SURFACE—FINITE CASE

Let us see what happens when one has a “deformation
of a deformation”, i.e., a deformation depending upon two
parameters. In this section we consider the case in which the
deformation is finite, that is, involves only a bounded num-
ber of derivatives.
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Our system now is KdV(e,v),!

[Pt =6Px(1 +€2C)_pxxx +2(‘)2P;3n O = €Y, (5 1)
C = Cle,v,p) = sh2wp/2w + (ch2wp — 1)/2€%,
together with its reduction

G (e,v)p—>w = C(e,w,p) + vp,, (5.2)

meaning: peKdV{e,v/=w = G (¢,v)( p) satisfies (1.1). Notice
that G (0,v) = g{v), thus (5.2) represents a deformation of the
reduction (1.2).

Let us now look for symmetries of (5.1). Clearly,
P =f(p)is again a solution of (5.1) iff

flp)=ap+B, a= ],

C(l +€C)=C(1+¢€C)
’_[‘__hereforc we get four cases:a = + 1, C=C,or
C = — C — e~ Working them out one easily gets
symmetries

Mk )p—p = p + mik /2ev, kel

[Msip"—’i" = —p+pf, shlevB,= 261//(62 — 1,2),
ch2evB, = (v + &)/ —¢) (C=C),

B = const,
(5.3)

(@=1) (5.4)

(5.5)

[M4:p+—>ﬁ = —p+f, shlevB,=2ev/(V*—€),
ch2evB, =V + )/ —v}) (C= —C—¢€"2).
(5.6)
Notice that the 8’s in (5.5) and (5.6) are defined modulo
ime~ v~ 'Z, and whereas (5.4) is rational in the deformation
parameters, as were (1.4) and (3.6}, (5.5) and (5.6) are no long-
er rational (or even algebraic). Notice also that for v—0, one
branch of B, tends to — €~ which results in that branch of
(5.6) being a regular (in v) deformation of the singular (in €)
symmetry sin (1.4). [The same applies to M, when e—0 since
Bil€,v) = B,(v,€).] This observation reflects general relations
between symmetries of the KdV(e,v) and KdV(e)
Proposition5.7:(a)G (e,v)o M (k } = G (€,v)fork =0(mod
2); (b} G (€, — v)oM (k) = 5°G (€,v) for k =1 (mod 2); (c)
G (€, — v|]oM, = G (€,v); (d) G (e,v)oM, = 5°G (€,v).
Proof: (a) and (b) (M, (k ) p) =p + mik /2ev, so
(G (€, + vioM, (k) p) = ( — 1)*sh2evp/2ev
+ [(— 1)*ch2evp — 1]/2€* + vp,,
(NG (€, — v)oMs)( p) = (G (e, — V) — p + B5)
=wp, + C=(G(eV))(p) by (5.5), (d)
(Gle,v)oM,)(p) = (G (V) —p + By)
= -1, +C=—wp, —C—e?= ~(p, +C)—€?
= 50G (€,v))( p) by (5.6). (]

6. THE KdV SURFACE-—INFINITE CASE

Let us consider now a situation when an undeformed
equation itself contains an infinite number of derivatives, the
finite depth (FD) equation®:

U, =20U, + T(U,), (6.1)
where TeQ[[6%,d]] is defined by
PP g2 ey

Thus for § = 0 we end up with the KdV equation (with ines-
sential rescaling of variables). The FD equation has the
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deformation

Q. = Q. [26€Q — (1 — 6/€)( — 1 + exp28eQ)1/8” + TQ,,
+ €6Q, TQ,,
(6.3)

and the reduction
R (€,6):0—U = [26€Q — (1 — 6/€)( — 1 + exp26€Q )] /25>
—eQ, +eT0,,

(6.4)

which are reduced, for § =0to
Q, =20,(0 - €07 + Q.../3, (6.3)
R (€0:0—U=Q —€Q, — Q72 (6.4)

which are exactly (1.1) and (1.2) (again with a rescaling).

It is easy to find all symmetries of (6.3}; as we shall see
below, if there are no relations between the parameters € and
6, then there are no symmetries (except the identity, natural-
ly). Thus one is forced to extend the notion of symmetry to
allow parameters {on a curve or surface) to change after
symmetries.

In our situation (6.3), we thus look for maps
A:0—Q = f(Q) such that if Q satisfies (6.3) with parameters
(€,6 ) then O satisfies (6.3) with parameters (€, ). Performing
standard computations we obtain

flQ)=aQ+B, 6*=67% a&=e€b, B=ala—1)/26,
(6.5)

(1 — & /elexpld/e) = (1 — ab/elexplad/e). (6.6)
Thus either ¢ = 1, 8 = 0 (identical transformation), or & is
regular in § /€ and

a= —1+0(8/e), (6.7)
as guaranteed by the implicit function theorem applied to
(6.6). In this case (6.5) yields 8 = € "*[1 + O (6/¢€)], so we get

A:0-0=[—1+0(5/6)]Q+ €21+ 0(5/6)],(6 .

which thus is a deformation of the symmetry
00 = — Q+ e ?of (6.3') regular in 5. Notice that
AoA = id as well as sos. Finally, observe that there is also a
deformational analog of (2.6):

R (€5)°4 =R (¢6/5,68/8)

(recall that § /8 = + 1).

(6.9)

7. DISCUSSION

Curves and surfaces which deform a given integrable
system acquire new symmetries which may depend upon
deformation parameters in regular, singular, rational, and
irrational manners. In addition, symmetries can be accom-
panied by a reparametrization. As a rule, these symmetries
are compatible with morphisms and deformations of mor-
phisms between different systems.

When the operator L = 3" +? + =7_ u,d in (2.1) has
order >3, the situation becomes less transparent. Deforma-
tions and Bicklund transformations do exist,” but not much
is known about them. Here I mention the first nontrivial case
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of L =3 + ., P= 3 + -, the so-called Boussinesq equa-
tion. Its deformation (Chap. 111, Ref. 2) has the form

{yt = a(yx - 26)’

6: 28(72/3 + 2Vxx/3 "'(sx) - 62727x "}'67/:6(2‘S - }/x)’
(7.1)

and it is simple to verify that
Byposy= —y+2Y3, &06= -6 (7.2)

is indeed the symmetry (and involution) of (7.1) with repara-
metrization €— — €.

At last, let me briefly comment on the ODE situation.
Let us take as the show-room study the usual Toda lattice
(TL)

u,=alpv—v7), v,=avlut —u), a=+1, (1.3)

where equalities in (7.3) are understood as functions on Z (or
Z/NZjandcanberead asu,, = a(v, —v,_,), Vs,
=av,(u,,, — «,). Since TL {and the whole hierarchy po-
sesses three Hamiltonian structures,’ it is easy to write down
corresponding TL curves and surfaces,

po=al+eplg—q7), g =aq(p” —p, a= £1(14)
byu=p+eq, v=qg+eTq, (1.5)
byu=p+eq—, v=gq+ €pg, (7.6)
{P, =a(l +vP)(1+€eP)Q~Q ), 7.7
Q0. =aQ(l +evQ)P* —P),
Bip=P+vQ(1+€P), g=Q+vP*Q,
Bp=P+vQ (1+€P), g=Q+vPQ. (7.8)

Notice the difference from the KdV case: TL{€)(7.4}is a
bi-Hamiltonian and TL(e,v) {7.7) is a Hamiltonian system,
whereas KdV (€) has one Hamiltonian structure and
KdV(e,v) has none.

Typical symmetries are: for TL(e€)

p=—p—2/€, g=—¢q, a= —a, (7.9)

and for TL{e,v)
P=P, Q= —-Q—1/ev, a= —a. (7.10)

We see that a changes sign, i.e., we have to change f to
— L
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Recurrence relations for the coefficients of perturbation expansions
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Exact recurrence relations are derived for the coefficients of the perturbation expansion of the
Schrédinger wavefunction for large classes of potentials. The terms of the eigenvalue expansion
can then be expressed in terms of these coefficients which therefore allow other investigations

such as the large-order behavior of the expansion.

PACS numbers: 02.30.Lt, 02.30.Mu

1. INTRODUCTION

It was shown by Dingle' that before an asymptotic ex-
pansion can be used to yield exact or almost exact results, it is
essential to know the behavior of its late terms since this
determines the Borel summability of the expansion. The
derivation of this large-order behavior is not a simple task. In
quantum mechanical problems the most straightforward
way to derive this behavior is by finding an approximate
solution to the recurrence relation of the coefficients of the
perturbation expansion of the appropriate wavefunction.
This is the procedure which has been adopted in Refs. 2-5.
This is therefore one reason why these recurrence relations
are of considerable interest. Another reason for studying the
recurrence relations of perturbation coefficients is that they
can be handled by a computer relatively easily and hence can
be used for purely numerical calculations.

The usual type of perturbation theory as expounded,
e.g., in texts on quantum mechanics, does not lend itself
readily to the derivation of the recurrence relation of its per-
turbation coefficients. The reason is that this type of pertur-
bation theory, generally aimed at the calculation of a second-
or at most third-order contribution, does not exploit the sys-
tematics inherent in a perturbation expansion as a result of
the recurrence relation of its unperturbed contribution. It is
only if this systematics is taken into account that a recur-
rence relation of the full perturbation coefficients can be
written down. A perturbation procedure which makes am-
ple use of this systematics has been described in numerous
publications.>~* In these publications, of course, the recur-
rence relation of the perturbation coefficients (if at all men-
tioned) has simply been written down as a result of consider-
able familiarity with the perturbation procedure itself. Since
the formulation of these recurrence relations is by no means
trivial we derive them here for three cases which cover a
large variety of problems. For each of these cases the deriva-
tion of the systematic perturbation expansion is available in
the literature®*> and thus need not be reproduced here. The
cases we consider are (a) a generalized anharmonic potential,
{b) a generalized Yukawa potential, and (c) a periodic poten-
tial. It will be shown here that these recurrence relations are
all of the same general type and that the resulting character-
istic equation determining the eigenvalues can be expressed

*On leave from Department of Applied Physics, Government Engineering
College, Jabalpur, India.
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in terms of their solutions. Finally in Sec. 5 we make some
concluding remarks.

For completeness we mention that the solution of re-
currence relations has recently also been investigated by oth-
er authors®’ in order to obtain complete solutions of the
Schrédinger equation. These authors, however, are primar-
ily concerned with power series expansions. In order to re-
late these to our type of expansions discussed here it is neces-
sary to sum a selected number of terms from each iteration.

2. THE GENERALIZED ANHARMONIC POTENTIAL

In Refs. 3 and 4 the solution ¥ = r'/?$ of the radial
Schrodinger equation was investigated for potentials ¥ (#)
which can be expanded in the neighborhood of a minimum.
In particular it was shown that if one sets » = ¢
(— o0 <Z < =) and writes

v(Z)= %:— PE — V(r))}

=vZ)+ 3 _—Z:O) v"’(Zo)
i=2 .

where Z = Z, is the position of the minimum, the Schrg-
dinger equation can be cast into a new form involving an
(approximately) odd integer ¢ and the redefined eigenvalue
4,ie.,

i

9,4=28¢- 5 L2 va, Z) A2 . i)
Here®
h = [ _ 20(2)(20)]1/4’
w=h(Z~-Z,),
D = - 2d%/de* + 1/20* — g,
and 4 = (1/h3)[V(Zy) — (I + 1] — 1/2. (2)

It was also shown in Ref. 3 that in a small domain
around the minimum the solution ¢ can be expressed in
terms of parabolic cylinder functions ¢,(Z) =D, _ v @),
ie,

$2)=6,2)+3 3 P_.@ib,. 2, 0

P=3—2i2i—
0
where (for convenience) a factor 1/4°~ 2 has been absorbed
in the coefficients P, _,. The first few of these coefficients
can be read off the expansion given in Ref. 3. Our objective
here is to derive the recurrence relation of the coefficients P,.
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Applying 2, to0 ¢ and using Z 4, =0and & 4, . ; =jd, . ;, one obtains
Z Z jPi—Z(q’j)¢q +J

i—3]—2121 4,

j#0

’ o -2 = vlﬂ( Zo) 1 —2 S )
= M [¢q + 2 Z Pi~2(q7j)¢q+j _,-;3 U(Z)(ZO) l.!hi_Z Z i(q’.])¢q+j

J=2i2i — 4,

i=3 j=2i2i — 4
j#0

o« vm( Zo) 1 —2 Lo .,
- 1”— (qnl) S;(q +_]’j)¢ i+
i;l& v(l)( 0 i‘h i— ari—2 ‘23 - 2,;.. . 2 ; =22,-,... g+j+7
j#o . .
where we have used the recurrence relation for parabolic cylinder functions, 1.e.,

Wb, = S Slaieen

J=2i21— 4,
where the coefficients S; are easily calculated. With the definition

i>3, — 2i<j<2i,

. vi(Zy) 1
[qrq +.]]i—2 = (2)((20)) :(q’.l),
except for i = 3, j =0, in which case
v MNZ,) 1
[q’qll = ZA (2)(20) (qhi)’

the relation (4) can be written

= —2 )
Z 2 jPi—Z(q»J)¢q+j
=3 j= 22— 4

Jj#0

- = [q’q]i—z 1 &
—[i;ﬁ! hi—? +'Z hi=? Z ;

<& lag+jli-.

+ i S 5t g

00 - —2i A Y
T z 2 2 P, g )g+ig+i+iTicabesisr
(=3 j=2i2i—4,. h i = i ;

3
j#0 J#0  j+Ji#0

(4)

(6)

The term 244, is contained in [¢,g],/h, and theterm 24 2.2, P, _,(q,/')¢, . ; in thelast sum for i = 3, = 0. If we included

in the last sum the term for j = 0 we would have the addmonal contribution

o0 — 26
> VXEE) > z P g0)lgq+71i- 20 ;-

With P, _,(g.0) = 6, _,, this is zero.
However, including the term for // = 2 means including
—2i

Z ] +j’]i—2¢q+j’y

Sy hi? 7 =2
J#0
which is precisely the term preceding our sum in (6). Thus, we can write

w0 —2i

Y iPialg i,
P=3 = 2020~ 4,
i#0
— 21 —2i

={ ¢, + i Ti—z i Z P g ilg+ig+i+ilioabgsjvs-

I=3 h -2 l’=2j=2i’,'~-i=_—2,'_...
J+r#e
We now demand that { |} be zero, yielding an equation from which 4 is to be determined—thus

—2r

- [ 9 ]i_ (-] o0
O=Z—q;q_x—_2—2 z h,—2’2 2; —2 q’j)[q",'],q].._z

i=3 =3j=

Equation (8} can then be written
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) —2i
Z Z jPi—z(q9J)¢q+j
i=3j=2i2i 4

Jj#0

|

14
%

."l

2j=2"j
I#

i i — 27

=2 S

i h' P=2j=2p=2i427
J#0

00

Z Z P g lg+ig+i)i—28,.;

P, g Nlg+ig+i)i_20,4 s

) —AT—i+2) —2A7+2) ) ,
2 h.—z > Z+ 2 P _ia Mg +iq+7)i— 29, s

C=j=20 —i+2) =2 +2)

7#0
o0 —2(’+2) o
>

-2 —i4+2)
h1—2
F=37=24+27=3 j=2A—i+2)

J#0
i —iﬁ—Z) =) i —2Af =i+2)
T PR = I Rl O R e )
J#0
0 —2i 1 —
-3 535- L ¢
1"=3]~=2,-'1=3 J= +242i ~
J#0

since P,_,(q, +2i+4)=

P @ )a+ja+71i 28, ;
Pr_igj+iNg+i+iq+iYi_2bg4s

P. g, j+iMg+j+j9q +j']i—2¢q+j'

The first two summatlons are now the same on both sides of the equation. We can therefore equate the coefficients of 8, , ;

on both sides. Hence

,—2(qt) = z

_2
S hiTY A5

=2

P,_g.j+t)lg+i+tg+t]i_,. (10)

This is the relation given in Ref. 4. There, of course, it was written down from a consideration of all possible moves from g to

g +jini — 2 steps.

3. THE GENERALIZED YUKAWA POTENTIAL

In Ref. 5 high-energy asymptotic solutions ¥ were de-
rived for the radial Schrodinger equation containing a gener-
alized Yukawa potential of the form

Vin= S M.,.(-7, (11)

where all M, are real. In the equation it was found conve-
nient to set

I+n+1= —-4(K)2K,

so as to incorporate the asymptotic behavior of the Coulomb
Regge poles. Here E = k2 K = ik, n =0,1,2,--and 4 is an
expansion in descending powers of K.

In order to cast the radial Schrédinger equation into a
more tractable form one sets Z = — 2Kr and
¥ (l,k;z) = ce ~**Z"'* 'y(l,k;Z ), c being a normalization con-
stant. Then the Schrdodinger equation for the potential (11)
becomes

1 1 & i
= R(MO —-AK)y+ 5K .Z'. (Z/ZK)Mix;m
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and the solution y,

1
a,b;Z) = Yla,b,;Z) +
rabZ) = HabZ)+ 5 —
(=1
X z Pia, Jla +j.bZ),
= —{i—-1 (13)
j#0
where
@a=Zd +(b—z)———a,
dzZ?
a=/+1+4(K)/2K= —n, (14)
and
b=21+2= -2n—-A(K)/K.

The functions {a,b;Z ) are truncated hypergeometric func-
tions defined by &, ¢(a,b;Z ) = 0. Hence,

O = 9(a,b;Z )=ya),
is the zeroth-order contribution of y. Again we observe that
D ,la +j) =jla + j). Inserting y (a,b;Z ) into (12) we
obtain
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s P, (M,~4) 2 1 un
S 2('1 (@ Jwta +j) = Ho=2) {wmw;(—-?j:—“__”P,.(a.ﬂwa +/))
1 & M, i M. e o
T . e 1 ez
2K 2Ky, Sila, )¢(a+1)+—2?‘; K] ; Ky > Pda,j) 2 Sia +5,7Ya +j+7), (15)

= ~{~1 i=-i

where we have used the relation

Z'Yla) = Z Sila, Nla + j)

(16)
which follows readxl from th
oo y irom the recurrence relation for confluent hypergeometric functions [hence the coefficients S;(a, j) are
Defining

fa,a), = M, - A(K),
and for /> 1,

la,a +/) ) =M;S,(a,j) 0<i<i), (17)
Eq. (15} can be written

o) 1 {i — 1)
yrawne JPi(a, j{la +j)
=2 2K . %_”
j#0
1 & | 1 & 1 x 1 =
=1 [a’alx +— — P," a, ] a+ .,a .
{21( PITT 173K & KT 24 OK) ,=_§7:._,, (@ ila+iali.. Wa)
i#0
1 & 1 i
+= 2 - a,a +jl a
2K igl (2K’j=z [ iLip dla+j)
j#0
tog o 5= 8 3 RledlatiatiAil da it 18
o — — d, a »a i+ ‘).
2Ki=0(2Kli'=2(2K‘j=_(1_1)/=2_,- J ] +J+./ l¢a+J+J) ( )
j#0 J+i#0

The term (M, — A )/ {2K Ji{a) is contained in the first sum for i = 0, while the term

[a al, b
Pja, jifla + )
‘Zz (2K fi- ~—z<i— n
Jj#0
is included in the last sum for i = O andj’ = 0. Now in the last sum on the right-hand side of Eq. {18), the condition j 0 can be
removed since for I’ = 2,3,--, the coefficients P, {a,0) are all zero. Similarly, including the term for 7’ = 1, we obtain simply

zero. However, including the term for i = 0 means including

2 Z 2 Pla, pla+ja+ji+71 da+j+7). (19)
(ZK IER N
j+i#0
Since Po(a =0 except forj =0, expression (19) is
2 2 la.a +jli, ¥a +))

j* —i
Jj#0

Since {a,a + j], = 0 for j5£0, this is the same as the term preceding the last sum in Eq. (18). Thus we can write
= 1 ey \
2 — ¥ jPla jWia +))
=2 2K} ;- Sy
£3£0

={ Jdla+

i (ii” i Pila,j)la+ja+i+] i e +7+7) (20)

=T-n;i -,

I [vjs

4L
2K
i+ j#£0
As in the first example we set {  } = O yielding an equation from which 4 and hence the eigenvalues are determined.
Thus

1

2K ¥ ¢

u'Mg
b Ms

2 (2KY [aa],+1+l (—* —2( P.a,jila+jal .. el

i#0
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Equation (20) can now be written

1 (=1
< 2K 2

j=—li-1

JP(a,j)fa +J)

~Djy=—i
J+J#0

S Palatiati+il, da+j+i) @)

Proceeding as in the previous case we obtain the following relation after equating the coefficients of ¥(a + j) on both sides of

the equation

Plaj=3

=17 4j=S(—¢—1

i—&—1)

P i@ +)la+i +ja+]j].. {23)

This is the recurrence relation stated in Ref. 5. There, of course, it contains a misprint in the subscript of the coefficient P

which should read (r — i} instead of r [cf. Eq. (3.21) of Ref. 5].
—

4. THE PERIODIC POTENTIAL

It has been shown? that the Schrédinger equation for a
periodic potential, i.e., the Mathieu equation, can be written

¢" +{A—2h%cos2x}p=0 (—m<x<m),
where A is real and 4 ? positive.
On setting ¢ = 1(x)e** "~ and
A= —2h*+2hg + A /8, wheregqis(approximately)an odd

integer (the latter equation incorporating the large-4 asymp-
totic behavior of A4 ) this equation can be rewritten as

2, ¢_L(z i’—2+24)¢ (24)
25h dx*
where & = —2cosx7d-—(q—sinx). (25)
x

As shown in Ref. 2, the solution ¢ valid for

1

|cos(m/4 + x/2)| S 1/h 17

can be written

1 i .
p=v,+ 3 —— — > Pilg W, (26)
i=1 (2 h) J= —i
J#0
where
4. (x) = cos/29 = Vr/4 + x/2)
LX) =

cos/ 24+ Wr/4 — x/2)’
which is the solutionof & ¢, = 0.

Thus ¥ of (26) is a solution in terms of trigonometrical
functions. It has been shown in Ref. 2 that the solutions valid
in other domains have the same form as (26), with the same
coefficients P,, but with ¢, replaced by approprite Hermite
functions.Thus, the considerations given below apply also in
the case of these solutions.

We now insert 3 of (26) in (24) and use the relation & ¢, , ,; = 4j ¥, , ,;. Then (see below)

©

I; (27h ; '2 TP W, o

Jj#0

1

1 00 i
== ’ 4 ) ) _4 — . - Pi ’ j
7, (@9 + 4 s + @0l + (0.9 — 4, 4] + 57 ; (2’h)‘j§i (g,)
J#0
X{lg+ 4.9+ Y+, 4.4 +a+4g +4, 0 +lg+ Y9 +4— 4)'//q+4j—4}, (27)
where we have used the relation
d2
(2 L+ 24 oy = 0a + 4Wsa + (000, + 10— 0, .
Here
@g+4=(g+1)g+3), (g9=2g+1)+4] (gg9—4) =(g—1)g—?3)

Collecting terms in ¥, on the right-hand side of (27), we obtain

z J l(q j)'pq-t-ﬂ

j= —i
Jj#0

Z (27h )1

- [(q,q)+ $— (2,” [ig,~ g —40) + Pla, + Vg + 40l [, + (55 )[40 + W +l0a — 40, 4]

= 1
+ ‘; Ty [;—2—‘ Plg. g +4g+4+4,, 4,4+ Z Pig. g + 4.9 + 4, . o

j#0, — 1
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i#0
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S Pig g+ 4ia+ 44y ] (28
As before we now demand that { ] be zero, yielding an equation from which 4 is to be determined, i.e.,

(27h ) [(q,q) + ,; 27h 7 [Pdg.— g — &)+ g, + 1)g + 4,q)]}- (29)
We are thus left with the followmg expression on the right-hand side of (28):
(th) llag + 40, .o +lag =40, o)+ 5 m : [,.: S P@ e+ s

_ o URe -

+ S PG Gy S P @+ 44— sy ] (30)
o ot

Now, P;(¢,0) = 0 except for i = 0 in which case P,(¢,0) = 1; hence the constraints “j=£0” could now be omitted. Further, since

Pyg, j) is zero except for j = 0 our expression becomes
© 1 i—1

2

i—1
S Pl@)a+Ya+ Y+t S

P (g ))g +4q + 4j)¢q+4j

i=l(27h)i J=—i41 j= —i+1
it
i—1
+ 2 Pi—l(q’j)(q+4j’q+4j'—4)¢q+4j74
f= —it+1
j’# +1
Thus
JjP
,;l (27h ]—z" (q j)¢q+4j
j#0 A
= (271h ; S P igi—-Vg+4—49+Y)+P_@)g+49+4)+P_ (g j+Ng+4+4g+4)Y, .y
i=1 j=—i
Jj#0
1 . . . . . .

+ (27,1 ; { =P ilg—i—Ng—4—4q— 4, o —P (g —iflg—4g— 4+ 4, _a.s

i=1

— P, _\(gi)lg+di,g+ 4/, 0 — P (g, —i)lg —4.g — 4W,

—P _gi+l)g+4i+d4g+4, 4 — P glg +4iq+4— 4, 4y }. (31
Each coefficient P, _, in the second set of sums of this last expression is zero. Thus, equating coefficients of ¥, ,; on both sides
of the equation we obtain

PN =P g j—1g+4~4g+4)+P _g)g+49+4)+P_ g+ 1g+4+4q+4) (32)

This is the recurrence relation for the coefficients P given in Ref. 2. There, of course, it was written down from a consideration
of all possible “moves” from i to / — 1 in terms of permissible steps.

5. CONCLUSIONS

In the above we have demonstrated that the systematic
asymptotic perturbation procedure developed in Refs. 2-5
allows a straightforward derivation of the exact recurrence
relation of the perturbation coefficients of the wavefunction.
Without the systematics resulting from extensive use of the
recurrence relation of the unperturbed part of the wavefunc-
tion this exact relation could not be derived.

In each of the three cases discussed above we obtained
an equation from which the eigenvalues can be obtained.
These equations are identical with those derived previously
by different methods. Since these equations have been dis-
cussed previously we do not elaborate on them here. Howev-
er, the equations given here demonstrate their intimate con-
nection with the perturbation coefficients P; and thus with
the solutions of the recurrence relations. The latter can now
be treated as difference equations, and by suitable approxi-
mations their behavior for large i (i.e., large order) can be
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calculated. This, in turn, permits the calculation of the large-
order behavior of the eigenvalue expansion as shown in Ref.
4. It is therefore of considerable interest to investigate the
solutions of these recurrence relations in more detail.
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We derive a new Gauss—Bonnet type identity in Riemann—Cartan geometry:

V=8 € R, +1C%Co) =3, (~ [ —8€ #4C, ), where C %, is the torsion tensor.

PACS numbers: 02.40.Ky

1. INTRODUCTION

We present an identity in Riemann-Cartan geometry
which, to our knowledge does not seem to be previously
known. The identity has some similarity to the Gauss-Bon-
net type identities, but involves quantities which vanish
when torsion is zero. With C *m, denoting the torsion tensor,
the new identity is

\/—g(e‘“’}‘p-}- %Cayvcalp) zap,( - \/—gd‘w{pcv/lp) ’ (1)
where the totally antisymmetric tensor density €*** is de-
fined according the convention

\/ —ge¥"P = 41, (2)

The identity (1) is different from the usual Gauss~Bon-
net identity in that the right-hand side of (1) involves gauge-
invariant quantities. It may therefore be less interesting from
a topological point of view.

We first noticed the identity (1) in the context of a gener-
alized Gauss-Bonnet identity for the de Sitter group. The
identity also follows directly from the Bianchi identity with
torsion. We present both derivations.

ll. PRELIMINARIES

In a previous paper,’ a simple Bianchi derivation of the
Gauss-Bonnet type and Bianchi type identities is given for
Riemann-Cartan geometry. We shall use the same method
here to derive the identity (1}, and adopt the same notations
and conventions.

The basic quantites are the vierbein ¢°, and the spin
connection 2~ “"#. The matrices o, satisfy the Lorentz
algebra.

i% [Uab ’Ucd] =Mac%a¢ — NaaTpc + NodCac — NocTad > (3)
where
Nav =(ls_l’“"l’_l)

Define R ®,, and R ,, according to

Ev =0, R, =7, -7, +i7,7,], @)
where
7, =10, 77, (5)

“Permanent address: Department of Modern Physics, University of Sci-
ence and Technology of China, Hefei, Auhui, People’s Republic of China.
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Then

A, —p A ab
R =e,"¢,R%,,

py=
=gpa(rlaum,v —Fitrv,y - Fllauraav
+ Fiavrao’y ) ’ (6)
where
Pl;w = eal(eay,v + Vabveby) . (7)
We can group ¢°, and 7, toform ™%, = — 7°%4,
(with A4 = 0,1,2,3,5):
ab
yABM: [ a? g a (8)
e, =¢,

Making use of the de Sitter algebra as an artifice,
BX5.Xcp ] = NucXop — NapXac + 180Xac — NacXup »

)
with
77A5=(1,—1,—1,—1,j:1}',
we define R .« and Rz ., according to
Rv;-w = %XA;BR—ABW’V -
Eyﬂ,v‘y\/,y +i[y,u:yv]’ {10)
where
7 =X, 7, (11)
1t follows from (9) and (10) that
RABM — ywﬂm _ ymw
+ nCD(VACu VBDV - %‘AC"%‘BD“) . (12)
In particular,
R4, =R, +1qse,e’, —e,e",), (13)
R®, =e,C,,, (14)
where C*,, is the torsion tensor
ct,=rI*,-r?*,. (15)

Iil. PROOF OF THE IDENTITY

As has been derived in the previous paper,' there is the
Gauss-Bonnet type identity

\/ — ge"*R abuvRabllp = 2\/ - ge‘“’ﬂr [Eﬂv ﬁ'{p ]
=5u{3\/‘86“w1p Re[77,0,7,
- =777} (1)
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We can derive a similar identity for R *¢,,
V - g E'uVAPR?'AB;LVRVAB}Lp
=2V —ge* Tr[R,, R,,]
=0,(8V —ge* T 7,0, 7, —ip7 . 7.7 ,]}

(17)
because

e TV, 7, 7,7 ,]=0. (18)

Subtracting (16) from (18), and taking into account (8}, (13),
and (14), we can obtain in a straightforward manner the iden-
tity (1).

IV. A DIRECT PROOF

For Reimann-Cartan geometry, the Bianchi identity is
c a/N,A +C avi-;u c almv - CP#V c ap/l

—-C%, Cap# - C"M Capv

=Rayv/l +Rawln +Ra/lyv ’ (19)
from which we obtain
\/ _géa”'wl (Ca;w;i - Cpp,v Cap/l = \/ —gea#v'{Ra/,wA . (20)
Using (15), we obtain from

Cayv;/l =C A —rpa,lc _FP C

ap PUY pnv ~apy

- vaA Caup (21)
the relation
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\/ - gé-a#WICa“V,A = \/—_g(cauv.i - prvc

apv

- %CPM Cp;w ) . (22)
Combining (20) and (22) yields

V= 8 Coprs — 4070 Cpa) = | ~ 8™ R s . (23)

Since \/ — g™ is constant, we then have the identity (1):

J =8 Ryps +1C711C,,
=8,( - —geC,

uv)'

We remark that the identity (1) can be directly checked
without using the Bianchi identity (19).
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It has been shown by Novikov [Funct. Anal. Appl. 8, 236 (1974)], Dubrovin et al. [Russian
Math. Surveys 31, 59 (1976}], Lax [Commun. Pure Appl. Math. 28, 141 (1975)], McKean and
van Moerbeke [Inv. Math. 30, 217 (1975}], and others that the nonlinear evolution equations
which admit solitary waves also have spatially periodic exact solutions (“polycnoidal waves”)
which can be expressed in terms of multidimensional Riemann theta functions. Here, it is shown
that via Poisson summation, the Fourier series that define the theta functions can be
transformed into an infinite series of Gaussian functions. Because the lowest terms of the
Gaussian series generate the usual solitary waves, it is possible to intimately explore the
relationship between solitary waves and these spatially periodic “polycnoidal’” waves. Also, by
using the Gaussian series, one can perturbatively calculate phase velocities and wave structure
for the “polycnoidal” wave even in the strongly nonlinear regime for which the soliton (or
multisoliton) is the lowest order approximation. It is further shown that the Fourier series and
the complementary Gaussian series both converge so rapidly in the intermediate regime of
moderate nonlinearity that one may loosely state that a solitary wave is almost a linear wave, and
a linear wave almost a soliton. Thus, by using both series together, one can obtain a very
complete description of these stable, finite amplitude, periodic solutions. For expository
simplicity, this first discussion of the Gaussian series approach to “polycnoidal” waves will
concentrate on the most elementary example: the ordinary “cnoidal” wave of the Korteweg—de
Vries equation. The great virtue of the Poisson method, however, is that it extends almost
trivially to other equations (the Nonlinear Schrédinger equation, the Sine-Gordon equation, and
a multitude of others) and also to periodic solutions of these equations that are describable in
terms of higher dimensional theta functions (“polycnoidal” waves). The next to last section
proves a number of generalizations of the theorems of Hirota [Prog. Theor. Phys. 52, 1498
(1974)] applicable both to “cnoidal” and “polycnoidal” solutions without restriction, and

explains how these extensions will work.
PACS numbers: 02.60. + y

1. INTRODUCTION

The first exact, nonlinear, spatially periodic solutions to
an evolution equation of the class discussed here were ob-
tained by Korteweg and de Vries' 85 years ago for the equa-
tion that now bears their name. They showed that their equa-
tion, henceforth referred to by the abbreviation KdV, has
steadily translating waves that can be mathematically de-
scribed by the elliptic cosine function cn{x; m). Since it was
like a function whose abbreviation is “‘cn,” they called these
waves “‘cnoidal” waves. The nonlinear, spatially periodic so-
lutions discussed here are generalizations of these cnoidal
waves that, in the absence of any generally accepted termin-
ology, will be referred to as “polycnoidal” waves in the rest
of the paper. The reason that these generalized waves are
important is that it appears that any spatially periodic solu-
tion of the KAV equation—or a number of other equations in
the same class—can be approximated to any chosen degree
of accuracy for any chosen finite time interval by an appro-
priate “polycnoidal” wave. Thus, to understand these gener-
alized cnoidal waves is also to understand the general spa-
tially periodic solution to the Korteweg—de Vries and other
evolution equations.

The elliptic cosine depends on a parameter m (the “mo-
dulus”); Korteweg and de Vries showed that the limit m = 0
corresponds to a linear wave and the elliptic cosine reduces
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to the ordinary cosine. In the limit m—1, the spatial period
of the wave becomes infinite, the elliptic cosine becomes the
hyperbolic secant function, and the cnoidal wave becomes
the solitary wave discovered observationally in 1831 aniso-
lated, steadily translating, finite amplitude peak of perma-
nent form. Equivalently, if one rescales the variables so as to
keep the spatial period fixed, the solitary wave or “soliton”
corresponds to the limit of infinitely large amplitude (the
spatial structure of the soliton tends toward that of a delta
function) while the linear wave as usual is the limit of infini-
tesimal amplitude.

“Polycnoidal” waves also tend to linear waves and soli-
tons in appropriate limits, and the relationship between
these limits and the actual polycnoidal waves of intermediate
amplitude is one of the major themes of this paper. Before
discussing how we propose to explore these relationships, it
is appropriate (and necessary) to briefly review the major
developments in the theory of the Korteweg—de Vries
equation.

Most work on this equation has studied its solutions
subject to two different species of initial/boundary condi-
tions: (i) the unbounded problem in which x€[ — «, ] and
the initial condition is localized, i.e., is exponentially small
everywhere outside of a finite interval, and (ii) the spatially
periodic problem in which both the initial condition and the
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solution for all later times are required to be periodic func-
tions of x. Korteweg and de Vries were able to derive a solu-
tion for the unbounded problem (the solitary wave) as a limit
of their class of solutions for the periodic problem, but in
later work, these two problems have represented completely
separate lines of development.

Little progress with either was made until 1967, when
Gardner et al.® showed the unbounded problem, although
the KdV equation itself is nonlinear, could be solved exactly
through a sequence of solving only linear equations: the so-
called inverse scattering method. This procedure was to the
study of nonlinear equations what the Rosetta Stone was to
Egyptology, and it was subsequently extended to a large
class of other equations, including the Nonlinear Schro-
dinger equation, the sine-Gordon equation, and many oth-
ers. Although for simplicity, the discussion here will concen-
trate on the KdV equation, the ideas and techniques
explained here extend to all members of this class of “‘exactly
integrable” nonlinear equations.

The inverse scattering analysis showed that the general
solution to the KdV equation (and its fellows) consists of two
parts: a finite number of solitary waves or “solitons,” which
are permanent, isolated, finite amplitude waves, plus “radi-
ation,” which is used as a catch-all term to describe the mis-
cellaneous peaks and ripples that eventually disperse so that
the solitons are the sole asymptotic solution as +— . The
reason for the name “soliton,” with its connotation of parti-
clelike rather than wavelike properties, is that when solitons
collide, they eventually emerge from collision unchanged in
shape, size, or speed except for a phase-shift.

Unfortunately, although inverse scattering is so useful
for theoretical and qualitative purposes, researchers have
found that for obtaining quantitative results and case stud-
ies, the steps of the inverse scattering method are so cumber-
some that it is easier to numerically integrate the KdV equa-
tion directly using a conventional time-marching scheme.
Because of this clumsiness, Hirota*® introduced an alterna-
tive approach to the unbounded problem which is the direct
ancestor of the methods to be used here.

Hirota’s technique is based on a logarithmic transfor-
mation of the dependent variable to give a transformed ver-
sion of the KdV equation which, to avoid confusion, will be
referred to as the Hirota—Korteweg—de Vries equation or H-
KdV for short. Hirota showed that although the H-KdV
equation is nonlinear, it is possible to construct exact solu-
tions by adding finite sums of exponentials from which the
exact, multisoliton solutions of the KdV equation can be
obtained through the inverse transformation. Hirota’s meth-
od is very simple and involves nothing more exotic than dif-
ferentiation, logarithms, and exponentials, but it has the
weakness of excluding the “radiation” part of the general
KdV solution. However, for smooth, large-amplitude initial
conditions, almost all of the initial energy goes into the soli-
tons anyway (referred to as the principle of “soliton domi-
nance” in Boyd®), so this restriction is not fatal, and Hirota’s
method is still actively used in research today (for example,
Ma and Redekopp’) even when the exact inverse scattering
algorithm is known for the same equation (Ma®).

Meanwhile, independent groups of American® and
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Russian'®!" mathematicians have developed an analog of

the inverse scattering method for obtaining a class of gener-
alizations of the cnoidal waves for (ii), the spatially periodic
problem. Unfortunately, it is again true that the formal solu-
tion, which will be here called the “Hill’s spectrum method,”
is as cumbersome computationally as it is powerful
theoretically.

However, the author and Nakamura'? independently
realized that there is an alternative. The transformation that
relates the theta functions to the actual solution of the
Korteweg—de Vries equation is exactly that made by Hir-
ota—in other words, the theta functions are exact solutions
not of the KdV equation itself but rather of Hirota’s trans-
formed version, the H-KdV equation. This suggests what
Nakamura calls the “direct method”: computing nonlinear
phase speed corrections and theta function parameters via
direct substitution of the theta series into the H-KdV equa-
tion and matching of Fourier series coefficients. Thus, there
are now two approaches—the formal exact method based on
guantum mechanics potential theory and a more heuristic
but vastly simpler alternative based on solving Hirota’s
transformed equations—for both the infinite and periodic
spatial domains.

In later work, Nakamura, Hirota, Ito, and Matsuno'>~'*

have greatly extended this direct theta function procedure
and their papers are highly original and a treasurehouse of
useful information. However, they work exclusively with the
Fourier series representation of the theta functions and omit
all mention of what are the principal themes of this paper:
that a direct method using the Gaussian series representa-
tion is not only possible but is more useful than its Fourier
series counterpart.

The reason for the greater usefulness of the Gaussian
series is that one can obtain most of the information deriv-
able from the theta—Fourier series by directly attacking the
Korteweg—de Vries equation via the singular perturbation
technique known variously as the method of strained param-
eters or the method of multiple scales.'®'” Because the multi-
ple-scales approach is conceptually useful also in under-
standing precisely what a “polycnoidal” wave is, some
multiple scales calculations for polycnoidal waves are given
in Appendix B.

The Gaussian series representation, however, is directly
tied to the fact that the exact solutions of the H-KdV equa-
tion are theta functions, and it gives results that cannot be
reproduced by any conventional perturbation scheme. As a
consequence, the rest of the paper will concentrate upon the
Gaussian representation of the theta function, except for the
appendices.

Sections 2—5 describe the simplest example: the ordi-
nary cnoidal wave for the Korteweg—de Vries equation. De-
spite the fact that this was solved 85 years ago, the theta-
Gaussian method will nonetheless yield some new results.
Later sections of the paper and future work now in progress
will deal with polycnoidal waves and other evolution equa-
tions. But the point in beginning with this simple example is
that the ideas explained through it are the key to everything
else.
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2.THE HIROTA-KORTEWEG-DE VRIES EQUATION
AND THE THETA FUNCTION

The Korteweg—de Vries equation itself is
u, +uu, + t,,, =0. (2.1)

The transformation to the H-KdV equation is made in two
stages. First, set ¥ = p, and then integrate (2.1) once with
respect to x to obtain

P+ /202 +p,.. =4, (2.2)

where A4 is an arbitrary constant of integration. In deriving
the multiple soliton solutions, one can set 4 = 0 without loss
of generality, but as noted by Nakamura,'? this is absolutely
disastrous for the polycnoidal wave. Instead, 4 must be com-
puted as a function of the parameters in the same way as the
nonlinear phase speed. The second step is to introduce the
nonlinear transformation

p=12(InF),. (2.3)

Substituting (2.3) in (2.2), on finds that all third and fourth
degree terms in F identically cancel to leave the H-KdV
equation:

F(Ft +Fxxx)x —Fx(Ft +Fxxx)+3(F:2cx —Fxexx)=AF2
(2.4)

Hirota showed that (2.4} and indeed all his transformed
equations can be expressed more compactly by using certain
bilinear operators, but this alternative version of (2.4) will be
deferred until Sec. 6, where Hirota’s bilinear operators will
be useful in proving certain theorems. The solution of the
KdV equation is

u=12(InF),,, (2.5)

where F'is a theta function.
The argument of the theta function is

X=x—ct+¢, (2.6)

where ¢ is the phase speed and ¢ a constant phase factor. For
higher-dimensional theta functions, we have additional ar-
guments of the form ¥ = k,(x — c5t) + ¢,,
Z = ky{x — ¢35t ) + ¢, as one would anticipate from the fact
that the polycnoidal waves reduce to multiple solitary waves
in the appropriate limit. Since the N-soliton solution consists
of N distinct peaks each with its own width and phase speed,
it follows that a function of N variables of the form of X, ¥, Z,
etc., are necessary to provide a compact description of the
waves. By rescaling via a theorem proved in Sec. 7, one can
always set one of the wave numbers k equal to 1 without loss
of generality, and this has been done in (2.6).

For the one-dimensional case, one can take the theta
function to be

O4X;q) =1+ > (—1)g" cos(2nX), (2.7)
n=1

where g is a constant known as the “nome.” When working
with theta functions, the nome is a more convenient measure
of the “ellipticity” of the elliptic cosine than the modulus ;
the relationship between them is given in Appendix A. How-
ever, g has one thing in common with m: the limit g—0 again
gives the linear wave while g—1 gives the solitary wave.
From the form of the Fourier series in (2.7), one can show
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that it converges uniformly and absolutely for all ¢ < 1, but it
is self-evident that the rate of convergence becomes poorer
and poorer as the soliton limit is approached. Consequently,
itis the alternative Gaussian series for the theta function that
one must use to explore the relationship between solitons
and cnoidal waves.

Nonetheless, even from a perspective focused entirely
on Fourier series, the theta series (2.7) converges much more
rapidly than that for u(x) itself, which is

™ n—1
4 =12(In 6))yy =96¢ ¥ l”q —cos(2nX),  (2.8)
n=t1—¢q

as obtained by differentiating the known'® series for the loga-
rithmic derivative of the theta function. The elliptic cosine,
whose square gives u{x) (see Appendix A for details), is a
meromorphic function, and this alone'® is enough to prove
that the coefficients of the Fourier series must be asymptoti-
cally O (¢”) for some constant g, |g| < 1. [This, in fact, is true
for the hyperelliptic functions that give «(x, ¢ ) for the polyc-
noidal waves as well.] The theta functions, however, whether
in one or many dimensions, are entire functions. For 8,, we
see that the Fourier coefficients are O (¢™) so that 10 terms of
the theta Fourier series give the same accuracy as 100 terms
of the Fourier series for cn?. It is precisely this very rapid
convergence for the entire function as opposed to the mero-
morphic function that led C. G. Jacobi to introduce the theta
functions in the first place and build his entire approach to
elliptic functions around them. It is precisely because the
Gaussian series for the theta functions shares this same very
rapid convergence that it will be shown to be a powerful tool
for understanding strongly nonlinear, spatially periodic
waves.

Poisson summation®® of (2.7) gives the Gaussian series,
which may be written in either of the two forms:

04(X; g)

2s”2exp[ —st/ﬂ'] i g+ " cosh[(2n + 1)sX ]
n=0

= P (2.9
s2N exp[ — s(X — d#(2n + 1)2/7].
_E;o pl —stX — 4m( /7] (2.10)
where ¢', the “complementary nome,” and s are defined by
q:Eewz/ln q’ (211)
s= —n/lng. (2.12)

The relationships between ¢, g', and s can be expressed more
symmetrically in the form

g=e""", (2.13)

g =e" ™. (2.14)
As g—1, ¢'—0 and vice versa so that the Gaussian series
[(2.9) or (2.10)] and the Fourier series (2.7) are indeed com-
plementary, with one converging rapidly in the parameter
range where the other converges slowly.

The first form of the Gaussian series, (2.9), which can be
obtained from (2.10) by multiplying out the exponents in
(2.10), extracting the common factor of exp( — sX ?/), and
combining exponentials into hyperbolic cosines, is the one
that is most closely analogous to the Fourier series. Because
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q' appears explicitly in (2.9), this form is the one that is useful
for practical perturbative calculations.

The second form, (2.10), is more useful conceptually: it
shows that the theta function can be represented as a series of
Gaussians of identical size and shape spaced at intervals of 7
on the whole interval Xe[ — «, oo ]. For large ¢’ {small g), the
Gaussians overlap heavily and the shape is roughly that of an
ordinary cosine function with symmetrical crests and
troughs. For small g'—the near-soliton-limit—the Gaus-
sians are well separated and the theta function takes the form
of sharp, narrow peaks separated by broad, flat troughs.

In the limit ¢'—0, only the two Gaussians at
X = + 7/2 are significant because the contributions of all
the other terms in the series are exponentially small on the
interval Xe[ — 7/2, 7/2). This suggests that—despite all ap-
pearances to the contrary—this limiting solution of two
Gaussians is somehow equivalent to the single soliton solu-
tion of Hirota, which is the sum of a constant plus an expo-
nential. In the next section, we shall see that this is indeed the
case and explore how the transition from soliton to cnoidal
wave is made.

3. THE BI-GAUSSIAN SOLITON AND THE PROBLEM OF
PERIODICITY
A. The bi-Gaussian soliton

By direct substitution, one can show
O(X)=e /72X cosh(sX) (3.1)

is an exact solution of the Hirota—Korteweg-de Vries equa-
tion (2.4) for arbitrary values of s and L provided that

¢=4s2 — 12L, (3.2)
A=2L(2s* —3L), (3.3)

where c is the phase speed, A the constant of integration in
the H-KdV equation, and X = x — ¢t + ¢ as defined by (2.6)
with ¢ arbitrary. © (X ) is?' the sum of two Gaussians with
peaks at X = 4 s/L, so it will be referred to as the bi-Gaus-
sian soliton solution. Taking the second logarithmic deriva-
tive gives

ulx,t) = — 12L + 125* sech®[s(x — ct)]. (3.4)

As mentioned earlier, the theta functions of the pro-
ceeding section are functions of but a single parameter-—and
so are the one-soliton solutions of the KdV equation in the
form usually given—whereas the bi-Gaussian @ (X; s, L )con-
tains fwo independent parameters. However, one can see
from (3.4) that the extra parameter corresponds merely to
the freedom (mathematically, if not physically!) to change
mean sea level in the Korteweg—de Vries equation. In math-
ematical terms, it is trivial to prove that if u(x — ct) is any
solution to the KdV equation, than

t=a + ulx — (c + a)t) (3.5)

is also a solution. Thus, cnoidal waves and the one-soliton
solution are really two-parameter families, but one of the
parameters, the constant a in (3.5), is trivial, and only the
nome q is significant. However, with the bi-Gaussian, we can
obtain the full two-parameter single-soliton family by vary-
ing sand L.
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Hirota’s solution is the special case L = O that gives
O = cosh(sX ). (3.6

This gives the usual soliton with zero mean sea level, but it is
not quite in standard form itself. However, one can show??
that any solution of the H-KdV equation is still a solution if
multiplied by an arbitrary constant times an exponential
whose argument is linear in X. Multiplying (3.6) by 2 exp(sX )
gives

F =1+ exp{2sX), (3.7)
which is the form in which Hirota’s 1-soliton solution is usu-
ally given.

Unfortunately, to extend this bi-Gaussian function into
the infinite series for the cnoidal wave, we must take a nonze-
ro value of L. This in turn means accepting the annoying
complication of a shift in mean sea level via the term — 12L
in (3.4) and an identical shift also in the phase speed (3.2). To
have generalized Hirota’s one-parameter solution {3.7)to a
two-parameter one is not in itself a very useful accomplish-
ment. However, it is the bi-Gaussian—not (3.7)—that gener-
ates the cnoidal wave, so one must understand the shifts
introduced by L to make correct comparisons between exact
and approximate cnoidal wave solutions as shali be done in
Sec. 5.

B. Perlodicity

If one approached the problem of computing approxi-
mate periodic solutions to the KdV equation with no knowl-
edge of theta functions—but a knowledge of solitons-—one
heuristic approach would be to approximate the cnoidal
wave by an infinite series of evenly spaced hyperbolic secant
functions, i.e.,

u(x, t)=125* i sech?(s(X — n)). (3.8)
When s is large, the soliton peaks are narrow and well-sepa-
rated with little overlap, so (3.8), with ¢ given by the usual
soliton formula (3.2), is indeed a consistent first approxima-
tion to the cnoidal wave with an error which decreases ex-
ponentially fast as s increases.

The only problem is that there is no particularly good
way to calculate higher-order corrections—to explore pre-
cisely how the periodicity has altered the cnoidal wave from
the soliton. One could substitute (3.8) into the Korteweg—de
Vries equation, but the inhomogeneous terms even at lowest
order would involve fourth powers of reciprocal hyperbolic
functions, and inverting the linear part of the Korteweg—de
Vries equation requires inverting a partial differential opera-
tor. Furthermore, the error in neglecting higher values of n
in the series (3.8} is an exponential function of s, but algebraic
powers of s would also appear. In short, perturbative theory
using (3.8) as the lowest approximation would be a horrible
mess, requiring great analytical ingenuity to obtain even the
first and second corrections. Furthermore, the shape of u as
a function of X, as well as the nonlinear phase speed ¢, would
both have to be corrected order-by-order.

If we apply this same heuristic philosophy to the
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UNBOUNDED PERIODIC
Repeat -

F Bi - Gaussian 9
Over All
Space

Bi- Gaussian for H~KdV 8 - Goussian Series for H-KdV

UUHZ(IOQ Flyy Uu=12(log9)xx
Cnoidal Wave for K-dV

Soliton for K-dV

FIG. 1. Schematic diagram showing the relationship between the bi-Gaus-
sian and theta functions solutions to the H-KdV equation. The left side
shows the situation when the domain is unbounded: the solution to the H-
KdV equation has just two peaks on all of Xe[ — «, ], and the second
logarithmic derivative of this gives a single peak which is the usual solitary
wave. When bi-Gaussian pattern is repeated with even spacing over all X, it
generates the Gaussian series of the theta function. This, as shown on the
right, is a periodic solution of the H-KdV equation and its second logarith-
mic derivative gives the usual cnoidal wave.

H-KdV equation, using the bi-Gaussian soliton (3.1) with
L = (2/m)s, (3.9)

so that the peaks of the Gaussians are 7 units apart, we obvi-
ously obtain an infinite series of evenly spaced Gaussians as
indicated schematically in Fig. 1. But we have already seen
in the previous section that such a series of Gaussians is an
exact representation of the theta function. Consequently, by
taking the single soliton solution and repeating it with even
spacing over the whole spatial domain, we obtain the exact
solution for the spatially periodic problem-—but only when
we work through the H-KdV equation, Hirota’s trans-
formed equation, rather than through the KdV equation it-
self. The series of hyperbolic secant functions in (3.8) is only
approximate.

The same strategy works equally well to generate peri-
odic extensions of the multiple soliton solutions. The double
soliton, for example, is given by the sum of four evenly
spaced Gaussians forming a square in the XY plane where
X=x—cit+ ¢, Y=kyx —c,t) + ¢,, and where each
Gaussian is now an exponential whose argument is a second-
degree polynomial in both X and Y. Repeating this basic
four-Gaussian unit over the whole XY plane with even spac-
ing gives the Gaussian series for the two-dimensional theta
function, and the second logarithmic derivative of this gives
the double cnoidal wave solution to the KdV equation.

Because only the nonlinear phase speed (or speeds) need
be corrected, it is trivial in principle (although the algebra
can become tedious) to calculate the cnoidal and polycnoidal
waves to any order. For the cnoidal wave, for example, one
obtains at each order two linear equations in two unknowns
which can be solved to obtain ¢ and A4 to that order, with the
expansion proceeding in powers of the complementary nome
q':in Sec. 4, we shall show how one can obtain the full infinite
series for ¢ almost trivially.
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Before we do this, however, one final point must be
made; Hirota’s single soliton solution for the H-KdV equa-
tion, (3.7), is spatially unbounded even though, thanks to the
magic of the logarithmic derivative, it gives the usual sech’
solution when the transformation back to the KdV equation
is made. Consequently, it is not possible to add evenly spaced
Hirota functions of the form of (3.7) to obtain any sort of
meaningful series. It was therefore absolutely necessary to
generalize Hirota’s solution to the bi-Gaussian so as to ob-
tain a form for the single soliton which would be spatially
bounded and localized for the Hirota~Korteweg—de Vries
equation, too. Only then would it be possible to repeat the
single-soliton solution over the whole domain with even
spacing to obtain a solution that is manifestly periodic and
solves the H-K.dV equation exactly.

It is the bi-Gaussian, and not the simple exponential
solution of Hirota, that is the proper generator of the cnoidal
wave.

4. THE RESIDUAL EQUATIONS AND THE EXACT
SOLUTION FOR THE CNOIDAL WAVE

A. The residual equations
The first step in obtaining the full series solution is to
rewrite the Gaussian series (2.9) as

04(X; q) — sl/2e —sX¥m i qm’eZnsX’ (41)

[half integers]
where the hyperbolic cosines have been broken up into pairs
of exponentials and where, in order to eliminate factors of 1,
the sum is taken over all the “half integers” {..., —3, — 3,1,
}, 3, 3,...}. Substituting this into the H-KdV equation gives
the residual

p=se" 25X/ i i qln2 + n"g (n _ n’, c, A )e2(n + Al (4'2)
[half integers]
We must solve for ¢ and 4 such that p=0.

One might expect that, since the H-KdV equation (2.4)
involves differentiations of up to fourth order with respect to
x and first order with respect to time, the Gaussian in (4.1)
would cause ¢ (n — n'; ¢, A ) to be a polynomial of fourth de-
gree in x and first degree in ¢. In fact, as shall be proven in
Sec. 6, because of cancellations ¢ is independent of both x and
t, just as if we had substituted the Fourier series for 8, into
the H-KdV equation instead.

The second important property of {—also noted by Na-
kamura for its Fourier series equivalent—is that it is a func-
tion only of the difference (n — n'), and not of n and n’ sepa-
rately. This property, again proved in Sec. 6, is true for all of
Hirota’s transformed nonlinear evolution equations, and is
sufficient—without specification of the precise form of
§(n — n'; ¢, A )—to prove that the residual is the sum of two
theta functions. Consequently, the exact definition of { will
be deliberately postponed to the next subsection.

Keeping these two properties of { in mind, the next step
istodefinej = n + n’ and collect terms in exp{2js.X ) to obtain

p— 2 = i
p=se X/ Z R; ¥, (4.3)
j= —w
[integers]
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where

RjE 2

n= — oo

g ="t @n—jic, 4). (4.4)

{half integers)

The residual p vanishes if and only if all the R; = 0, wherejis
any integer, so we seem to have rather more equations (an
infinite number!) than we have unknowns (2, c and 4 ). How-
ever, it is easy to prove that all even R; are multiples of R,
and all the odd R; are multiples of R,.

For brevity, we shall deal only with the even R ;. From
(4.4)

Ry= § gwrr-2r¢pn-J)). (4.5)
[h:l;‘—_in;gc:rs]
Defining
N=n—J (4.6)
gives
Ry = 5 qW+ew=2igon 7)

[half integers]

=g  §  ¢™een) (4.8)
[h:l:n;g:rs]
=q'”’R, for all integers J. (4.9)
Similarly, one can show
Ry, =q¢* ¥R, (4.10)

By using (4.1) and the equivalent series for 6(x; g)

[=0.(x + 7/2; g)], which is identical in form with (4.1) ex-
cept that the sum is taken over all integers instead of half
integers, one can rewrite (4.2) as

p = [Ro63(2X; ¢%) + R,0,(2X; g%)se =" (4.11)

Thus, the solution of the cnoidal wave has been reduced to
solving two equations in two unknowns

Ryfc, A) =0, (4.12)
Ryc,4)=0. (4.13)

For the Korteweg—de Vries equations, these coupled equa-
tions are linear; for the Boussinesq equation of Nakamura,'?
these equations are quadratic in ¢, but can still be solved
explicitly.

B. Theta matrix doubling

One important aspect of (4.11) that is independent of the
nonlinear evolution equation is that all the quantities in-
volved—R,, R, the theta functions, ¢, and A—are functions
of ¢'? rather than ¢’. In particular, the series that define R,
and R, are series in ¢’>", and thus converge much more
rapidly than even the fast-converging series for the theta
functions themselves, whose coefficients are ¢'*'. This same
phenomenon holds for the polycnoidal waves, too, where it
will be called “‘theta matrix doubling” for notational reasons
explained in Sec. 7. It is this very rapid convergence that
makes perturbative calculations for two- and three-dimen-
sional theta functions feasible.
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C. The exact solution for the Korteweg~de Vries
equation

For the Korteweg—de Vries equation, one can show by
direct substitution of (4.1) into the H-KdV equation (3.4) or
by using general theorems of Hirota’s bilinear operations
proved in Sec. 6 that

fn—n'yc, A)
2
= [48s —24 + -‘}E] 16s%n — n')*
17-2 T
3
—4es*(n — ') — 96s (n—n'y, (4.14)
which depends on » and n’ via
A=(n—n), (4.15)
and (4.12) and (4.13) become the matrix equation
i Ap||c 0,
= , 4.16
K21 A22 A ‘02 ( )
where
4s = 2
A _ 2n
n= ( n=2~ 3 q )
half integers)
—~ 1652 ( D nzq'zn’), (4.17)
h:lf=int—eg°:rs]
e 3 ) w1
h:l:nt—e;:rs]
& 3 24s 2
0, = 165 (—————n2 +16s2n“)'2",
) ,.:z, = - [n*] tn’] Jg
[half integers] (4 19)

and where the elements of the second row (corresponding to
R)) are, after multiplication by ¢''/?, identical with those of
the first row except that (i} the sums are taken over the inte-
gers instead of the half integers and (ii) the terms n = 0 are
taken with a factor of } as in (4.15). A more compact descrip-
tion can be obtained by defining

1/2

' 5 2n? — T
Hg= Y 4¢"= Tngl™® 640;4'%),  (4.20)
[h:lf_intego:rs]
I( /)= 3 rznz______Ll_/_z__e (0 l/2) (4 21)
‘1—; q _[lnq]'/z W), )

{integers]

where the right-hand sides of (4.20) and (4.21) follow by eval-
uating (4.1) and the corresponding series for &; at X = 0 and
then using the usual relationship between g and ¢, (2.11).
The fact that q appears as g'/2 is a consequence of the fact
that the series defining H (¢'} and I (¢’) are theta-function se-
ries in g'2 rather than ¢’ itself as explained in the previous
subsection. Letting a subscripted ¢’ denote differentiation
with respect to ¢', we have

Ay, = (4s/mH — 85°¢'H, (4.22)
A,= —2H, (4.23)
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.01 = 1682(111 - ‘I%Hq' + 432q’ [q’Hq' ]q')’ (4'24)

172
Ay =21 _s2qr, &, (4.25)
T T
Aypy=—2I +1, {4.26)
3 12sq' r 245%
”2 = 16.92(;2—1— —#—Iql + 4S2q [qlqr ]q) —_ 7—,
(4.27)
where s and ¢’ are related via ¢’ = exp( — 7).
One finally obtains
c= (01A22 - '{22A 12) (428)

A11A22 —-A IZAZI
and a similar expression for 4, which is not of physical
interest.

5. COMPARISON OF THE EXACT AND APPROXIMATE
SOLUTIONS

The two series representations of the theta function are
complementary with the Fourier series converging more
rapidly for small ¢ and the Gaussian series more rapidly for
small ¢'. The worst possible case is when

9=q, (5.1)
because then both converge equally well or badly. Conse-

quently, we can limit our attention to this single, “worst
case” value of ¢’ which is

¢ =e~"=0.0432. (5.2)

The astonishingly small value of ¢’ makes one feel like
cheering. As noted earlier, the theta series converge much
faster than an ordinary geometric series because the terms
are proportional to ¢'" rather than ¢'”, but ¢' is so small that
even the lowest-order approximation is very accurate. The
approximate solution to O (¢%) is

u= —24s/m + 12 sech?(sX)[1 — 8¢'* cosh’(sX)

+ 1692 cosh*(sX )] + O(¢'), (5.3)

c= —24s/m + 4s* — 965%¢"?, (5.4)
where ¢’ = exp{ — ms) with

s=1latg=q =0.0432. (5.5)

The corresponding exact solution in terms of elliptic func-
tion is (at s = 1)

u= —3.81973 + 8.35918cn%(1.1804X; m = 4), (5.6)
c= —3.81973, (5.7)

where m is the modulus.?* Although we have been mostly
concerned with the Gaussian series, the Fourier series ap-
proximations are still sufficiently interesting to be included
in our comparisons and are

u=96g cos(2X ) + 192¢* cos(4X ) + O (¢°), (5.8)

c= — 4 + 9647, (5.9)
where the first follows from (2.8) and the second is derived in
Appendix A.

The lowest-order and second-lowest-order approxima-

tions to #(x, ¢ ) are compared in Figs. 2 and 3. The agreement
between the exact and approximate graphs is remarkable;
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| t t
/2 ~T/4 ] /4 /2

FIG. 2. A comparison of the lowest Fourier approximation (dotted lirie, a
simple cosine function) and the lowest Gaussian series-derived approxima-
tion (dashed line, a constant plus the hyperbolic secant squared) with the
exact cnoidal wave for g = ¢’ = 0.0432.

the lowest-order approximations would be acceptable for
most purposes and the second-order approximations are al-
most indistinguishable from the exact solution.

Similar remarks apply to phase speeds. The lowest-or-
der approximations and their errors are

el ian = — 24/ + 4= — 3.639, (5.10)
Absolute error = 0.181,

Relative error = 4.7%;

Chourier = — 4 (5.11)
Absolute error = — (.180,

Relative error = — 4.7%;

the second-order approximations are
e ian = — 3.81871, (5.12)

Absolute error = 0.00102,
Relative error = 0.027%;

-7}
-8 § 1 A
-7/2 -r/4 [¢] T/4 /2

FIG. 3. A comparison of the second Gaussian approximation (5.3) with the
exact cnoidal wave for the “‘worst case” ¢ = ¢’ = 0.0432. The second Four-
ier approximation is indistinguishable from the exact solution to within the
thickness of the curve.
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) ier = — 3.8207,
Absolute error = — 0.00100,
Relative error = — 0.026%.

(5.13)

It is amusing that even in this weakly nonlinear re-
gime—note that ¢} ... is accurate to better than 5%—the
solitary wave formula (representing the strongly nonlinear
regime) is just as accurate. Thus, the two regimes strongly
overlap. It is in this sense that one can say that the solitary
wave is “almost a linear wave””: it yields an excellent ap-
proximation even when ¢ is small enough so that the lowest-
order Fourier approximation—a simple cosine function—
also gives an accurate approximation. In the same sense in
reverse, one can say that the linear wave is ‘“almost a soliton”
in that it gives an accurate approximation when the nonlin-
earity is so strong the wave shape and speed are also accu-
rately given by those of the solitary wave.

This strong overlapping of the linear and solitary wave
regimes has two important implications. First, it suggests
that perturbation theory will yield useful, understandable
results for the *“polycnoidal” wave also. Obviously, if one
needed to carry the expansion to high order in ¥ different
parameters, perturbation theory would be pointless, and one
would learn as much—or as little——with much less work by
staring at films of numerical integrations of the KdV equa-
tions. The accuracy and overlap of the expansions for the
ordinary cnoidal wave suggest that this will not be the case;
suggest instead that the lowest- or second-lowest-order per-
turbation theory will be more than adequate.

The other implication is conceptual. The phrase “soli-
tary wave” has the obvious connotation of a single, isolated
wave peak. What has been shown here, however, is that a
wave that to the eye looks like an ordinary linear cosine func-
tion—and as Fig. 2 shows, is well approximated by a cosine
function—may nevertheless be accurately modeled by a soli-
tary wave. The isolation of a wave or a wave peak from its
fellows is not an essential ingredient either in the balance
between nonlinearity and dispersion, which allows the soli-
tary wave and cnoidal wave to exist as stable, permanent
forms, or in the mathematical approximation of the wave by
the characteristic sech? shape and speed of the soliton. Thus,
the intuitive equivalence of “solitary” with “isolated” has
been shown here to obscure the fact that such an isolated
peak and a not-very-steep cnoidal wave are essentially the
same thing.

6. HIROTA’S BILINEAR OPERATORS AND SOME
THEOREMS ABOUT THEM

Hirota* showed that his transformed nonlinear evolu-
tion equations could ailways be expressed in terms of the
bilinear operators defined by

D"D™F.G)
E[(_a_ _ i)”(i _ i)"‘F(x, G, )|
ax ax'/ \or ar’ T

‘6
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where the notation indicates that x" and ¢ * are to be replaced
by x and ¢ after the differentiations have been performed.
The Hirota-Korteweg—de Vries equation, for example, is

(D* + D_D,)(F-F)=24F* [H-KdV], (6.2)

which is completely equivalent to (2.4).

Hirota proved a great many theorems and corollaries
about the action of these bilinear operators on exponentials
with linear arguments. In particular

D :D :n(e(kx + wl)‘e(k‘x + w’t))
— (k —k I)n(w . wl)me(k+ kx + (w+ w‘)t' (63)

Notice that the result depends only on the difference be-
tween k and k ' and between w and w’. When a theta function
Fourier series such as

6, = i q" exp(2min(kx + wt)] (6.4)

{integers]
is substituted into (6.2), the result is to generate a doubly
infinite series of cross terms of the form of (6.3) so that the
residual is

p_ B i i qn2 + n"g?(n _ n'; ¢, A )eZwi(n + n’i){’ (65)

n= —o 2= — o
with X = kx + wt, which is identical®® in form to (4.2) except
that it is a Fourier series instead of a Gaussian series. Hiro-
ta’s theorem (6.3) gives (w = — k¢)

E(n—n'c,A)= (2mik \'(n — n')*
+ (2mik )Rmiw)n — ') — 24,  (6.6)

which is a function only of the differencen — n’. As shownin
Sec. 4, this property, that £ (or £ ) is a function only of n — n’,
is sufficient to prove that the vanishing of two (possibly non-
linear) equations in ¢ and 4 is sufficient to give p (or p)=0.
Nakamura has shown that this generalizes to higher-dimen-
sional theta functions, too—an N-dimensional Fourier series
yields 2" nonlinear equations in the phase speeds, 4 and the
parameters of the theta function series that are sufficient to
determine the whole solution. Furthermore, because the fact
that £ is a function only of the difference n — n' is a direct
consequence of the fact that the bilinear operators yield re-
sults that depend only on (k — k') and (w — w’) as shown in
(6.3), it follows that the theta function solutions to a// of
Hirota’s transformed equations expressed in terms of D, and
D, must also be reducible to 2" nonlinear algebraic equations
in the parameters.

Our goal in this section is to prove a generalization of
(6.3) which is applicable to Gaussian series. We shall find
that, just as for Fourier series, the action of D, and D, on a
pair of Gaussians depends only on the difference in their
arguments. This in turn immediately implies that when an
N-dimensional Gaussian theta function is substituted into
any of Hirota’s equations, the problem again reduces to 2
nonlinear algebraic equations.

Before stating and proving the central result, it is im-
portant to note one powerful simplication: all terms in a giv-
en theta—Gaussian series have identical second degree argu-
ments in the exponentials, and thus differ only in the terms in
the exponentials which are /inear in x and ¢. This is because
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all the terms in the theta series are Gaussians of identical
shape, differing only in the location of the peak. Consequent-
ly, one can always factor out the common second-degree
exponential as was done explicitly for the one-dimensional
theta function in (2.9). The same will be done in the results
below.

Theorem: Let D, , D, be the usual Hirota bilinear opera-

tors defined by (6.1) above, and let

F=exp[ — (@/2)x* — Bxt — (y/2)t *]explkx + wt ),
(6.7)
G =exp[ — (@/2x* — Bxt — (y/2)t *lexplk 'x + w't);
(6.8)
then
(1)
D (FG)=a"H, [k = ]FG (6.9)

where H, (y) is the usual Hermite polynomial. D [{F-G ) is
given by (6.9) also with & replaced by ¥ and (k — k '} by
(w—w').
{id)
exp[6D, |(F-G) =exp[ — ad® + 8 (k — k)] FG. (6.10)
(iii) Defining
Q=D D(FG)

Q7 is determined by the recursion

(6.11)

Ortl= —2mR7_ +w—w)Q7 —2ymQ7 ", (6.12)
where the starting values are
Q7 '=0for all n, (6.13)
Q9 =a"H, [52-(1?% [as given by (i)]. (6.14)

Proof: The demonstration of (i) is inductive. Weuse Q'
as defined in (6.11) except that we do notset x' =x, t' =t
until after obtaining the general recursion. We also tempo-
rarily drop the superscript, which is understood to be 0.

Define

Qy=FG. (6.15)
By explicit differentiation
Q=D (FG)=[—alx—x)—-B(t—1)
+ (k— k')FG (6.16)

To proceed to the next order, we can use the Leibnitz prod-
uct-of-a-derivative rule after replacing FG by Q, to obtain

Q, =Di(FG)

=[—alx—~x)—Bt—t')+(k—k')]D,(Qo) (6.17)
+ 00D, [ —alx ~x) =Bt — 1)+ (k — k')]
=[—alx—x)-Bt—1t')+(k—k"]Q — 2aQ,
(6.18)
Let us now suppose that the recursion relation
Onii=[—ax—x)—B{t—1t)
+(k—k')1Q, —2naQ, _, (6.19)

holds for a given n; we have already shown that it is true for
n = 1. To demonstrate that it must also hold with n—n + 1,
again apply D, to (6.19) and invoke the Leibnitz rule to

383 J. Math. Phys., Vol. 23, No. 3, March 1982

obtain
Qi =@ D[ —alx—x)—plt—1t)+(k—k')]
+[{—alx—x)—Bt—1t')+k—k')]D.Q,
—2naD,Q, . (6.20)
=—2aQ, +[—alx—-x)-Blt—-1)
+(k—k"1Q, . —2naQ,, (6.21)

which is identical with (6.19) except for the replacement of n
by n + 1. Therefore, by induction, the recursion (6.19) must
hold for all n. Setting x = x’ and ¢ = ¢’ simplifies it to

Qi1 =k—k'Q, —2naQ, .. (6.22)
The Hermite polynomials H, (y) satisfy the recursion
relation

H,,  ,=2%H, —2nH, . (6.23)
It is trivial to show that
k—k'
Qn = a"’zH,, [W (624)

satisfies (6.22) and the starting values (6.15) and (6.16} by
directly substituting (6.24) into (6.22) and then employing
the Hermite recursion (6.23) with the starting values H, = 1
and H, = 2.
Part (ii) is derived by interpreting the exponential of an
operator as the power series
= &"'D’
exp [5Dx ]-—ngo n! ’

applying (i) term by term, and then equating the result to the
generating function of the Hermite polynomials

Z H(V)

n=0n
witht =8a'?andy = (k —k')/2a',

An alternative proof can be obtained by using Hirota’s
result*thatexp(6D, ) (F-G ) = F (x + 8)G (x — 8)forany F, G,
and specializing it to the case when F and G are both
Gaussians.

Part (iii) is proved by induction and use of the Liebnitz
rule exactly as for (i) with the addition of the identity of dH , /
dy =2nH, _ |, so details will be omitted. A simple, closed
form solution for (6.12) has not been found; however, since
Hirota’s various evolution equations involve only first or
second mixed derivatives, such a general solution is not real-
ly needed for the theory of polycnoidal waves.

(6.25)

i+ 2y

e (6.26)

7. MULTIDIMENSIONAL THETA FUNCTIONS

The general Riemann theta function of “reduced half
integer characteristic’” and dimension & is defined by

) [ ‘,](5, T)

=Sewpln| ¥ ST ( )

i=1j=1

x(nj+€2f)+2‘§|(n ¥ )(; + )“ (.1)

T is the N X N symmetric square matrix, called the “theta
matrix,” with positive definite imaginary part whose ele-
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ments are written T;. { is the N-dimensional vector of depen-
dent variables; in applications to polycnoidal waves

& kix —cyt)+ ¢,
L= 5:2 _ kylx — C':zt) + ¢, , 71.2)
N kylx —cyt) + @y

where the k; are wave numbers, the ¢; phase speeds, and the
¢, are constant phase factors. The quantity [¢ ] consists of
two N-dimensional row vectors written one above the other,
where each element is either 1 or O and is known as the
“characteristic” of the theta function,

[e] _ (51 € - fzv)
€l \el & - €/
Since there are a total of 2V matrix elements in the charac-
teristic, each of which can independently take 2 values, there
are a total of 4" linearly independent theta functions with
reduced half-integer characteristics. Note that it is conven-
tional to define the multidimensional theta function so that it
is periodic with period 2 versus the period of 7 that is con-
ventional for the one-dimensional Jacobian theta functions
6, and 6,.

Fortunately, it is always sufficient to take © [§ }(G; T) as
the solution of any of Hirota’s differential equations, where 0
is the N-dimensional vector whose elements are 0. Hirota
and Ito'® have shown that when the Fourier series of [ ]
(€, T) is substituted into one of the evolution equations, the
result is a residual of the form

5= 620 g‘z:o - ZOR (€0 [;](2; 2T),

There are a total of 2" reduced half-integer theta functions
with €'=0, and thus there are 2" terms in (7.4) and 2~ nonlin-
ear equations

(7.3)

(7.4)

R (€, €5 ..., €5) =0, (7.5)

that must be solved to obtain the N phase speeds ¢, the
constant of integration 4 in the H-KdV equation, and the
N (N — 1)/2 off-diagonal theta elements. (Recall T; = T};.)
For N33, this gives more equations than unknowns; Hirota
and Ito'® have shown numerically that for N = 3, one of the
eight equations (7.5) is redundant, and that one must solve
seven equations in seven unknowns. Presumably something
similar happens for large N although an analytical proof is
lacking.

The diagonal elements play a role analogous to that of
the nome for ordinary elliptic functions. In one dimension

g=em", (7.6)

where T, is positive imaginary. In more dimensions, one
can define “nomes” via

g =e"" j=1,.,N (7.7)

and obtain perturbative solutions in the form of an N-dimen-
sional power series in the g;.
The ““theta constants” are defined by

o[(lreelJon

€, =0o0r1

(7.8)

384 J. Math. Phys., Vol. 23, No. 3, March 1982

Hirota and Ito,'® without calling attention to the fact, show
that the residual equations (7.5) can be expressed entirely in
terms of theta functions of the wave numbers &, ..., ky
{when the Hirota equation involves exp(dD, )] and the theta
constants 8 [§ ](2T) and their derivatives with respect to the
diagonal matrix elements. This is analogous to Sec. 4 where
the solution for the cnoidal was expressed in terms of the
functions H (¢') and I (¢')—which effectively are theta con-
stants—and their first two derivatives with respect to ¢'. In
general, if the highest power of DD " ism + n =J, the
residuals R (€) will involve differentiations with respect to T,
of up to order J /2; note that only even values of (m + n)
occur in Hirota’s equations.

The significance of this {besides the fact that it provides
a simple and compact description of the residuals) is that it
implies that one can apply Poisson summation directly to the
residuals R (¢) to transform them into nonlinear equations in
the complementary nomes ¢',, ¢',, etc.

The only flaw with this is that “theta-matrix doubling”
occurs; the theta constants will appear in the residual equa-
tions R (€) have double the theta matrix of the theta function
that solves the H-KdV equation. In terms of the nomes, this
means that the perturbation series forc,, ..., ¢y and soon are
functions of the squares of ¢,, g, ..., ¢ rather than the nomes
themselves. This implies very rapid convergence, of course,
and is the reason that the first and second approximations to
¢ in the one-dimensional case were seen in Sec. 5 to give such
remarkable accuracy.

However, the Poisson summation for the theta function
is given by

o[oJe m = o o) e T

which shows that doubling the theta matrix halves that of
the Poisson sum. In other words, by applying Poisson sum-
mation directly to the residual equations R (€), we pay for the
rapidly-converging series in ¢* by obtaining slowly-conver-
gent series in (¢')'/2 upon Poisson summation. Equations
{4.20) and (4.21) show that exactly the same happens in re-
verse when we attempt to write theta constant series in ¢’
directly in terms of those in g.

. Thus, the best approach is to substitute separately the
Fourier series and the Gaussian series into the H-KdV equa-
tions and its fellows, to obtain a series for ¢ in ¢* from the
Fourier series and another in ¢'* from the Gaussian series.

When performing this direct substitution for the Gaus-
sian series, it is convenient to use the freedom to shift the
phase factorsin¢,, &, ..., £ toreplace 8 [§ ](§, T) by
8 [3]& T) = 6 [§ 1(E + 4, T) because this has the simpler

Poisson sum

NERE

(7.9)

|detT|"2

XECXP{ - .21121 (; T )(gj R )SU],
(7.10)

where the sum is taken over all possible half integers { — oo,
-3 —4% —hLL33 .. o} ineachofthe Nsum variables
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n,, ..., ny, and where
S=1I_(T™"). (7.11)

In one dimension, 8 [§ ](§, T) = 6,(x; ), which was what we
used in Secs. 2-5.

Again, however, the substitution of the series reduces
the problem—after using the theorems of Sec. 6—to solving
2" nonlinear equations in N?/2 4 N /2 + 1 unknowns, im-
plying some redundancy in the residual equations, just as
when the theta Fourier series was used. Again, these equa-
tions can be solved perturbatively in the N complementary
nome variables defined by

g =e " (7.12)

The lowest 2V terms in (7.10), those with # ;= + 1/2forallj,
generate the N-soliton solution of the KdV equation just as
the bi-Gaussian (V = 1) was shown to generate the single
soliton in Sec. 3. For N = 2, we have a “tetra-Gaussian”
whose four peaks form a rectangle in the £,-£, plane; for
N =3, an “octo-Gaussian” whose eight centers form the
corners of a cube in §,—{,—{; space. And so it goes.

We close with two elementary theorems which simplify
the calculations and have already been used above.

Theorem:

W) IfU (s &y -or &) is a solution of the KdV equation
where §; = k;(x —¢;t) + ¢; as in (7.2), then

Vix,t)=p+ UG, & s En) (7.13)
is also a solution of the KdV equation provided
fj(kp ¢j’ cj)=§j(kj’ ¢j!cj +p) (7.14)

for all j where p is an arbitrary constant.
(ii) If u(x, t) is a solution of the KdV equation, then

Bx, t)==A 2u(Ax, 1 3t) (7.15)

is also a solution.

The proofs are elementary and are not given here. The
first theorem allows one to choose “mean sea level,” i.e.,
§™2 ,u(x, t) dx, to be whatever one wishes. Note that the
theta-function solution normally picks its own ‘“‘mean sea
level,” which is generally different from zero.

The second theorem allows us to take the periodicity
interval to be 7 or 2 or whatever is convenient. It also permits
us to set one of the wave numbers k, = 1 without loss of
generality.

8. CONCLUSIONS AND SUMMARY

The theory of polycnoidal waves for the Korteweg—de
Vries and other evolution equations is built upon four funda-
mental ideas. The first was the recognition by Lax and Novi-
kov that the KdV equation had a class of generalized cnoidal
wave solutions, here dubbed polycnoidal waves, that could
be used to approximate an arbitrary, spatially-periodic ini-
tial condition and that could be formally calculated from the
spectrum of Hill’s equation. The second was the indepen-
dent discovery by Akira Nakamura and the author that Hir-
ota’s “direct method” was just as useful for polycnoidal
waves as for the multiple-soliton solutions of which they are
generalizations. Nakamura, Hirota, and Ito subsequently re-
fined the “direct method” using Fourier series to a high art.

The third is the discovery, first presented here, that the
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direct method can also be applied using the alternative Gaus-
sian series for the theta functions to make it possible to ex-
plore strongly nonlinear polycnoidal waves and their rela-
tionship with multiple solitary waves.

The fourth, also presented here for the first time, is that
by using these two different series—the theta Fourier expan-
sion and the theta Gaussian expansion—in a complementary
way, the former for small amplitude and the latter for large
amplitude, one can obtain rapidly convergent perturbation
series—a couple of terms are enough—to approximate the
polycnoidal waves over the whole range of parameter space.

There are some additional complications, such as the
way soliton phase shifts enter the formalism, which arise for
polycnoidal waves of dimension N »2. Since this present
work is already lengthy, the actual polycnoidal wave calcu-
lations will be described in a later work. Here, however, the
full mathematical machinery to perform these calculations
has been presented with a very thorough discussion of the
ordinary cnoidal wave to illustrate both how to use the for-
malism and also why perturbation theory should be useful
even for the more complicated cases. As we saw in Sec. 5, just
two terms of the perturbation series in g (derived from the
theta Fourier series) and two terms of the series in g’ (derived
from the theta Gaussian series) were sufficient to give the
cnoidal wave phase speed ¢ to within a relative error of
0.027% for all possible values of g and ¢'.

The path for future research is to simply follow up this
initial success by explicit calculations for N»2, concentrat-
ing particularly on the Gaussian series approach that is the
central theme of this work. For the Fourier series results of
Nakamura and Hirota can be obtained another way as ex-
plained in Appendix B—an even more direct method than
Hirota’s. However, at present there seems to be no alterna-
tive to the theta Gaussian series for exploring strongly non-
linear polycnoidal waves and their close relationship with
multiple solitons.
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APPENDIX A: THE EXACT SOLUTION FOR THE
CNOIDAL WAVE

By using identities 17.2.13 and 17.2.11 of the NBS
Handbook,?* one can show that

12(In 6,] xx = & + €cn®*(2K (m)X /m; m), (A1)
where K {m)is the complete elliptic integral with m related to
g by

g=e~ KU -m/Kim (A2)
and with the phase speed ¢ given by (X = x — ¢t)

c=086+ [(2m — 1)/3m]e, (A3)
with

§=[—48K(m)/m*][(m — 1)K (m) + E(m)], (A4)

€=—48mK *m)/m. (A5)

The phase speed is obtained by substituting the right-hand
side of (A1) directly into the KdV equation and using elliptic
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function identities.”” For small g, one has the
approximations

m = 164(1 — 8¢ + 44¢°), (A6)
K (mlg))=(m/2)(1 + 4q + 4¢°), (A7)
E (m(g))=(m/2)(1 — 4q + 20¢°). (A8)

Substituting these small ¢ approximations into (A4) and (A5)
gives the approximation for ¢ given by (5.9). The correspond-
ing approximation for large g is derived directly by solving
the residual equations in Sec. 4, and then Taylor-expanding
(4.28), which is actually a rational function of ¢".

When carrying out the analysis in terms of theta func-
tions, it is convenient to take g or ¢’ as the perturbation pa-
rameter. In analyzing observations or laboratory experi-
ments, one would probably take € as the fundamental
quantity since this is what is most easily measured. (It is the
difference between the peak and the trough.) In applying
multiple-scales perturbation theory to the KdV equation as
in Appendix B, one would normally fix the Fourier coeffi-
cient of cos(2nx) (the linear wave) at a certain value @ and use
that as the perturbation parameter.

Fortunately, it is easy to relate these different measures
of the nonlinearity of the wave to each other by using the
Fourier series for u(x, t) = 12(In 6,),, given earlier:

n—1

upx, 1) =96g 5 1”" — cos(2nx). (A9)
n=1 - q
The coefficient of cos(2x) is
a=96g/(1 —¢%, (A10)

which is trivially solved to give ¢ as a function of a. Since
€ = u(0, 0) — u(m/2, 0), we can evaluate (A9) at these values
of x and subtract to obtain

0 2n
5=192qz 2n+ g™ (A11)

22n+ 1)’
which can be easily reverted term-by-term to give a series
expansion for g(e).

APPENDIX B: THE METHOD OF MULTIPLE SCALES
AND POLYCNOIDAL WAVES

In the near linear regime, one can bypass the use of the
Fourier series for the theta functions by using a much more
general technique'®'” known variously as the “method of
strained parameters” or “method of multiple scales,” which
can be applied directly to Korteweg—de Vries equation. The
amplitude of the lowest harmonic, g, is assumed to be a small
parameter. It is further assumed that (i) the wave is steadily
translating at a phase speed ¢ and (ii) that u(x — ct) can be
expanded as a power series in a. One can then substitute the
power series into the differential equation, match powers of a
and solve the perturbation equations order-by-order. How-
ever, there is one modest complication: the phase speed c is
usually altered by the nonlinearity, so it is necessary to as-
sume ¢ can also be expanded in a power series in a. The
technique is very similar to the usual Rayleigh-Schrodinger
perturbation theory of quantum mechanics with ¢ playing
the role of the eigenvalue. A full description with many,
many examples and problems is given in the texts by Nay-
feh'® and Bender and Orszag.'” It is not exactly a new idea;
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Stokes applied it to water waves in 1847.

Because this algorithm is so straightforward, it is not
only easy to do by hand but also simple to program for a
computer. Using the algebraic manipulation language RE-
DUCE 2, which can explicitly multiply and differentiate
Fourier series and manipulate trigonometric identities, a
short program was written by the author to calculate single
and double cnoidal waves. For the expenditure of $1.50
{(about 8 sec of CPU time on the University of Michigan
Amdabhl), the following was obtained to fifth order for the
single cnoidal wave (X =x — ¢t ):

¢= —4+a%/96 +a*/884 736, (B1)
u(x, t) = a cos(2X ) + (a*/48 — a*/221 184) cos(4X)

+ (@*/3072 — a®/9 437 184) cos(6x)

+ (@*/221 184) cos(8X)

+ (54°/84 934 656) cos(10X ). (B2)

By Taylor-expanding the relationship between a and
the elliptic function nome ¢, which was shown in Appendix
A to be

a=96¢/(1—g’) = 96q(1 + ¢* + ¢* + -, (B3)
one can recast the expansion in powers of g and thus dupli-

cate the results of the *‘direct Fourier series” method of Na-
kamura, Hirota, and others:

c= — 449647 + 288¢° + -, (B4)
ulx, t) = 96¢[(1 + ¢* + ¢*) cos(2x)

+ 2q cos(4x) + 3¢* cos(6x)

+ 4g° cos(8x) + 54° cos(10x)]. (BS)

In the body of this paper, only terms through g* were kept
because these give more than enough accuracy; the expan-
sions have been carried to higher order here simply to make
the point that it is easy to calculate Fourier series via the
method of multiple scales and that a theta function approach
is not really needed except in the opposite near-soliton re-
gime of strong nonlinearity.

In a similar way, one can calculate double cnoidal
waves by starting with the lowest order approximation

u(x, t)=alcos(2X ) + b cos(MY)), (B6)

where again a is a small parameter and b is O (1), with

X=x—cit+¢, (B7)
Y=x—c;t+ ¢, (B8)

M may take on any constant value; however, unless M /2isa
rational number, the wave will be “almost periodic” in x in
the formal mathematical sense of the word as opposed to
truly periodic. But Novikov'® and Dubrovin et al.'! have
emphasized that the polycnoidal wave may indeed be almost
periodic in space.

The most reasonable value of M, however, is M = 4 so
that the second component is the second harmonic of the
first. Unless the initial condition is rather peculiar, the sec-
ond harmonic is usually the largest Fourier component after
the fundamental. Consequently, in applying the double cnoi-
dal wave to model events in a laboratory tank or the real
world, M = 4 is the case in which one would be chiefly inter-
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ested. For simplicity, the results below are therefore con-
fined to this case. The computer program, however, can
solve the double cnoidal wave with M as a purely symbolic
parameter with no numerical value specified.
One obtains
¢, = — 4+ d*/96, (B9)
¢, = — 16 +a*h?/384, (B10)
u{x, t) = a[cos(2X ) + b cos(4Y)]
+ a*[(1/48) cos(4X ) + (b>/192) cos(8Y )
+ (b /48) cos(2X + 4Y) — (b /48) cos(2X — 4Y)]
+ a*[{1/3072) cos(6X ) + (b>/49152) cos(12Y)
+ (b /2592) cos(4X + 4Y)
+ (25b%/165888) cos(2X + 8Y)
— (62/2048) cos(2X — 8Y)].
(B11)
This run also cost a mere $1.50. [t is trivial to generalize
the algorithm to triple and higher cnoidal waves; in point of
fact, the same program with changes in only two statements
was used to compute both the single and double cnoidal
wave results given above.
The message is clear. The theta Fourier series is not
essential in understanding spatially periodic solutions of the

KdV and other evolution equations; it is the theta Gaussian
series that contains treasure.
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Nambu invented a mechanics for strings by replacing the fundamental 1-form p,dg‘ — H dt of
Hamiltonian mechanics by a certain 2-form. We study the mechanics corresponding to a more
general 2-form applicable to weighted strings. Our equations of motion are fully deterministic,
unlike those of Nambu, which need a supplementary condition. We set up a Hamilton-Jacobi

formalism closely paralleling ordinary mechanics.

PACS numbers: 03.40. — t

1. INTRODUCTION

Classical Hamiltonian mechanics can be said to be
based on the differential 1-form’' p,dg¢’ — H dt. Here ¢’
(i = 1,2,...,n) are the generalized coordinates of a dynamical
system, p; the conjugate momenta, ¢ is the time, and H (g, p)
the Hamiltonian function. Nambu? recently suggested the
use of a 2-form as the starting point, with the single indepen-
dent variable ¢ replaced by two independent variables o and
7. He was interested in the dynamics of strings, where one
needs two parameters to describe the sheet traced out in spa-
cetime by a moving string. For constructing a 2-form he took
the wedge products dg’ A d¢’ and do A dr. Introducing “mo-
menta” 7, = — 7; [only n(n — 1)/2 are independent] and a
Hamiltonian function H (g,7), he wrote down the 2-form
y7,dq' Nd¢’ — H do Adr and used it to derive equations of
motion. He also suggested that the analog of the Hamilton—
Jacobi equation

dS = p,dq' — Hdt (1)
should be
2 . .
2 dsS, NdT, =\im,dq'ANdg — H do Adr, (2)

m=1
where the manifold considered is, of course, the extended
configuration space (coordinates: ¢',0,7) rather than the ex-
tended phase space (ccordinates: ¢',7;;,0,7).

While Nambu’s mechanics may be appropriate for
some string systems, its governance of time evolution is not
quite as in ordinary Hamiltonian mechanics. In ordinary
mechanics, the equations of motion are sufficient for the pur-
pose of determining the second- and higher-order time de-
rivatives of the coordinates ¢’ if the initial values of ¢’ and
their first-order time derivatives are given. In Nambu’s me-
chanics, however, the equations of motion have to be supple-
mented by a relation connecting the time 7 with the coordi-
nates ¢' before this can be done.’

In this paper, we study the mechanics generated by a
differential 2-form which includes terms of the type do A dq’
and dq’ A d in addition to those considered by Nambu. This
2-form, besides being very general, merits consideration for a
practical reason too: it is expected to be relevant for weighted
strings, according to Nambu himself.? Furthermore, the re-
sulting equations of motion are fully deterministic, ie., do
not share with Nambu’s equations of motion the peculiarity
referred to above.
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After discussing the equations of motion and the initial-
value problem in Sec. 2, we take on the Hamilton-Jacobi
(HJ) equation in Sec. 3. A special aim of this paper is to
establish an HJ formalism paralle] to the one of ordinary
mechanics. Unlike Eq. (2), our HJ system involves only one
unknown function(al). We show that our systems of equa-
tions is satisfied by the action functional and explain how a
complete solution can be used to integrate the equations of
motion by a transformation to constant coordinates and
momenta.

2. EQUATIONS OF MOTION FROM 2-FORMS
In Hamiltonian mechanics, the 1-form
o' = p,dg — Hdt, 3)

defined on the extended phase space (coordinates: g, pit)
gives rise to the 2-form

do' =dp,Ndq' — ég_dq"/\dt—- —gL{dp,-/\dt 4)
aq' ap;

by exterior differentiation. If ¢ = ¢/{z), p; = p,{t)areto be
the equations describing a possible evolution curve of the
system, one requires that the vector

i dp,
X=_(_iq_3+__P_a +a

4 — 4+ = (5)
dt d¢ dt dp; ot
satisfy, at each point (g,p,¢ ) on the curve, the equation
do'(X,Y)=0 (6)

for an arbitrary vector Y at that point. This immediately
leads to Hamilton’s equations

d¢ _ OH dp _ _IH

dt  dp, dt dq"

We wish to give an analogous derivation of the equa-
tions of motion for strings. As announced in Sec. 1, we shall
start from a 2-form containing terms of the kind do Adg’,
dq’ Adr, dq' ANdq, and do Adr. We introduce three sets of
“momenta” p,,¢,,7; (antisymmetric in i and j as in Ref. 2)
and a Hamiltonian function H (g, p,#,7). In the extended
phase space with local coordinates ¢', p;,¢;,7; (independent
ones only), @, and 7, our 2-form is

w* = p,doNdq' + ¢,dg' Ndr + ym;dg' Ndg — Hdo Ndr.
(8)

(7)
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This gives rise to the 3-form*

da)2=dp,/\da/\dq‘+d¢ Adg'Ndr + ydmr; Ndg' Ndg
——dq Ado Ndr — —ag—dp,/\da/\dr
aq' ap

oH oH
— —d¢, Ndo Adr —
a¢¢ oAdr—}

i i

dm;NdoNdr.  (9)

Ifqi = q'(o,7), pi; = pilo,7), ¢; = ¢,{0,7), and Ty =Ty (U!T)
are to be the equations describing a possible evolutlon sur-
face of the string, we require that the vectors

x99  9pr 9 9 4
do dg' do dp, = do 38,
..
1% 90 2 (10)
2 do Jmy do
Y dg 3 + ap;, 3 9 3
ar c?q dr dp; ar 3¢,
o
129 9, (1)

+
2 dr dmy ar
satisfy at each point (g, p,#,7,0,7) of the surface, the equation
do*(X,Y,Z) =0, (12)

for an arbitrary vector Z at that point. The immediate conse-
quence is the set of equations

94 3¢ _ 94 97 _ OH (13)
do Jr ar do amj’

9 _ oH (14)
do .

a_qi = ﬁli (15)
ar  ap,’

Omy o Oy 3¢ | 9m % _ _OH
do Ir r do ar do dq;

Equations (13)—(16) will determine the dynamics of the
string. However, not all of them can be regarded as equations
of motion. Thus, d¢'/dc and dq'/ It being determined by (14)
and (15}, (13) becomes a constraint:

JH JH J0H dH  JH

og; an ap; a¢j a‘”'ij
We can imagine these equations to be solved for 7 in terms
of ¢, p, and ¢. Now suppose that the values of g, p, and ¢ at
o = 0y and T = 7, are known. Do the Egs. (14)-{16) deter-
mine the values for other o and 7? Clearly not, for the cand 7
derivatives of p and ¢ cannot all be determined from (16).
More initial data are needed. If the coordinates and mo-
menta are known for all values of o at + = 7, (say), the equa-
tions can predict the behavior for all 7. Obviously, o and 7
may be interchanged here, and may even be replaced by any
pair of independent functions of themselves; however, we
shall choose to think of  as the time and o as a parameter
labelling different points of the string, so that initial data
consist of values for all o at fixed 7. Note that because of (14)
it is not permissible to specify values of g, p, and ¢ for all o
arbitrarily. These equations can in fact be solved for ¢, in
terms of g, p, and dg/do, so that it is sufficient to specify the

(17)
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initial values of g and p. Therefore we are to regard (14) as
well as (17) as constraint equations, with the help of which 7
and ¢ are to be eliminated from (15) and (16). While (15)
determines dg'/dT, the system of Egs. (16) will, in general,
determine dp/dr. These are genuine equations of motion.

What happens if we consider 2-forms less general than
(8)? Nambu?® left out the do A dg’ and dg’ A dr terms and con-
sequently obtained Eqs. (13) and (16) only, the latter of
course without the p and ¢ contributions. One would think
that from n out of the n(n — 1)/2 Eqgs. (13), the n quantities
8q'/3t could be determined, the rest being used to constrain
n{n — 1)/2 — n of the 7;; the 7 derivatives of the remaining

,; could then be found from (16). Unfortunately, this cannot
be done. If in Eq. (13) we replace d¢'/dr by dq'/do, we see
that the left-hand side vanishes, so that there cannot be a
unique solution for dg'/dr. A detailed study of (13) and (16)
shows that they do not determine all d¢'/3r and dr, /97 in
terms of g, 7, and their o-derivatives, or altematlvely, all
%¢'/37* in terms of ¢, dg/3r, and their o-derivatives. It is
necessary to introduce a relation involving the ¢’ and 7 to
supplement the equations of motion.

If we were to start from a 2-form containing only the
do A\ dq' term in addition to the piece involving the Hamil-
tonian, we would be led to Eqgs. (15) and (16), the latter with-
out its ¢ and 7 terms. But these are just Hamilton’s equations
of motion, with the Hamiltonian density rather than the Ha-
miltonian functional on the right-hand side. Thus, this is the
simplest—almost trivial—generalization from the 1-form to
a 2-form. It teaches us that the coefficient of the do A dg’
term is to be regarded as the “ordinary” momentum. This, of
course, is in line with the general situation where we got
equations of motion for ¢'and p;, while the other “momenta”
¢, and 7, were determined in terms of these by our con-
straint equations. No wonder that by leaving out this vital
term Nambu obtained an unusual kind of mechanics. Of
course, one can take the dg' A dr term instead of the do A dg'
one—then one would again obtain Hamilton’s equations,
but with o rather than 7 as the evolution parameter, and ¢,
rather than p; as the momenta. If in addition to one of these
we wish to include the dg¢’ A dg¢ term, Eqs. (13) would again
be treated as constraint equations and solved for 7. Lastly,
if we were to take both the do A dg' and the dg’ A dr terms but
leave out dg' A d¢/, Eqs. (14) would be constraint equations to
be solved for ¢,.

3. HAMILTON-JACOBI FORMALISM

We shall now formulate a variational principle for our
equations. This will help us in setting up the HJ formalism.
Let there be some functions ¢/(o,7), p;(o,7), #;(c,7), and
7;(o,7) satisfying Eqs. (13){16), i.e., representing a possible
evolution of the string. We restrict our attention to any re-
gion D of the o-7 plane. If we give small variations 8¢', 8 p,,

8¢, and &7 to the functions ¢, p;, ¢, and 7, how does the
action

(18)
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change? We find

' o¢ ¢ 3 _ 34 364 aq aaq i asq
55 = ”da/\df[a A ( ) 5p 4
e or T e 3 oo ) Ty TG PG Ty
OH | 9H
_OH sy OH s, OHg 1LOH
aq' ap; 39, =3 ary Tr”]
1 dq' ¢  9q' 3¢ 61:!) (aq oH ) (aq' 8H)
= ([donarlton (9192 _ 9997 _ 9H\ 5, (3 s5p. (%L _ 9H
U 7 T{z ”’(aa o " arae  am) %G T 3s) TOP\6r T G,

ol () - 2 () -

where we have used Egs. (13)-(16) and Stokes’ theorem: dD is
the boundary of D. The final result (19) can be taken as our
variational principle. While we have derived it from the
equations of constraint and of motion, clearly we can reverse
our route and derive these equations from the statement that
(19) holds for arbitrary variations 8¢, 8 p;, 6¢;, and 6. A
simpler statement of the variational principle is that S is sta-
tionary with respect to variations 8¢, 8 p;, 6¢,, and &7, that
are arbitrary except for the restriction that 8¢’ vanishes on
the boundary dD of the region of integration.

In ordinary mechanics,' the HJ equation is derived as a
property of the action integral regarded as a function of the
initial and final times and configurations. In the present case,
specifying the string configuration means giving ¢ as a func-
tion of o at some time 7. So we shall have a functional S (r,7,)
[g0-9:], depending on two times 7, and 7, and on the corre-
sponding configurations ¢ (o) and ¢' (o). This is just the inte-
gral defined in Eq. (18), the region D of integration being the
portion of the o-7 plane lying between r = 7y and 7 = 7,; the
functions ¢'(o,7), p:(0,7), ¢,(0,7), and 7,(0,7) used in the inte-
gration are those solutions of Egs. {13)-(16) that satisfy the
conditions ¢'(0,7,) = ¢} (o) and ¢(o,7,) = ¢/ (o) for all 0. Of
course the normal way of specifying initial data would be to
give the values of g'(o,7,) and p;(0,7,) for all o. In the given
situation, we may imagine ourselves trying different values
of p,(o,7,) and adjusting them till the resulting values of
¢'(o,7,) match the preassigned functions ¢ (o). For small
|7y — 7ols 2il0,7o) may be expected to be fixed uniquely by
this procedure.

From (19), we see directly how S changes with g}, and

g

q,:
3?5%) - (’"’ gq; P) (20)
Sqifa) =(p-m ). 1)

provided the variation at the extremities of the string can be
ignored.’ To see how S changesif 7, is altered to 7, + 67,, we
regard the integral as being made up of two parts—one from
7o to 7, the other from 7, to 7, + 67,. Noting that at 7, ¢'
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2.2

e ins) e ) (%

p,-)éq"da + (17,-j %‘i— + ¢,~)6q"d7-],
(19)

—

changes by — (d¢'/371)67,, we can evaluate the contribution
of the first part by using (19); the second part can be evaluat-
ed directly from the definition (18). We get

g dq'
Jaﬂ’j Jdo p 31' T
8q’ '

dod ( 9
+j om\T ;3 or

=87, Jda(zﬁ,. -

aq' )
+ ¢t P i 87'

), 22)

S0
= dU( 9 _ g ) , 23
a’rl J‘ ¢ =1 ( )
and similarly
= Jala-e )
—_— = dol H — . 24
37'0 ¢ 8(7 T=T4 ( )

Equation (23) is essentially the HJ equation. It closely
resembles the usual

as
— = —H(q,p), 5534

ot
The analog of the instruction to substitute dS /dg for p is our
Eq. (21). Of course, we have some o integrations because we
are considering a continuum system and there are some con-
tributions from the spurious momenta ¢, and 7.

To fortify our claim that (23) is the appropriate general-
ization of the usual HJ equation, we shall show that it can be
used to effect a change of variables that takes us to constant
coordinates. First let us pose the HJ problem properly. We
have derived the HJ equation as a property of the action
functional S (74,7,) [¢,¢:]- Now we shall consider an un-
known functional T ()[g] constrained to satisfy the equation

I [aofs, % )
or Jdo

where ¢,7 on the right-hand side are understood to be ex-
pressed in terms of g, p by the constraint Eq. (14) and (17),
and p itself is eliminated through

(25)

(26)
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aq 6T
-y = = —.

do laly]
Since the left-hand side of (27) involves p; not only explicitly
but also implicitly through 7, this elimination cannot be
carried out explicitly.

As in the ordinary Jacobi method of integrating the
equations of motion, suppose that we have found a complete
solution® for T, i.e. one which is a functional of n arbitrary
functions. We write this as T(7)[¢,¢'], ¢’{(0) being the new
functions. We reintroduce the momenta p through (27).
Since 7ris understood to be expressed in terms of g, p, the left-
hand side of this equation is a functional of ¢, p while the
right-hand side is a (r-dependent) functional of ¢,¢'. We may
suppose these equations to be solved for ¢’ as 7-dependent
functionals of g, p. We also introduce functions p; by

pi = —8T /8¢ (0), (28)

where the right-hand side is again to be thought of as a -
dependent functional of ¢, p. We claim that the functions
¢'{(o), p{ (0}, which give an alternative description of the state
of the string, are constant coordinates, i.e., the explicit and
implicit ~ dependences of these functionals of ¢, p cancel
each other. To prove this, we make use of the variational
principle. Take any possible evolution of the string as repre-
sented by functions ¢'(o,7), p;(0,7), ¢,(0,7), and m;(0,7) satis-
fying Eqgs. (13)-(16), and use these functions to express g/,p;
as functions of o,7. Consider the action S corresponding to
the region D between the lines 7 = 7, and 7 = 7, [see (18)].
Note that

S— ”da/\drpgi‘ii
or
D

= ([ donar 2720

p: 27)

i

= aT
dr 2=
+ L T ar

E 8q'lo) or
+ ff dondr-3L_ 94"
5q"(0) ar
D
=[T]: | (29)

so that a variation of the functions ¢'(o,7), p;(¢,7) will pro-
duce a change

5s—5Hda/\dfp;§9l - (6T}
K ar

[l e Y] ] o
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But we know from (19) that the first term on the right-hand
side is equal to 8S, contributions from the extremities of the
string being ignored once again.’ So the remaining terms
must be equal, i.e.,

”da/\dr(ap;i + % )
ar

or
D
a )
=”do/\d7__(p;sq ) (31)
ar
D
ie.,
11 a 4
” da/\df(6 0% sy ﬁ) —0. (32)
: or ar

Since p; and ¢’ can be varied independently of each other
(though not of g, p), we conclude that
#i a ’
9" _o P, (33)
or or

Thus we have obtained constant 7-dependent functionals of
g, p. If g, p are expressed in terms of ¢’, p', and 7, the general
motion of the string is obtained. Our HJ equation can thus be
used exactly as in ordinary mechanics. Note that in the
transformed coordinates, we have only ¢’ and p": thereisno ¢
or 7 to complicate the situation.

Note added in proof: We wish to point out that
¢

Di — 77-,.].8— is the ith canonical momentum and H — ¢,a—q
o

the Hamiltonian density, so that our HJ system is nothing
but the field-theory version of (25).

'V. 1. Arnold, Mathematical Methods of Classical Mechanics (Springer,
New York, 1978}.

%Y. Nambu, Phys. Lett. B 92, 327 (1980).

3This peculiarity, of course, is not to be regarded as a defect of Nambu’s
mechanics. In fact it is quite a standard feature of string dynamics: cf. C.
Rebbi, Phys. Rep. C 12, 1 (1974). The treatment of time as something
“external”—the way it is done in Newtonian mechanics—is not very suit-
able for relativistic theories. However, our interest is not so much in string
systems as in possible generalizations of Hamiltonian mechanics.

“In order to make the summation convention apply to terms containing 7
and related quantities, we formally define operations like d /dr; for all
values / and j by antisymmetry. Strictly speaking, only n(n — 1)/2 of these
make sense, for there are only so many independent 7.

5The extremities of the string do not contribute if they are fixed, so that
8¢’ = 0. If the string is closed, then again there is no contribution because
the two extremities cancel each other (one might also say that there is no
extremity). In the case of an infinite string, too, the “‘ends™ may presumably
be ignored.

®Note that this need not be the most general solution.
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The sine-Gordon and the integrated modified Korteweg—de Vries equations are shown to
conserve the same infinite set of charges. The charges are determined by a recursion relation. As
a consequence, the solutions of all the equations generated by the charges have in common all

time-independent properties.

PACS numbers: 03.40. — t, 03.65.Fd

I. INTRODUCTION

In this paper it is shown that the sine-Gordon and one
form of integrated modified Korteweg—de Vries (IMKdV)
equations conserve the same set of charges.' The set is gener-
ated by a recursion relation involving powers of an operator
. With the relation, it is easily verified that the set is in
involution. The charges will also be referred to as Hamilto-
nians, since each one determines an evolution equation. The
IMKdV Hamiltonian and the higher order Hamiltonians
usually associated with that equation come from the positive
powers of .Z". The inverse powers of .# yield the sine-Gor-
don Hamiltonian and the higher order Hamiltonians de-
scribed as the dual sequence in Ref. 2. By using the recursion
relation, Lax? pairs are easily constructed for the entire set of
Hamiltonian equations. The identical linear scattering prob-
lem is associated with each equation. Thus, the solutions of
these equations have in common all time-invariant
properties.

The recursion relation is derived in Sec. I1. Several low-
order charges are explicitly constructed, and an algorithm is
given for evaluating the inverse powers of .%’, in Sec. III. The
Lax pairs are derived in Sec. IV. Throughout the paper the
analogous results for sinh-Gordon and the other form of the
IMKAdYV equations are indicated.

Il. RECURSION RELATION

The sine-Gordon equation in light cone coordinates,
u,, = sin u, the sinh~Gordon equation, #,, = sinh », and
the two forms of the IMKdV equation u,
= +u,.( + Jul/2, can be written in Hamiltonian form

u,={u,H}, (1)
where the Lie bracket is
+ o
{F,G}:j ax 2F 1 %G )
_— Su(x)  Sulx)

The symplectic operator is defined by

=o' 9=2([ sar-[ Ted) 0
Thus, with the bilinear form

(F,G >EJ°° FGdx, 4
the bracket can l;ewwritten
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SF L&G
F6)= (22 29, )
Su bu
The appropriate Hamiltonians are
sine-Gordon: f (1 — cos u) dx,
sinh-Gordon: J (1 — cosh u) dx, (6)

(+)IMKAV: j (W2, /2(F Ju’/8) dx.

Notice that a pure imaginary solution of the sine-Gordon
equation gives a pure real solution of the sinh-Gordon equa-
tion and vice versa. Also, real (imaginary) solutions of
+ IMKdV yield imaginary (real) solutions of — IMKdV. It
is the sine-Gordon and + IMKdAV equations and the sinh-
Gordon and — IMKdV equations that conserve the same
set of charges. The results will be derived for the sine-Gor-
don, 4+ IMKAYV set. Since the results do not depend oh reali-
ty conditions they are also valid for the sinh-Gordon,
— IMKAYV set of charges.
It is clear from the form of bracket (2) that the quantity
P == _(~— u?/2)dx generates translations and is the con-
served momentum for these dynamical systems. From dual
Hamiltonian work,* one suspects that it is possible to con-
struct a symplectic operator M such that the above dynami-
cal equations are given by another Lie bracket and different
but related Hamiltonians.
For example, the momentum P is the + IMKdV Ha-
miltonian if

&P u,’ OH ykav
M—=Mu, = =L —=" 7
(a) ou Uy = + Uy + 5 52 (7)
(b) the bracket {F, G },,=(F, MB) (8)

is antisymmetric and satisfies the Jacobi identity. These con-
ditions are met by

M¢ =3.¢ +u,d, '(u,d). 9)
With this bracket, the sine-Gordon Hamiltonian generates
translations. Since

OH. o _ pMisinu=u, =1L (10)
bu Su

It will be clear which charge then generates the sine-Gordon
evolution, once the recursion relation is established.

M
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The second symplectic operator for the sinh-Gordon,
— IMKAYV case is

M¢ = 0xp — u, 0, '(u.4). (11)
By introducing the following highly suggestive notation
H,_o=H"", P=H, H_pxo=H" (12)

and
6};(:: n) EQ( + n)’ (13)
Egs. (7) and (10) are
MQ (v} =LQ(1),
(14)
MQ(—]) — LQ(O)-

£ =L ~'M emerges as the lifting operator for the gradients
of the conserved charges. The H'*" determined by
jiﬂQ(0)=Q(j:") (15)

are conserved by the sine-Gordon and ( + JIMKdV equa-
tions. In fact, the H!*™ are in involution.’

This is readily shown since the operators L and M are
antisymmetric. Let m, n be positive or negative integers such
that m > n. Then,

{H(m’, HMJ} = (Q(m), LQ("))
_ (LQ('"’, Q(nb)
= — (M"Y, Q")
= (@Y, MQ")
= (Qm—1, LQ"+ ")
=§H1M—l),Hln+ll}. (16)
Repeating these steps 7 times yields
(H™ H"™ = {H"™=" H"+"}, (17)

Assuming m > n, there are two alternatives: r can be picked
such that m = n + 2r and

{H(M)’H(nbz = {H(n+rl,H1n+r)} =0 (18)
orm=n+ 2r—1and
{H'"",H(”)} — {H(u+r«l,H(n+rbl
— (Q(n+r~|)’Man+r—l)>
- _ <MQ(n+r—ll’ Q(n+r—l|>
_ (LQ(n+r)’ Q(n+rAl)>
_ {H(n+r),H(n+r~lh} = 0. (]9)
For m < n, one obtains the same results, using the antisym-

metry of the bracket.
Thus for all m, n

(H'"™, H""} =0, (20)

IIl. CONSTRUCTION OF CHARGES

The construction of the positive H s is straightfor-
ward. For example,

QY= #09=E0° +3,(u,8; u,0)

u3
=9, (s + ), 21
u -+ 2 ( )
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QP = LV =0, (U ur + P} + Htxha? + i)
22)

Therefore, 5 .
N PR

H(Z)___J- ( Zxxx _ l;g +%uiuxi)dx. (24)

The construction of the negative charges is more diffi-
cult since it involves inverting .¥°. However, they can be
determined by an alternative method that exploits the sym-
metry in the variables x and ¢, of the sine-Gordon equation.
This elucidates the relation of the positive charges to the
negative ones.

For each sine-Gordon conservation law

3 jo+ 39 j1=0 (25)
there is a corresponding law
arjl’+axj()’ =07 (26)

where the prime denotes interchanging the x and ¢ deriva-
tives and then eliminating the ¢ derivatives using the equa-
tion of motion. For example, the sine-Gordon energy density
is the charge density corresponding to the momentum flux
density and vice versa.

d,(1 —cosu)=sinuu, =u,u, = +3,ux2). (27

A (—ul/2)= —u,u, = —u, sinu=24,(cosu—1).

(28)

As a second example, consider the ( + JIMKdV energy
density

u?l ul
. —_ XX _ _X 29
Jo 2 8 (29)
Then,
3
arjo = U Uy — ? Uy, (30)
u,’
=4, (—-— cos u). (3Y
2
Thus, the corresponding charge density is
., (@, " sin u)?
= - — cos u. (32)
Therefore the charge is
) a— | P 2
H’=f dx[—cosu("—;yl-] (33)

and the gradient of the charge is

[0, 'sinu]?

Q'= +sinu + cos ud; '(cos ud” ! sin u).

(34)
Through successive integration by parts and careful evalua-
tionofthelimitsonefindsMQ’ = LQ~". Thus,Q "2 =Q",
H'=? = H'. H'~?is the sine-Gordon Hamiltonian when M
defines the Lie bracket.

Clearly, the set of charges corresponding to those deter-
mined by positive powers of . is not some new set, but those
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generated by the inverse powers of .¥. The symmetry in x
and ¢ yields an algorithm for evaluating . —". On inter-
changing x and ¢ and using u, = dx ! sin u, the flux densi-
ties of the charges obtained from the positive powers of .
become the charge densities determined by the negative
powers of .. For example, H = is constructed from H ®in
this way

2 6
—Uxxx uy 5 2 2
at( - + U U

2 16 4
3 4 ux)zt 2 .
=0, ?ux - —2‘ ICOS U + U, U SINU |, (35)

from which it follows that

H' %= jw dx[ — sin u{3; '[cos ud 'sin u (3 ' sin u)2} + cos u{3/8(8; 'sin u)* — 1/2(3; '[cos ud; 'sinu])*}] (36)

and

Q== —sinu{ —3/80 'sinu)* + 1/2(8; ' [cos ud; 'sin u])

+ 37 'sinu{d; '[cos ud; '[cos ud; ‘sinu}] + 9, '[sin u(d, 'sin u)?}}}
+ cos u{3/29 [cos u(d, 'sin u)*] — 3 '[cos u{d; '[sin u(d; 'sin u)?]
+ 37 [cos ud '[cos ud; 'sinu]]}] — (d; 'sin u)’d, '[cos ud; 'sin u]

+ 29 "[sin u(d; 'sin u)d; '[cos ud; 'sinu]]}.

Again, one can verify that LQ =% = MQ ‘~*. Naturally,
these charges can also be constructed using Biacklund trans-
formations, as shown in the Appendix.

V. LAX PAIRS

The information needed to construct solutions to a non-
linear evolution equation is contained in two associated lin-
ear problems, the so-called Lax pair. With the recursion rela-
tion (15) it is easy to construct a Lax pair for each equation,

u{{ni —_ [u(n),H(’”], n=+1, + 2... (38)

Recall that a Lax pair is an eigenvalue equation and a
time-dependent equation whose compatibility condition {as-
suming the time independence of the eigenvalues) is that the
nonlinear equation be satisfied. If the Lax pair is

Ay =7, (39a)

d,y=B"Y, (39b)
then the compatibility condition is

3,7 =\B", 7|, (40)
where the bracket is the commutator.

To construct {39a), introduce the function

_ e 9

!//=” :Z T (41)
where A is a constant. Equation (15) can be written

FQU = QY. (42)

Multiplying both sides of {42) by A ~ " and then summing
gives the eigenvalue equation

Ap =L (43)

The operator .Z in (39a) is . for all the equations (38).
Thus, one-half of the Lax pair is constructed.

Since only the time dependent part of the pair differs for
each equation, all time independent properties are shared by
the solutions.
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(37)

The time dependent problem (39b) is the linearized evo-
lution equation. Write the evolution equation as

u, =K [ul, (44)
where K is some functional. Then, linearized K is defined by
K{u+A4ul} — K (u]

K’'[Au)=lim (45)
€0 €

The linear equation,

d,Au=K'{Au] (46)
is satisfied by

Au = {u,Gl, (47)
where G is some conserved functional.® For

Au={u, H"} =LQ"™, (48)
Eq. (46) becomes

4,LQ" =K'[LQ"™]. (49)
Multiplying both sides of this by A =" and summing gives

d,¢v =L 'K'[Ly]. (50)

Thus, B"" can be constructed for every evolution equation.
As an example, the linear operator for the first sine-
Gordon Hamiltonian is

B'="p =cosud; '¢. (51)
One can easily verify that
9, =[B"".7] (52)

implies #,, = sin «.
Note that the pair constructed here is not in the stan-
dard form, which is

vl ] a" - q )(vl) — fs(vl) 53
£ (ux) B ’(r -3,/ \v/ T )/ (53)
i (Ul) N (A B >(Ul) - Bs(vl) 53h
at\v,, \C —4/\, v,/ 530)
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with . .
1CosS u 1S u
yr= — =ux/2! A= , B=C= . 54
q i 2 (54)

The operators (., B~ ") are equivalent to the standard ones
(&*, B*) for
A= —45% and o = (v —v2). (55)

Analogous results hold for the sinh-Gordon,
( — )IMKAYV hierarchy of equations with the appropriate
definition (11) of .#". For sinh-Gordon,
B'" "¢ = cosh ud, '¢. The standard form of the Lax pair is
given by (44a) and (44b) with

reg= Uy A= icoshu . _B=C= i sinh . (56)
2 46
This is equivalent to (., B~ ") if
A= —45% =] +v}) (57)
V. CONCLUSIONS

It is remarkable that equations of the higher order sine
(sinh)-Gordon Hamiltonians form part of the hierar-
chy + ( — JIMKdYV equations. Because there is a recursion
relation that determines these charges, the identical linear
eigenvalue problem is associated with all the equations gen-
erated by them. The consequences are that for these
equations

1. The time-independent half of the Backlund transfor-
mations is the same.

2. The Marchenko equations are the same.

3. The nonlinear superposition laws are the same.

4. Given a solution to one of the equations, for example,
an 7 solition, one obtains a corresponding solution to
any of the other equations by appropriately modify-
ing the time dependence.
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APPENDIX

The conserved densities can also be constructed from
the sine-Gordon Bicklund transformation

1/2(u — v), = ysin 1/2(u + v), (A1)
1/2(u 4+ v), = ()~ 'sin 1/2(u — v). (A2)
395 J. Math. Phys., Vol. 23, No. 3, March 1982

One uses the symmetry in the variables. This expres-
sion, on interchanging x and ¢, is again a sine-Gordon Béck-
lund transformation. The charge densities calculated from
(A1) and (A2) are those generated by the negative powers of
.%; on interchanging the variables, the transformation
yields the charges generated by the positive powers.

The charge and current densities are determined as fol-
lows: multiplying the first half of the transformation by
1/2(u + v), and the second half by 1/2(z — v), and subtract-
ing yields

Y (u + v),sin 1/2(u + v) — (u — v),sin 1/2(u —v) =0, (A3)
which implies
— v*[cos 1/2(u + v)], + [cos 1/2(u —v)], =0. (A4)
Consider y as a small parameter and expand u near y = 0,
U=ty + yu, + YUy + (AS5)

Substituting this into (A4) gives a conservation law for each
order in y. As illustration, to second order in ¥, (A4) is

(1 —cosv), + 1/2(v,), =0. (A6)

The odd powers in ¥ yield terms which are merely total time
derivatives of the previous terms.

The u; for i > 0 are found as functions of ¥, from the
expansion of (A2). u, = v comes from the Oth order of (A4).
For example,

ul = 2u0! = ZU,,

u, =2v,, (A7)
uy=2v,, +v,°/3, etc.

The higher order charge densities derived in this way
differ from those given in the text by terms which are total
time derivatives.
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Inverse problems for nonabsorbing media with discontinuous material

properties
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One-dimensional electromagnetic and elastic inverse problems are formulated for media with
discontinuous material properties. In addition, an impedence mismatch between source and
medium is allowed. The measured data for either problem is shown to generate a reflection
kernel which is used in the solution of the inverse problem. The solution algorithm itself is a time
domain technique which is a special case of previously obtained results for absorbing media.

PACS numbers: 03.40.Dz, 03.50.De

1. INTRODUCTION

The problem of reconstructing the material properties
of a medium from data collected outside of the medium is of
central importance in disciplines ranging from medicine and
engineering sciences to the geosciences. For example, scat-
tered electromagnetic waves can be used to reconstruct the
permittivity and conductivity profiles of a one-dimensional
medium, while stress impulse response data can determine
the characteristic impedence of an elastic medium. A short-
coming of many of the techniques developed for such inverse
problems is that it is assumed the properties of the medium
do not suffer jump discontinuities. Such an assumption is
frequently ill founded and, indeed, can complicate the data
required in a reconstruction algorithm as a comparison of
the result of Krueger"? and Weston® shows.

In previous work, ' hereafter referred to as I, I, an
inverse problem was studied for a one-dimensional absorb-
ing medium with discontinuous material properties. The
motivation for that work was the electromagnetic inverse
problem mentioned above. The scatterer was assumed to be
of finite depth so that transmitted as well as reflected waves
could be used in the inversion process. A time domain ap-
proach to the problem generated a Gel'fand-Levitan type of
integral equation whose kernel and forcing term are con-
structed from the transmission and reflection data. The solu-
tion of that integral equation is used to generate the permit-
tivity and conductivity profiles of the scattering medium. It
was also shown how the results specialize for the case of
piecewise constant profiles.

The purpose of this paper is to:

1. show how the results of I and II simplify in the nonab-

sorptive case;

2. show how the nonabsorptive version of I and II can
be used in an inverse problem for elastic media,
namely, determining the characteristic impedence of
the medium.

Three important properties of these results are:

1. Discontinuities in the material properties of the me-
dium are allowed. This also implies that there can be
an impedence mismatch between source and
medium.

*Permanent address: Department of Mathematics and Statistics, Universi-
ty of Nebraska, Lincoln, Nebraska 68588.
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2. For the nonabsorptive case, reflection data alone suf-
fices to reconstruct the properties of the scatterer.
Hence, a semi-infinite model of the medium may be
used.

3. For the case in which there are no discontinuities, the
results of this paper reduce to the Marchenko
approach.

In Sec. 2 the formulation of the electromagnetic inverse
problem is reviewed and specialized to the case of a nonab-
sorbing medium. Section 3 formulates the inverse problem
for a one-dimensional elastic medium. Section 4 provides a
solution technique for these inverse problems for a single
layer medium. The data required for this solution technique
isdiscussed in Sec. 5. Section 6 presents a solution algorithm
for a multilayered medium, and examples are given in Sec. 7.
These results are summarized and discussed in Sec. 8.

2. FORMULATION OF THE ELECTROMAGNETIC
INVERSE PROBLEM

The equation modeling one-dimensional electromag-
netic wave propagation in a nonmagnetic, nonabsorbing me-
dium is

E, —#OG(Z)E" =0, (2.1)

where E (z,t ) is the electric field, €(z) is the permittivity, and
L, is the (constant) permeability. Assume that €(z) = ¢, for
z <0 and that for z> 0, €(z) and its first two derivatives are
piecewise continuous; i.e., €(z) is a C ? function for z> 0 ex-
cept for a finite number of jump discontinuities at 2y, 2y, 2,,...,
where 0 = z, <z, <z, < - In particular, a medium of finite
depth can be considered by making e(z) constant for z> z,
for some n.

Assume that E (z,2 =0 for z> 0, ¢ <0 and that an inci-
dent field E iz — ct ) (where ¢ = 1/(uq€,)"/?) propagating
along the negative z axis is incident normally on the medium
at time t = 0. Thus E {z — ¢t }=0if z — ¢t > 0 and the initial
data for Eq. (2.1) is

E(zt)=Ez —ct),
Let E " denote the corresponding reflected wave; i.e.,
E(zt)=E'z+ct),
where E "z + ct) = 0 if z + ¢t < 0. Finally, continuity of the

— 00 <Z< 0,

— o <z< 0, t<0. (2.2)

z<0, t>0,
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electric and magnetic fields implies that

E(z, —,t)=E(z + 1)
and

Ez(zl' - ’t) = Ez(zi + ’t)
fori =0,1,2,...

The inverse problem for Eq. (2.1) can be stated as fol-
lows: Given the incident wave E (¢ ) for ¢ <0 and the corre-
sponding reflected wave E ’(t) for ¢ > 0, determine the per-
mittivity €(z) of the medium. (Figure 1 illustrates the
situation.) Before proceeding to the solution of this inverse

problem, Eq. (2.1) will be rewritten in terms of a travel time
coordinate x, where

(2.3a)

(2.3b)

X =x(z)= Jz [1eoels) ]/ 2ds, (2.4)
0
x; =x(z;), {=0,1,2,0
and
ulx,t)=E{zt)
Then the initial value problem (2.1)~2.3) takes the form
Uy — Uy, +AXJu, =0, — 00 <xX< 00, (2.5)
uxt)=ul{x —t), — oo<X<oo, t<0, (2.6)
ulx; —,t)=ulx, +,t), (2.7a)
[elz; —)]"?u.lx; — o) = [elz; + )]llzux(x‘_ +.t),
(2.7b)
where
A= — 2L [efepuo), xx, 28
dz
and
uft) = E'ct). (2.9)
In the transformed problem, the reflected wave u” is given by
uity=E'lct). (2.10)

Notice that the curved characteristics of Eq. (2.1) become
straight lines for Eq. (2.5) because of the transformation (2.4).
This is illustrated in Fig. 2.

The inverse problem for Eq. (2.5) is to determine A4 (x)
from the data u{t), u'(¢). In particular, it will be shown in

Ei gr
or
F.G
given
E=0
or
.
z
51 Z2

FIG. 1. The given data are used to reconstruct ¢ [in Eq. (2.1)] or pc [from Eq.
(3.1)] in the region z > 0. The characteristic curves of (2. 1) and (3.1} separate
the quiescent and active regions.
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\ //

u=0

Xy X2

FIG. 2. The given data are used to reconstruct 4 (x) [in Eq. (2.5)] in the
region x > 0. The characteristic line x = ¢ separates the quiescent and active
regions for problem (2.5)—2.10).

Secs. 4 and 6 that if ¥ — ¢) and u’(¢ ) are given for 0 < ¢ < ¢,
for some ¢,,, then A4 (x) can be determined for O <x <¢,,/2
and €(z) can be determined in some finite interval 0 <z < 2,,,.

3. FORMULATION OF THE ELASTIC INVERSE
PROBLEM

The equation modeling one-dimensional wave propaga-
tion in an isotropic inhomogeneous elastic medium is

(pczUz)z =PUm z>0, >0, (3])

where U (z,¢) is the elastic displacement, p(z) is the density of
the medium, and ¢(z) is the wave speed. Thus

pe’ =u
or

pct =4+ 2u,
depending on whether U denotes transverse or longitudinal
displacement, respectively. The Lamé parameters y and A
are considered to be functions of z. The functions p and ¢ are
assumed to be C? for z > 0 except for jump discontinuities at
Zy, 23, Z35..., Where 0 <z, <z, < -

Assume that initially there is no disturbance in the me-
dium and that beginning at ¢ = 0, a prescribed stress is im-
posed along the boundary z = 0. The source of this stress
may be modeled by an elastic wave equation in the region
2<0, (pc*U,), = pU,,, where now p and ¢ are assumed con-
stant and known. Thus, the initial-boundary conditions for
Eq. (3.1) are

U(z,0)=U,{z,00=0, z>0 (3.2)
and

c)mo_ U:(0—t) = F(t), >0, (3.3)
where F () is the prescribed stress and (oc?)|, _,_ is the mo-
dulus of elasticity of the source. Notice that the boundary
condition (3.3) allows for an impedence mismatch along

z = 0. Also, continuity of displacement and stress is imposed
at the interfaces 0 = z, 2,, z,,... so that

Uz, —t)=Ulz; + ,t) (3.4a)
and
() =z, - Uplzs — 1) = (pc?)|,—.,, Uslz, +,2) (3.4b)
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fori =0, 1,2,---. Finally, let G (¢ ) denote the resulting velocity
atz=0,

U,0,4)=G(t). (3.5)

Thus, for example, if F(t) = §(t ), where § is the Dirac delta,
then G (t) is the impulse response velocity field of the medi-
um. [Notice that continuity of U across z = 0 implies that a
one-sided limit is not needed in (3.5).]

The inverse problem for Eq. (3.1) can be stated as fol-
lows: Given the functions F(¢) and G (¢ ) for ¢ > 0, determine
the impedence pc of the medium for z> 0. (Figure 1 again
illustrates the situation.) In order to cast this problem in a
more familiar setting, a travel time coordinate x is
introduced:

x=x(z)= 'r[c(s)] ~lds, (3.6)

x; =xlz;), i=0,1,2,
and
ulx,t) = Ulz,t).

Thus, the initial-boundary value problem (3.1)—{3.4) takes
the form

g, — Uy +AXxju, =0, x>0, (3.7)
u(x,0) =u,(x,00=0, x>0, (3.8)
(C)lx—0_ u (0= 1) =F(t), >0, (3.9)
ulx, — ) =ulx; +,t), (3.10a)

(pc)lz=z,— ux(xi - ’t) = ‘pc)|z=z,+ u,‘(x; +,t ), (310b)
where

A (x) =—d‘—i;ln(pc) =c5;ln(pc), XF#EX;. (3.11)

In the transformed problem, the velocity data is unchanged,
u,(0—,t)=GIt). (3.12)
The inverse problem for Eq. (3.7) is to determine 4 (x)

from thedata F(¢), G (¢ ). It will be shown in Secs. 4 and 6 that

if F(t)and G (¢t ) aregivenfor 0 < ¢ < ¢,, forsomet,,, then4 (x)

can be determined for 0 < x < ¢,, /2 and pc can be determined

as a function of travel time for 0 < x <¢,,/2.

4. SOLUTION OF THE INVERSE PROBLEM IN A SINGLE
LAYER

Although the differential equations (2.5) and (3.7) are
similar, the nature of the measured data, E fand E"vs Fand
G, is different. For the moment, this difference will be sup-
pressed by assuming that a reflection kernel R (¢ ) can be con-
structed from either set of data. In this section it is shown
how the function R (¢ ) can be used to reconstruct the coeffi-
cient 4 (x) of (2.5) or (3.7 for 0 < x < x,. [Section 5 addresses
the problem of constructing R (t).]

To streamline the notation in what follows, rewrite the
jump conditions (2.7b) and (3.10b) as

e ux — ) =c¢ udx; + 1)
fori =0, 1, 2,..., where

et = [elz, £)]'7°
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in the electromagnetic case and
ci:t =pc|z=z,;t

in the elastic case. In this new notation the constant ¢, in I is
given by

Co=Cq /¢ - (4.1)

To specialize the results of I to nonabsorptive media,
note that the functions B (x) and C (x)in I are identically zero
for the problems considered in Secs. 2 and 3 of this paper.
This implies that the function G (x) in I satisfies G (x)=1.
Also, the functions ¥, (x,y,0) can be shown to satisfy the
some characteristic initial value problem,

ai:z__g%-}-D(x)]Ni =0, O<cx<x;, —Xx<y<X,
(4.2)
N, (ex0) = é[(co + l)fb (5)ds — 4 (0)], (4.3a)
N, x —x0)= 5[ — (¢ — I)J.XD (s)ds — A (0)], (4.3b)

where 4 (0) = A4 (0 + ) and

D(x)= —}[(24"(x) + 4°(x)].
It follows by uniqueness that N, = N_, so set

N{xy) =N, (x,,0).
Also, identify R _(¢) in I with the function R (¢} discussed
above.

With these simplifications, Lemma 5 of I yields an inte-
gral equation for N,

N{x,y) =(co + YR (x + ) — foN (x, — y)

X

-~ | R+ SN (x,s)ds, (4.4)
-y
where f, = (¢, — 1)/{co + 1)and O <x <x;, —x <y <x.The
solution N of (4.4) is related to 4 (x) through Eq. (4.3a),

AN (x,x) = — A (0) — Yco + 1)[2{4 (x) — 4 (0)}
+ f "4 %(s) ds] (4.5)

or

8‘%N(x,x)= ot V24X +47%)].  (4.6)

This, 4 (x) can be found by solving the Ricatti equation (4.6)
for A with initial data

A(0)= — 2N(0,0).

As is discussed elsewhere,* the nonlinear Volterra equation
(4.5) generally yields more accurate numerical solutions than
(4.6).

Asitstands, Eq. (4.4) is amenable to numerical solution.
However, to cast the equation in a more familiar form, re-
place y with — y in (4.4) and substitute the resulting expres-
sion for N (x, — y) into (4.4) to obtain

X

(co + 1)(1 —f3IN (xp) = (co + 1)S (xp) — N (x,5)S (s,p) ds,
- (4.7)
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where 0 <x <x;, —x<y<xand S(xy)=(co+ )R (x +y)
— {co — )R (x — y), with R (s) = Oifs < 0. Equation (4.7) can
also be written
(o + (1 = f3IN (x,p) = (co + 1)S (x.)
— Nxp)S(sp) ds. (4.8)

Notice that if ¢, = 1, as in the case studied by Gopinath
and Sondhi>® and Burridge,’ then Eq. (4.4) reduces to

Nxy)=2R(x+y) — ) R (y + s)N (x,s) ds. (4.9)

With the substitution X (x,y) = — ¥ (x,y), Eq. (4.9) is seen
to be the usual Marchenko equation.®

Once 4 (x) has been determined for 0 < x < x,, the per-
mittivity €(z) in Eq. (2.1) can be determined via the formulas

z= [coj:exp{ - J:A (s)a's] dr ]/[eou()] ',

colelz)/€,]"? = exp { fo X(Z)A (s) ds].

For the elastic case, the impedence pc associated with Eq.
(3.1) can be determined as a funciton of travel time,

pcl, =c¢5" exp[f Als) ds].
0

If p(z) is a known constant p,, then ¢ can be determined as a
function of z via the formulas

z= [co+ J; xexp{ L lA (s) ds] dt ]/po,

x(2)
poclz) = ¢5+ exp{ Als) ds}.
0

(4.10)

(4.11)

(4.12)

Notice also that from Egs. (3.11) and (4.6) it follows that
d 12 d?

zd—xN(X,X)= —{co + oc|,)™ E(de)m:
(4.13)

with

PClior =Co PClio_ (4.14)
and

d

£ peliooy = —2N(0,0pc|, o, . (4.15)

dx

When ¢, = 1, this is again the usual Marchenko result for
elastic media.

5. CONSTRUCTION OF A(1)

The function R (¢ ) used in Eq. (4.4) is the kernel of the
reflection operator introduced in I, Eq. (4.12). This implies
that the data u/(t ), u’(t ) for the electromagnetic problem is
related to R () through the equation

wit)=fou'(—t) + J:R (s)ufls —t)ds, O<t<2x,.

(5.1)

Thus, R (¢) is the solution of a Volterra equation of the first
kind. If &’ does not contain a delta function singularity, then
(5.1) can be solved for R (1) by converting to a Volterra equa-
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tion of the second kind as shown in I, Sec. 2. The function
R () can then be constructed uniquely.®

As an alternative construction method, Eq. (5.1) can be
easily shown to be valid in the case when %’ contains jump
discontinuities or delta function singularities, Thus, for ex-
ample, if

uir) =8(t), (5.2)
then

u(t)=rblt)+RI(2). (5.3)
Since R (¢)isa C * function for 0<#<2x,, Eq. (5.3) yields both
R (¢) and f; (and therefore c,).

In order to construct R (¢) for the elastic problem, the
data F(t), G (t) must be rewritten in terms of right and left
moving waves so that Eq. (5.1) can be used. For the sake of
comparison, consider how data at x = 0 in the electromag-

netic case can be resolved into right and left moving waves.
For x <0, the solution of Eq. (2.5) is

uxt)=ulx —t)+u'(x +1)
andsoatx=0—,

u (0 — t)=u"—t)+ u"t),

u, 00} = —u”(—t)+u"t)
Therefore,

u(—t)= — —l—f [4,(0 —,5) — u,(0,5)] ds
2Jo
and
wit)= L[ [0~ 9+ (09 ds.
0
Now for the elastic case it follows from (3.9) and (3.12) that

Wi—t)= — —ZI-L'[ -szp(s) — G(s)] ds, (5.4a)

i) = %fo [ :1:- Fis)+G (s)] ds. (5.4b)

Substituting Eq. {5.4) into (5.1) again gives a Volterra equa-
tion of the first kind for R (),

L‘ [ (1) + (1~ )G (s)] ds

t t— S
= — fR (s)(f [——1_—F(y) — G(y)]dy)ds, O0<t<2x,.
0 0 Co
(5.5)

If impulse response data is used, then

F(t)=6(t). (5.6)
In this case, letting 70 in Eq. (5.5) yields

t
lim fG(s)ds: -1

0+ Jo CO+
$0

Glt)= —;lré(t)+G¢(t), (5.7)

0

where G, (¢) is C? for 0<t<2x,. Substituting (5.6) and (5.7)
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into Eq. (5.5) and differentiating gives a Volterra equation of
the second kind,

(1= £)G. () = —(f"ﬁ—tf"_—)mzufms)

XG (t—s)ds, O<t<2x, (5.8)

from which R (f) can be constructed uniquely® since G
is C2,

c

6. SOLUTION OF THE INVERSE PROBLEM IN A
MULTILAYERED MEDIUM

If the coefficient 4 (x) of Egs. (2.5) or (3.7) is discontinu-
ous at x = x, x,, - this will, in the case of noiseless data, be
apparent from the reflected wave u'(¢ ) or the response func-
tion G (¢ ). For example, if the incident wave is given by

u(t) = 8(t),

then the reflected wave u'(¢ ) will contain §-function singu-
larities at t = 2x,, t = 2x,,.... Of course, there will also be
singularities at ¢ = 4x, t = 2x, + 2x,, etc., due to multiple
reflections. The form of the reflection operator given in II,
Eq. (3.11), shows that these reflections can be sorted out so
that it can be determined whether a singularity in #'(¢ ) is due
to a multiple reflection or is the first reflection off of an inter-
face, even if a first reflection and multiple reflection arrive
simultaneously.

The problem of reconstructing 4 (x) for x > x, can be
approached in two ways. The first technique is to use 4 (x) for
x <x,andthedatau(¢),u’(t Jor F(t), G (¢ )toconstruct aset of
data (4, and u,) at x = x; — . The method of Sec. 4 is then
used to reconstruct 4 (x) for x, < x < x,. This process is con-
tinued, proceeding through the medium one layer at a time.
The key points of this approach are now outlined.

To construct a set of data at x = x, in the electromag-
netic case, Theorem 1 of I can be used. When specialized to
the nonabsorptive case, that result states that for 0 < x < x,
and any ¢, the solution u of Eq. (2.5) is given by

u(x,t)= %exp[ — %LXA (s)ds]{{co +1)

X [wix — )+ u'(x + )]
~feo— Nu{—x—t)+u{—x+1)]

_ f [uly — 1) + uly + 1) IN (x,p) dy}.
- (6.1)

The function N (x,p) in Eq. (6.1) is the solution of Eq.
(4.4) and so all terms on the right-hand side of (6.1) are
known. Thus, u(x,t) is obtained by simple quadrature and,
inparticular, u, (x, — . )and u,(x,,t ) arealsoreadily comput-
ed. Figure 3 illustrates this situation by showing the domain
of dependence of u(x, — ,¢). To obtain a similar set of data
along x = x; in the elastic case, it suffices to substitute Eq.
(5.4) into Eq. (6.1).

In order to obtain a general result, assume now that
data has been generated along the interface x = x,; i.e., as-
sume u, (x, — ,t)and u,(x,,t) are known. The process for
obtaining 4 (x) for x, <x <x, . , is (see Fig. 4):
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xg

FIG. 3. Data along x = 0 and the solution N of Eq. (4.4} or (4.9) are used to
compute u at P,, where P, = (x, — ,t). The data consists of the function
w'( — t),u'(t)for tin theindicated interval, where P, and P, have coordinates
(0,t + x,), (0,4, — x,), respectively.

1. Define
. 1 '+ X
w(=t)= = Tbse = 9 = el ds
‘ (6.22)
1 £+ Xy
up(t'y=— [, —o8) + u,bx,,8)] ds (6.2b)
fort’>0.
2. Set
¢ =cp lef
and
S = (e — Wlew + 1)
and use Eq. (5.1} in the form
wt) =Sl =1+ [ Rebib—rds  (63)
(4]
toobtain R, (t"), 0<t’ < 2{x; ., — X;).
3. Solve the integral equation
N (x'p) = (cx + DR (X' +y) — fiNi (X', — ¥)
(6.4)

— Jx R,y + s)N(x',s) ds

¥y

t

Alx} known
—>

Uy, Uy

given

/

x
X, .- L Xy

FIG. 4. This illustrates the first reconstruction process given in Sec. 6. The
datau,, u, are given along x == x, ~ which allows a reflection kernel R, to

be constructed for the layer x, <x <x,, ,. Equation (6.4) is then used to
determine N, which in turn yields 4 (x) for x, <x <x; .
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for N (x' ), 0 <X’ <Xy oy — %)y — X <p<X'.
4. Solve for 4, (x') via the analog of Eqs. (4.5) or (4.6).
For example, from (4.5),

IN, (X' x') = — A4,(0) — Jex + D[2{4,(x) — 4,01}
+f Ails)ds).

(V]
5. Obtain u, (x’,¢ ') via the formula

u,x't')= gexp{ - fok(s)ds}
X {lex + D[uilx’ — ) +uilx' + )]
—(ex — V[uh(—x' =)+ uf(—x" +1)]
—| lwy—r)+u+e)IN ) dp}

—x

6. Translate back to (x,?) coordinates via

x=x; +x,
t= xk + t,,
obtaining

Ax)=A(x; +x)=A4c(x"), 0<x' <Py —xi)

and
ulx,t)=ulx, +x'x, +t')=u,(x't’),
0<x <Xy —Xi), t'>0.

Thus, #, and , can be determined alongx =x, ,, —
Now steps 1-6 can be repeated to obtain A4 (x) for
Xpp1 <X<Xpya-

In determining R (¢ ') as given in Eq. (6.3), the methods
of Sec. 5 can be used to convert (6.3) to a Volterra equation of
the second kind, although some care must be exercised in
doing so. For example, assume /(¢ ) or F (¢} is given by Egs.
(5.2) or (5.6). Then u} ( — ¢ ') will contain 5-function singular-
itiesat¢’' = Oandalsoat pointssuchas?’ = 2x,,¢' = 4x,, etc.
[Examples of this are given by Eqs. (7.13) and (7.14).] These
latter singularities are due to multiple reflections in the me-
dium and their presence must be taken into account in per-
forming the intergration in Eq. (6.3).

The alternate technique for reconstructing 4 (x) is a
straightforward specialization of the results of II, Lemma 3,
to the case of a nonabsorptive medium (see Fig. 5). In con-

tm\ l
N |
N
ul, u’ N\ '
gi‘Q. \\ |
|
I
|
| -
X, se ot Xm

FIG. 5. The second reconstruction method of Sec. 6, which is a specializa-
tion of the results of I1, uses a reflection kernel R for the entire region
O<x<x,. Thedatau( —1t), u'(t)isgivenforO<t<t,, =2x,,.
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trast to the approach described above, data is not generated
at the interfaces x|, x,, - Rather, the data at x = O generates
a function, denoted here by R (¢), via a generalization of Eq.
(5.1). That generalization is found in II, Eq. (3.11}. The func-
tion R (t) is the reflection kernel for the composite medium,
not just for a single layer as R (¢ ) or R, (¢ ) are. This kernel is
used to form an integral equation which is a generalization of
Eq. (4.4), namely II, Lemma 3. This more general integral
equation contains terms of the form N (x, — y + k }, where &
is a known constant and N (x,y) = 0 for |y| > x. The solution
of the integral equation is then used to reconstruct 4 (x) via
11, Eq. (2.8).
This alternate technique has two advantages over the
first technique.
1. It is not necessary to construct the data u, ,u, along
the interfaces x,, x,, ....
2. In some cases it will be easier to construct R (¢) than
R, (t). For example, if u’(t) = 8(¢ ), then in construct-
ing R (¢ ) via II, Eq. (3.11), all multiple internal reflec-
tions have already been put in “by hand” throught
the use of the shift operators introduced in that pa-
per. Thus, the integral used in finding R (¢ ) is consid-
erably simplified.

7. EXAMPLES

Example 1. The purpose of this first example is to dem-
onstrate the inversion procedure for a single-layer elastic in-
verse problem with impedence mismatch between source
and medium. Also, a technique for reducing Eq. (4.4} to the
form of Eq. (4.9) will be shown.

Using the notation of Sec. 3, assume that

pelo- =3
and

F(t)=5), 0<r<2 (7.1)
and that the resulting velocity is found to be

Glt)= —40lt)+1~', O<r<2. (7.2)

The inversion procedure is as follows:
1. Comparing Egs. (5.7) and {7.2), it follows that

co+ =2 (73)

and therefore ¢, = 3.
2. Equation (5.8) can be written as

$G.(t)= —3R(t)+ J:R ($)G.(t — s) ds, (7.4)
with

Glt)=4""
Upon differentiating (7.4) and using (7.4) to replace the inte-
gral, it follows that

Rt)=ke % (7.5)

for some constant k. Substituting (7.5) into (7.4) yields
= —0.48.
3. Substitute (7.5} into Eq. (4.4) and differentiate with
respect to y. Using (4.4) to remove the integral term yields

5Ny(x,y)=Ny(x,“J’)+2N(xy*J’)‘*ZN(X’)’)- (76)
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Set
Nixy)=N.0p) + N, ),
where (suppressing the x dependence)
N ) =[N (xp) + N (x, — )],
N, () = 4[N (x.y) — N (x, - y)].
Substituting (7.7) into Eq. (7.6) and rearranging yields
3N,(y) + 2N, (p) = — 2N (). (7.8)

Since the left- and right-hand sides of Eq. (7.8) are odd and
even functions, respectively, it follows that both sides equal
zero. Thus,

N, ()=0

(7.7a)
(7.7b)

and
N, (y)=c

for some constant ¢. Substituting N (x,y) = c into (4.4) yields
c= —1,s0

Nixy=-—1L
4. Equation (4.6) now implies that
24'(x) + A*x)=0
with
A0)=2.
Thus,
Ax)=2/(x+1).

5. From Eq. (4.12) it follows that pc|, = 2(x + 1),
0 <x < 1. This completes the solution. (See Fig. 6.)

It is possible to use an equation of the form of (4.9)
instead of Eq. (4.4) evenif ¢, 1. This is done by constructing
a set of data along x = 0 + and thereafter assuming ¢, = 1.

To construct data along x = 0 + , note that

u 0+ ,t)=F(t)/c5

Now construct new “‘incident” and “‘reflected” fields ac-
cording to

i —t)= -;—fo [4,(0 + ,5) — ,(0,5)] ds,

1t = [ a0+ )+ ,0s1]

impedence

w
1

et
1

Travel Time

FIG. 6. Reconstructed impedence profile as a function of travel time for the
impulse response given by Eq. (7.2).
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or

—u-n=Lf [ Lre- G(s)] ds,  (19)

ut) = % jo ' [ c—olf Fls) + G(s)] ds. (7.9b)

Substituting (7.9) into Eq. (5.1) with ¢, = 1 yields

L'[Z:TF‘S) +G(s)] ds = —J:R (s)(JO'”[c_s:F(y,

- G(y)] dy) ds.

Using (7.1)(7.3) in (7.10), differentiating twice, and solving
for R (¢) as before yields

R(t)___%e——t/Z‘

With this choice of R (¢), Eq. (4.9) can be solved in the same
manner as Eq. (4.4), again yielding N (x,p)= — 1. The re-
mainder of the solution proceeds as before. For this example,
the solution technique based on Eq. (4.9) turns out to be no
easier than that based on Eq. (4.4).

Clearly a similar technique can be used in the electro-
magnetic case to reduce Eq. (4.4) to Eq. (4.9).

Example 2. This example demonstrates the technique
outlined in Sec. 6 for stepping through a multilayered medi-
um. An electromagnetic inverse problem is considered with
units chosen such that ¢ = 1/(€yo)'’* = 1. Then, in the no-
tation of Sec. 2,

(7.10)

uwit)=Efr),

w(t)=E"t)

Assume that the incident field is

u(—1)=268(t), t<14 (7.11)
and the resulting reflected field is

u'(t)=2Z2a,b6n—1t), t<l4, (7.12)

where the summation is over n = 0,6,8,10,12 and

a,= —05,0,=0.15a,= —0.36,a,, = — 0.036,

a,, = 0.0114. The presence of the term 6 (6 — ¢)in (7.12) im-
plies that a discontinuity in permittivity occurs at

x = x, = 3. Therefore, Eq. (5.1) takes the form

ald(—t)=fb( —1t) +£R (s)8(s —2)ds, t<6
andso f, = — 0.5, R (t}==0, and ¢, = 4. It follows that
N (x,y)=0 and 4 (x)=0 for 0 < x < 3. Then from Eq. (4.10),
z=x/3, O<x<3
and from (4.11),
€(z) = 9e¢,,
Now Eq. (6.1) yields (for x < 3)
uix,t) =4[ — 3ablx — t)+22a,8(n —x — 1)
+ 2a,bn4+x —t)],
where the summation is over n = 6,8,10,12. Equation (6.2)
then gives
u(—t)=14 —3ad(—t')+ab6—t')], t'<8
(7.13)

O<z<l.
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and
uj(t')=3%2a,6n —6—1t’),

summing over n = 6,8,10,12. The singularity in {(¢') at
t' = 2 implies that x, = x;, + 1 = 4. Equation (6.3) yields

tab(—t')= —fiad(—1t')— aoL"Ru(S)a(s —t')ds,

t'<2.

Therefore, f; = 0.2, R,(t')=0, ¢, = 1.5, and
€lz) = elz, — )/c,? = 4¢,,
Now for 3 < x <4 it follows that
ulx,t) =&l $6(x — t) + 5asb(6 + x — t)

—ab(12 ~x —t)
+ 102q,6(n —x — t)
—22a,6(n—6+x—1)],
summing over n = 8,10,12. Then
Ui (— ') =4[ $6(—1') =222 —1') — 28,54 — 1),
t'<6 (7.14)

t'<8

l<z< 1.5,

and
us(t’) = %[102a,6(n — 8 —t') — ab(4 — t')],
t'<6
summing over n = 8,10,12. In this case the singularity in

us(t')att’ = 2,4 will be shown to be due to multiple reflec-
tions. To see this, note that Eq. (6.3) takes the form

uy(t’)=fur(—t') + '[: R,(s)us(s —t") ds

and is satisfied identically for ¢’ <6 if f, = — 0.5 and
R,(t')=0. Therefore, ¢, = | and €(z) = €(z, — )/c3 = 36¢,,
3 <z < 2. The reconstructed profile is shown in Fig. 7. Since
the reflected field was given only for ¢ < 14, nothing can be
said about the profile for z>2.

If the alternate solution technique of Sec. 6 had been
pursued, then the fact that ¢, =c¢, =4, ¢, = 1.5, x, =3,
x, = 4, R (t)=0 would follow easily from the form of the
reflection operation given in II, Eq. (3.11}); i.e., the results
obtained above are immediately obvious by merely inspect-
ing the coefficients a,, ag, a5, a,4, a1, The details are not

36

Relative
Permittivity

=

N -

1 1.5
Depth

FIG. 7. Reconstructed permittivity profile as a function of depth for the
incident and reflected fields given by Eqs. (7.11) and {7.12).
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pursued here because it would necessitate introducing a con-
siderable amount of new notation.

8. SUMMARY AND DISCUSSION

An algorithm for nonabsorbing electromagnetic and
elastic inverse problems has been developed. In contrast to
other approaches, the solution technique in this paper can be
applied to media with discontinuous material properties.
This also allows for an impedence mismatch between source
and medium.

For a single layer medium with impedence mismatch at
the source, the solution of the inverse problem is obtained by
solving the integral equation (4.4) for  (x,y). If there is no
mismatch, then (4.4) reduces to the Marchenko equation
(4.9). The function R (¢ ) in these equations is the reflection
kernel obtained from the measured data. It is also shown via
Example 1 of Sec. 7 that by altering the data, an equation of
the form (4.9) can be used even when there is an impedence
mismatch. However, in this case the function R (¢ ) isnolong-
er the reflection kernel for the medium.

For a multilayered medium, two solution techniques
are given. The first approach reconstructs the medium in the
first layer and then uses the solution N (x,y) of (4.4) or (4.9) to
construct a new set of data at the interface between the first
and second layers. Then the second layer is reconstructed,
and the process continues. The technique is demonstrated in
Example 2 of Sec. 7. The alternate technique for a multi-
layered medium does not reconstruct data at interfaces. It is
a specialization of the results of II to a nonabsorbing medi-
um, just as the approach in Sec. 4 is a specialization of the
resultsin I. All of this work is carried out in the time domain.

Time-domain techniques for inverse problems have
been examined carefully by Burridge.” In that paper, the
classical results of Gel'fand-Levitan'® and Marchenko® are
shown to have a relatively simple derivation when cast in the
time domain. Burridge also claims that the results of Gopin-
ath and Sondhi*® are applicable to the elastic inverse prob-
lem for the case in which the impedence has jump discontin-
uities. Although Gopinath and Sondhi do not seem to have
realized this when first developing their approach, it appears
that the results of their experiment on a discontinuous vocal
tract® could have been sharpened if the presence of addition-
al 6-function singularities had been detected. Recent time
domain work by Symes'! shows the well-posed nature of the
elastic inverse problem for the case of continuous (actually
H ') impedence.

Inverse problems in the frequency domain have re-
ceived more attention than those in the time domain. Among
authors who have considered continuous (as opposed to dis-
cretized) inverse problems, Moses and deRidder'? and Kay
and Moses '’ adapted the Gel’fand-Levitan technique to the
electromagnetic case, and Ware and Aki'* did the same for
elastic media. In each case the appropriate model equation,
(2.1) or (3.1), was mapped into a Schrédinger equation by
transformation of dependent and independent variables.
These transformations disallow jump discontinuities in the
material properties. This has also been pointed out by Berry-
man and Greene,'> who go on to develop a discretized ap-
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proach to the inverse problem for elastic media with discon-
tinuities. The frequency domain technique of Razavy'® does
appear to be capable of handling discontinuous coefficients.
Although it seems the technique is not immediately applica-
ble to elastic media [because the term E, ¢, is eliminated
from his Eq. (1)], the model equation used is well suited to the
electromagnetic case.
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Feynman path integral and Poisson processes with piecewise classical paths
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We prove the existence of a Feynman integral formula for gentle perturbations of the harmonic
oscillator. This result is extended to a Bose relativistic theory.

PACS numbers: 03.65.Db, 03.65.Fd

1. INTRODUCTION

In a previous paper, hereafter quoted as I' (see also Ref.
2), we have shown that it is possible to write a Feynman
formula for the evolution in time of a quantum state for a
large class of evolution operators. The general result can be
applied to many quantum systems and in particular to some
gentle perturbations of Hamiltonians of systems with » de-
grees of freedom whose spectrum is purely discrete. As a
special case it is possible to apply this result to some pertur-
bations of the harmonic oscillator. Unfortunate ly, then, the
role of the classical trajectories is not as clear as previously.

For this reason in this paper we derive another expres-
sion for the Feynman path integral which is more adapted to
the harmonic oscillator case. This problem has been already
considered in the framework of Fresnel integrals.’ However,
our present treatment is quite different in spirit since it is
based on the notion of Poisson measures whose role has been
already emphasized in Ref. 4.

The “free evolutions” we consider are actually the qua-
sifree evolutions we considered in Ref. 5, more precisely,
quantum systems whose classical phase spaces have a group
structure and which are quantized according to the Weyl
procedure. In that case any one-parameter group of auto-
morphisms of the phase space group gives rise to a one-pa-
rameter group of automorphisms of the quantum algebra
naturally associated.

We perturb these free evolutions by an interaction
which is of the type described in I. Then we can define gener-
alized Poisson processes whose paths are the classical paths
except for a finite number of jumps. These Poisson processes
allow to write the time evolution with respect to the per-
turbed evolution of the state vector, as an integral on a natu-
ral measure space of a function of the process. The function
of the process is the natural analog of the classical free action
of the problem. This is essentially the content of Sec. 2.

In Sec. 3 we specialize in the case where the classical
phase space is R*", and to those potentials which are multi-
plicative in the “x”’ representation. The free evolutions that
we consider are given by a one-parameter subgroup of the
metaplectic group, and we give the relevant formulas for its
typical one-parameter subgroups.
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In Sec. 4 we extend the previous results to an infinite
number of degrees of freedom. These results naturally apply
to some important model of field theory like the sine-Gor-
don model, but we postpone to a forthcoming paper a discus-
sion on this point.

2. GENERAL CASE

Let us consider an abelian locally compact group G and
& a continuous multiplier on G, namely a continuous func-
tion from G X G to the torus, such that

5(81:82)¢ (8182:83) = £ (81:8283)5 (82,85)
Vg81,82:8:€G (2.1)

In the following, to simplify the formulas, we shall assume
that £ (g, ') = 1. A Weyl system on G, with respect to this
multiplier, is a mapping of G into the unitary group of a C *-

algebra A4 (G,{) such that
(1) Wg Wg‘ = ;(g’g’) ng”
[Wr="Ww,

g— 1

{iii)d (G,L ) = [Z AW, ;A,€Cg,€G ]

(2.2)

is uniformly dense in 4 (G,{} .
4 (G,¢) isunique up to isomorphisms if and only if § is

nondegenerate in the sense that
G, = {8eGib,(g.8') = 1¥g'eG } = {e}, (2.3)

where b, is the antisymmetric bicharacter on G associated
with £, namely

b,(g8)=5gg) 5(g'8) (2.4)
{see, e.g., Ref. 6}.

Let z—a, be a one-parameter group of automorphisms
of G such that

S (alg)haig)) =5 gg)

We can define a family of s-automorphisms of 4 (G,¢)
according to

G, (W,)=A(tg)W,

Vgg'eG. (2.5)

VgeG, (2.6)

where A, is an application from R X G to the torus. In many
cases A is 1, and in the following we shall mostly consider this
case. But for the sake of completeness we can give an exam-
ple where A is nontrivial and nevertheless (2.6} defines a
group of %-automorphisms. Let G be R? with the usual mul-
tiplier (in what follows # = 1)

Sllgphla’p)) = explli/2) pq’ — pP'q)]; 2.7)

< e
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we can take

a,(q.p) = (g + pt.p) (2.8)
and

A (t,(g.p)) = explia(pt>/2 — qt )] (2.9)

for any real a.
It is obvious that the necessary and sufficient conditions
for (2.6) to define a one-parameter group of x-automor-

phisms of A4 (G,§) are
At+t' g =Atglh(t'a_ ()
Alrgg) =A(tgl (1.g)),
A0g)=A(tel =1
Let us consider a representation of A (G,{) where a

one-parameter group of s-automorphisms a, is unitarily
implemented by a (continuous) unitary group

(2.10)

%, = exp( — iHyt ). Let us consider a “potential” ¥ which is
of the type
V=fdp{g)W (2.11)
G

where y is a bounded measure on G. One can write the opera-

tor exp(iTHylexp{ — iT(H, + V)] as a convergent Dyson’s
expansion

exp(iTHyexp[ — tT(H0 + V]

=§0_l)nfdtfdt"“‘ fa’tl

X J f du(g,)-du(gi)e™ W, e e MY, e~ ity
G G

2.12
or, using the fact that exp(itH,) implements c,, o
expliTHolexp( — iT (H, + V)¢
—2—1)"fdtfdt fdt,
nz0
X [ [ dutga st W W v 213)

Notice that even if %, is not continuous (i.e., if H, does not
exist), the right-hand side of (2.13) defines a solution of the

equation
iLgey= 2, va ),
dt
(2.14)
$0) = 9,

which is precisely the equation we want to analyze in the
following.
Using the Weyl relation (2.2) and the fact that £ is a,

invariant, we can rewrite the expression (2.13)
xf [ dule, -t
XWa g ‘.lgn)'/"

expliTHylexpl — lT (Hy + V)¢
J dt,
X H ¢ (e,
Finally let us rewrite the matrix elements of (2.15) between

- "Z)(—l)"f dt J dr,
= L&), (808187 )

(2.15)
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states of the form ¢ = W, D, geG where @ is the cyclic vector

of the representation.
(W, @ lexpzTHo)exp[ —iT{H, + V)] W, )

- 2(_1)"_[ dt f dr, _ - 5 dr,

nz0
xff dulg, -duig)
X H §(at L=t (&n ) z,-,l—t,(gi)gi—lvgiill
f=1
Xbo(@_ (&), &)WNPIWe a1 ®P)

(2.16)
It is that last expression that we want to analyze in terms of
Poisson processes. First we shall describe a realization of the
underlying measure space 2 (see, €.g., Refs. 1,2,4,and also 7,
8.)
Let {2 be the measure space

n=un, (2.17)
n>0
where 2, is the set
0, ={n=(nt,g)0<t, <ty-<t, <TgeG}. (2.18)

Let # be the smallest o-Borel algebra on {2 which contains
the open sets

3oty =ntig)itca.8.62,}, (2.19)
where the 4, are Borel subsets of G and the @, are measur-
able ordered subsets in [0,7°] in the sense that

tea;, Le€a;, i<jot <t (2.20)
There exists on {2 a unique bounded measure P, associated

with a bounded measure 1 on G such that
£, @ (lgfll-%.-} )= -H]|ai (%),

where |a,| is the Lebesgue measure of a,. P, is the Poisson
measure induced by u.

It is natural to consider a Poisson process G, based on
[0,T] with values in G:

(2.21)

e, relt,, T,
a. (g, €]t 1utn )
Clmte8) =Yy g hea, er ) el i)
a._, g a8 7e(0,t,]
(2.22)

This process has “classical paths’* except for a finite number
of jumps. We also define the increment of the process over
the jump

AG‘r(nyti!gi) = hm Gr——s G:%Lle' (223)
€-~0
Evidently
AG (nt,.8) =8 (2.24)

Otherwise
AG (nt,.8) =e.

For this process we can note that there is a natural decreas-
ing adapted family 7, t€[0,T '], of Borel o-algebras, namely,
for each ¢ the smallest Borel g-algebras containing the open
subsets
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P a1 —k:'Obc‘[JO”'?xbuacc GIA) (2.25)
Moreover, the functionals
neR —Z (G ~1,4G )(n)
= ng (G.(n)~ 4G, (), (2.26)
neR —(@ W P )7)
=(®| WGO_ @) (2.27)
and
ne —B,(Go)(n)
= b;(va ¢ (7)) (2.28)
are bounded measurable functionals as well as the functional
neR—( — i), (2.29)
where N, is the usual Poisson process
neN—N,(n)eZ, (2.30)
where
N,(nt; 8)= 26+(t t). (2.31)

i=1
6, is the step function.
If we gather all these results, we can rewrite the matrix
elements (2.16)

(w, o lexpliTHyJexp| — iT (Ho + V)1 W, D)

f pianf(— it Z(G—T4G)B,(G@ | W, @) Ja)
(2.32)

The case where A is nontrivial can be handled quite easily.
The next section is devoted to more specific examples.

3. MULTIPLICATIVE POTENTIALS IN QUANTUM
MECHANICS

In this section we specialize ourselves to quantum me-
chanics with one degree of freedom, so that G = R? with the
multiplier { defined in (2.7). Consequenlty, W, = W,
(g.p)ER?, and

qu = exp[z(qP—pQ)],
where P and Q are the usual momentum and position
operators.

We restrict ourselves to potentials which are multipli-
cative in the “x” representation, viz., of the form

v~ | dutois,.

In that case the Poisson measure is supported by the set of
elements 7€ £2 of the form

n= (n’tn(orpi))' (33)
Hence we can restrict ourselves to a new measure space we
still denote by {2, constructed on R in the same way as
previously. .

On R? there are basically three nontrivial kinds of auto-
morphisms which are of the following type®:

(3.1)

(3.2)
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ai(g.p) = (g + pt.p),
aj(gp) = (cos(wt )g
+ (1/w)sin(wt p, — @ sin(wt )g + cos(wt |p),
(3.4)
a}(g.p) = (cosh(wt Jg

+ (1/w)sinh(wt )p,» sinh(wt )g + coshh (wt |p)

for @ a real number. Correspondingly, it is convenient to
define the three processes:

Z pily —

j=1

t(n t,,p, t)6+(tj —1 )!

Qlntp) = 3 Zsinfoly —0le. —1), (33

ji=1
Qimt p) = 3 Zsinh[of, — )10, — 1)
=10
with continuous paths. Except for a finite number of times,
the trajectories are the trajectories of the free motion.
These processes are the projections of the process de-
fined in (2.22):
t —1 ))

©@"P"),(nt0,)
=($nts 061 -1). 3 p.

j=1 j=1

(0%, (n,,(02)
=( 3 Zsintaty - 161~ 1)
w

3 pycosfols, — £)16..14, - t)), (3.6)
(QJ’PS)t(nvti’(()’pi))
=( i &sinh[w(tj — )]0, —1¢)
=1 @

ijcosh[a)(t —t)]10.(t; — t))

Jj=1
In terms of these processes one can rewrite the function

Z (G ~',4G), and, moreover, taking into account that { is
an antisymmetric bicharacter, one has

Z(@"PI)~LA(Q" Pt (0p,)

= eXP[éi Z p.p(t, — t,)]

(3.7)

rs=1
r>s

which for convenience we denote by

exp(siJOTQ:Q'ldr)(n,rf,pf).

Z Q%P4 (Q%PY) (nt,,(0,p,))

= exp(y i %sin [w(t, — ts)]PrPs)

rs=1

(3.8)

r>s

which again for notational convenience we rewrite

exp[;:f ( i +o )Q 3‘17'](",‘“1’.')-

Finally
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Z ((Q%P*)14(Q%P%) (nt,,(0.p,))
= exp {gi $ Lsinhfoft, — ts)]p,ps] (3.9)
rs=1 @

r>s

which we denote by

exp[ilfr ( jz - wZ)Q idr](n,r.»,p.».

It is probably more suggestive to rewrite the processes as

(Q VP mt,,(0,0,) = (@0 m,t:p:) (3.10)

and
SHQ Nt =4 Y ppilt, —1,), (3.11)
S3Q3ntp) = z —”-’ism[w(: 0], (.12)
S )nt;p;) =14 2 BePs smh[a)(t —t)].  (3.13)

rs=1
r>s

It is quite obvious to calculate the functions B, in our cases
B((g.PMQ ",P o)n.t:,(0p;))
= eXP[i( Y tp.p— ZM)],
r=1 r=1
B, ((g:P)(Q*P?)o)n,t;,(0,p;))
= exp{z Y [— sin{wt,)p — p,cos(wt, )q” ,

r=1

B.(q.p)(Q°P°))(n,1,,(0,p,))
= exp[z Y [— sinh(wt,)p — p,cosh(wt, )q”

r=1

(3.14)

We can rewrite these functions altogether under the form

B, ((g:PMQ'Q))n.1,,(0,p,) = exp[i(pQ § — qQ §))(m.ti:p:)-
(3.15)
Consequently, if we gather these results, we have
W, @ |exp(iTHyJexp| — iT(H, + V)IW,®P)
P(dn) [e — imNo/2giSQ)g — iPQo + iqQ,

X@W g, ®)](n) (316

It is interesting to notice that in the example which has been
given where A is nontrivial one can incorporate it in Sy:

T
S50 =54@") +a Qlar
(3]
at least formally, which is to be interpreted as

(@ ntre) = 3 poplt —t)+a ¥

r>s

2
prr

4. BOSE QUANTUM FIELD

In the general case of a neutral scalar Bose field we
recall elementary facts concerning Klein—-Gordon equation
in order to make contact between the usual formalism and
the one we shall need later.

Let us consider the Klein—-Gordon equation
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((;9: ,—132+m)¢’(xt)__ (4.1)

It is equivalent to the system

%rp () = mxat),

a
Eqr(x,t)—-('-]b—z—m )a:(xt),

which can be rewritten through Fourier transformation:

(4.2)

flk)= o )S/J fix)e*dx,

3

o @ (k,t) = mik,t), (4.3)
gt-ﬁ(k,t) = —alkPp (kt),

where w(k ) = (k 2 + m?)'/2, but in general we can consider
even functions of , strictly positive and indefinitly differen-
tiable. Let & be the set of infinitely differentiable functions
from R® to C, with rapid decrease at infinity and satisfying

flk)= f(—k). (4.4)
It is a real vector space. Moreover, ##° = h & h is a symplec-
tic space with respect to the following symplectic form o {i.e.,
real bilinear, antisymmetric, nondegenerated form):

ol(fgh(f'8)

=L‘”‘ [ rik)etk) ~fik) gtk) ). (4.5)
We can rewrite the Klein-Gordon equation on 7#”:

gt- (/8 =K(fg), (4.6)
where K is the real linear operator:

K{fg)=(/"¢)

fik)=glk), gk)= —alkfik). (4.7)
K has the following “polar decomposition”:

K=Jn=10J, (4.8)
where 2(fg)=(f"¢g),

fk)=wlk)flk), gk)=oanlkk) (4.9)
and

J(fg)=(f"g)

flk)=awlk)"'glk), glk)= —alklflk). (4.10)
J is a complex structure on 7, viz, ,

Ji= —1 (4.11)
and
ol(f8)J (f.8)

= [ dk otk £1) + olk)gth)P150. (412
Moreover,

olJ (f&)J(f'8)) = ollfgh(S &) (4.13)

K leaves 57 invariant and one can exponentiate X to find in
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¥ the solution of the Klein-Gordon equation

exp(KT)( f.8) = (/r&7)
frik) =cos[w(k)T] fk)+ o(k)™'sin[w(k)T 1gk), (4.14)
grik)= —wlk)sin[w(k)T] f(k)+ cos[w(k)T 1g(k);

exp(KT) leaves ¢ invariant.
J as a complex structure defines a bijection I”, of 7%
onto a complex pre-Hilbert space I",(5#°) with scalar product

(LI f8)

=o((fghd (f'8) + ia((f)(S"&); (4.15)
moreover,

r,J=il,, (4.16)

ol(£.&)(f" &) = Im(I, (£ ,(f'&)). (4.17)

Consequently, if we consider I',(#°) completion of I',{7)

with respect to this scalar product, I',(#) is the space of
pairs of classes of functions ( f,g):R*—CZ such that

0 fik)= f—k),
(i) glk)= gl k).,
i) f dk [ok)| ) + k)~ 8] < .

(4.18)

According to (4.17), o can be extended to that space into a
real bilinear nondegenerate antisymmetric form which we

denote by the same symbol. A Weylsystem I,(#%°), taken as

a real symplectic space % with respect to o, in a mapping
(f.g)—> W)}, into the unitary group of an Hilbert space such
that

Wh=W_s-w (4.19)

W W,y =expllio(( S 8NWsirgig (420)
If both A—W,, and u—W,,,, are continuous, then

W, =expliI(f)—2&N], (4.21)

where the self-adjoint operators [T f) and @ (g) satisfy

(@71 gl fik (4.22)

Let 4 (%,0) bethe C *-algebra generated by the Weyl oper-
ators. This algebra has a lot of states, and we shall be interest-
ed mainly by the quasifree states which are those states
which satisfy (see Ref. 9 and the references therein):

w(Wy) = exp[ — is((£8).(/8)], (4.23)

where 5 is a real, bilinear, symmetric, positive form and
satisfies

|o((£)( £ g N> <s(( S SNs((f "1 f':8))

fgex. (4.24)

In fact, we are interested by the states which are invariant
both by translations and by the evolution, where translation

is defined as the group of *-automorphisms of 4 (#°,0},
which satisfies

To(Wy) =W,

Ba?

acR’, (4.25)

where
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falk) =" flk) (4-26)
and the evolution is given by
a(We)=Wi_. (4.27)

where ( f,g)—(/f2), is the extension of exp(K?) to .

For quasifree states which are invariant both w.r.t transla-
tions and c, we have the following theorem (cf. Ref. 3, Theo-
rem 8.1)

Theorem(4.28): Any quasifree state of 4 (5#°,0) which is
invariant w.r.t translation and a, is given by a real bilinear

positive form on ¥ such that

s £:8)( /) = ol(f:g).D (f.8) (4.28)
where

D:#— ¥, Difg)=I(fg)
with

fk)=alk)f(k)+ bikgk),
glk)= —awlkVbk)fik)+alketk).
a and wb are L _ functions satisfying

ak)= — alk)= —a(—k),
bik)= blk) =b(—k),

and
olk)bk)—iak)>1, wk)bik)>1.

For the sake of completeness we sketch the proof which is
slightly different from the one in Ref. 3:

Let ¥ be the operator from I';(#°) to L,(R*dk)

V(fg)=olk)"?fk)—iolk)™"*g(k). (4.29)
It satisfies

yr,J=ivr, {4.30)
and

WV (fMle, = LA S8 - (4.31)

Hence I',(#) is isomorphic to L *(R%,dk ). Any symmetric,

bilinear, J-invariant form on & is transported into a Her-
mitian form on L }(R*,dk ), and, since it is everywhere
defined,

S((£8Mf8) = (VT SQIAVT,(fe)), (fgle F,(4.32)

where A is a bounded operator greater than 1.
Translation invariance implies that there exists an L
function 4 (k ) such that'®

(Affk)=A(k)flk), SfeL,R'dk),

which, moreover, is greater or equal to 1.
On the other hand, one can explicitly invert ¥, viz.,

VoUS) =) fely(Rdk), (4.33)
where
fiky=tolk) 2l + fi-k) ],
(4.34)
g'lk)=iolk)Afk)— fl—k) ]
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Hence V ~'AV defined from I',(7#) to I',(7) is given in
matrix form

a

V-4 = \7 gl (4.35)

where

alk)=06k)=iA(k)+A(— k)],

wlk)Bk)= —olk) 'yk)= — YA (k)—-A4(— k)]
Finally, if we recall that

(F,(f8)I,(£,8) = al( f&)J (f8)), (4.36)
one has
D =Jr;'v-'4vr,
a b
=1, 4 |, {4.37)
with

alk)=d(k) =414 (k) —4(— k)],
wlk)b(k)= —awlk) 'elk) =4 (k) +A4(—k)].

Hence the necessary conditions
ak)= —alk) = —a(—k)

bik)= b(k) =b(—k),

wlk)b(k)—ialk)>1 or wlk)b(k)>l
Conversely, to any pair of L  functions a and b satisfying
the previous conditions there corresponds an invariant qua-

sifree state of A4 (F,0).
A particulary important example is the Fock state
which corresponds to

bik)=wk)™", alk)=0, (4.38)
for which
orWyy) = exp| — <[k [olk ) £l
+ olk) gtk )] ] . (4.39

It should be stressed that the previous theorem depends

strongly on the choice of 7 to construct the Weyl algebra.
For instance, the following quasifree state,

w0, (W) = exp[ - L fe)f8)

~ [dute ot £k ) +w(kr'|g(k)|21},
{4.40)

(f,.gle?, where u is a positive bounded measure, is both
translation invariant and invariant with respect to the evolu-

tion. These states have at least an extension to 4 (5%,0)

since ( A77,0) is a subalgebra of 4 (5,0 ). Some of them at
least are not factorial since if  is a Dirac measure on k =0
we have explicitly

exp| — (/) £8) — 4 3(0(01 SO + w(0)lg0P)]
-[ T4 2T o=, (W),

0 27 ﬂ,o
410 J. Math. Phys., Vol. 23, No. 3, March 1982

(4.41)

where

we, (W) = exp{— 1s((fig),(f8)) L
+ir(w(0)/3(£/0) + £(0))cos6
+0(0)72[g(0) + £(0) Jsing} .

In (4.40) one can, for instance, even choose 4 as an unbound-
ed positive measure and takes O for the state and for those
®'/*f or 0~ '/%g, which are not u-square integrable.

Now let us come back to our problem, which is to treat
perturbations of the free evolution given by potentials of the
form

V= fd,u(g) Wog-

We can apply the machinery of the previous section, at least

if the underlying group 5 is endowed with the discrete
topology. This is not a too serious restriction since some
physically relevant interaction, viz., the exponential interac-
tion with cutoffs, falls in this class. Instead we can take as
basic group ¥ (R*) ® .’(R?) and use the fact that it is a nucle-
ar space. We write a Feynman formula for the matrix ele-
ments of the perturbations of the free evolution with the state
¥ corresponding to a quasifree state as we have previously
described,

(t/lleiH(,Te —iT(H, + V)w)
— f P(dﬂ){e — irN{0)/2
7]

)(exp[ —i/2) J ar[ax x (et O + m}X (x,t )”("7)
¢ (4.43)

for a suitable process X we shall describe later, and a suitable
definition of the measurable functional

(4.42)

n-»exp[ - (i/Z)J:dt dx X (x,t {0 + m*}X (x,t )](17)-

The process we shall describe depends explicitly on the state
we choose. But first of all let us introduce a process which
will always occur.

Let (2,7 ,P ) be the measure space defined as previously
except that now G =h and P is the Poisson measure con-
structed from the bounded measure p associated with the
potential (4.42)

Let us consider the following process:

XelktVmtf) = ¥ Axlhit; = (k) (444
where
1 .
AR(k,t) = —('k—z:m—z)”—z' Sll’l[(k2 + mz)”zt ]9+(t )
(4.45)
In x space
Xrx:t)nt, f)
= ——1——fdk ™ X g (Kot )mt, f5)
(277.)5/2
=3 |y Arlx —pt —t)ily) (4.46)
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In order to show (4.43), one has to note that
o((0.8),,  .,,(0:8;))
dk . YRy
= fm sin[(k?+m?)'2t, —1,)]g, (k) g.(k);
(4.47)

hence

So0g,), _,.08.)

r>s

=Y |dk g.(k)Ax(kt, —1,)g (k). (4.48)

The process X, (x,t) verifies an inhomogeneous Klein—-Gor-
don equation, namely,

= S a1

where 77 = (n,t,,¢;)€ £2. More generally, for a quasifree state
as described in Theorem (4.28), given by the two L  func-
tions a, wb, we can consider an adapted process:

Let us consider the function 4 *°(k,t ) (cf. Ref. 3):
A®(k,t)
— bk )cos[w(k )t ] — —— afk )sin[w(k ) ]
w(k)

{0 + m*}X g (x,t )() (4.49)

- aﬁ sin[w(k )|t |1, (4.50)
and the corresponding process
X(x,t)(n) = ZA"”*g, (.t —£;). (4.51)

i=1

This process satisfies an equation similar to that of X
namely

{D+m?IX®(x,t)n) = —212 g:ix)5(t — ¢,).

i=1
Let @ be the cyclic vector corresponding to the quasifree
state through the GNS construction. One can compute ex-
plicitly the functional

M€ Wy, @ IW _ .00 — ka0 Wrao P H71)
corresponding to a dense set of vectors in the representation
space #” corresponding to the state we have considered:

(Wiaa @1V _ x0.0, — %000 Wia, P )(1)
= exp( - iZfdk {b(k)cos[wlk )z, — ;)]

(( ))sm[w (2 ~t,-)]] gi(k)gj(k))

Xexp{iz f Jolk Yeos[aw(k )t; 1g,(k)
i P
+ gty LB T ),
wlk)
We can gather this formula with formula (4.48) and rewrite:
ZX)( W, ®| W — Xnt0) — X-0) Wrig, P )(77)
- exp[ -33 fdkA @k, — 1) gi(k) g lk )]
Xexp[la((k»go) (X& (-0, Xz (-0)) ],

which we rewrite

(4.52)

(4.53)

(4.54)
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Z\X)\W;, PIW_y g0 = X0 Wie. @ )
—exp[—pJ‘ dt dxX“"(xt){E]+m2}X“"(xt)]

><exp[ — i ax [ Ziaka 01— “gole) Xutx 1]} )
(4.55)

Consequently, we can state the following proposition:
Proposition (4.56): Let ©®® be a quasifree state of

a4 (é?,a) which is translation invariant and invariant with
respect to the free evolution. Let H, be the Hamiltonian in
the corresponding representation. Let ¥ be a perturbation
given by a bounded measure V = fdu(g)W,,. Let @ “° be the

cyclic vector corresponding to w®, and f,,8,€ #; then
(W, @ |expliTHoJexpl — iT (Ho + V)1 Wj,, #°)

f P(dn)(exp( }tf dt jdxX"b (et /{O + m2IX % (x,t)

Xexp| — 4w (0)] exp{ fdx[ 8o(x) Xz (x,0)
— fox %0 ] Dim), (4.56)

where X “® and X, are the processes which have been pre-
viously defined.

This proposition naturally applies to the sine-Gordon
model with ultraviolet cutoffs and more generally to expo-
nential interactions, but we shall discuss those models in
more detail along the previous lines in another paper.
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Hydrogenic wave functions in the spherical and parabolic bases are shown to correspond,
respectively, to a restricted set of wave functions of a four-dimensional harmonic oscillator and its
coupled pair of two-dimensional oscillators. This correspondence provides the theoretical basis
for algebraic calculations of Coulomb matrix elements in the oscillator representation.

PACS numbers: 03.65.Ge

1. INTRODUCTION

The connection between the hydrogen atom and the
harmonic oscillator has been investigated by many authors.
Schradinger' showed by his method of double factorization
that radial eigenfunctions of a four-dimensional oscillator
are “closely connected, in some cases identical, with the ra-
dial eigenfunctions of the Kepler motion” in coordinate
space. Using group theoretical methods, Chacon, Levi, and
Moshinsky? identified the radial eigenstates of the “pseudo-
Coulomb” problem® with the radial eigenstates of the four-
dimensional oscillator. Cizek and Paldus* introduced a
transformation relating the radial Schrodinger equations of
the two systems. More recently, Barut, Schneider, and Wil-
son® connected the Kepler motion in three dimensions with
oscillatory motion in four dimensions by the Kustaan-
heimo-Stiefel transformation. Utilizing explicitly two sets of
polar coordinates in perpendicular spaces, Chen® showed
the correspondence between the two systems and expanded
the total hydrogenic wave functions as a linear combination
of four-dimensional oscillator wave functions in Hermite
polynomials. On the other hand, Englefield” and others® re-
lated, by comparison, the two separated equations for the
hydrogen atom in three-dimensional parabolic coordinates
with the equation of a two-dimensional oscillator and thus
the atom is tacitly taken to be equivalent to a pair of uncou-
pled two-dimensional oscillators.

In this paper, we reexamine the correspondence be-
tween the two systems, hydrogen atom and the four-dimen-
sional oscillator. In so doing, we extend Schrddinger’s origi-
nal conclusion on radial eigenfunctions and supplement
Chen’s earlier work by explicitly identifying the quantum
numbers of the corresponding states. We will also take a
closer look at the separation of the hydrogenic equation in
parabolic coordinates with regard to its invertibility. This
subtle point has never been thoroughly examined.” Because
of its elusiveness, it has been inadvertently overlooked or,
perhaps, ignored. In Sec. 2, we examine the correspondence.
In Sec. 3, we investigate the separation procedure. After hav-
ing established the theoretical foundation we discuss, in Sec.
4, the algebraic calculation of Coulomb matrix elements in
the oscillator representation. Many of the mathematical ex-
pressions in the paper are familiar to the readers. They are
needed because of the subtlety of the point at hand. Its expo-
sition calls for a detailed comparison of the relevant math-
ematical expressions.
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2. THE CORRESPONDENCE

The dynamical group of the hydrogen atom'? is the con-
formal group SO(4,2). It contains SO(4) and SO(2,1) as sub-
groups. The dynamical group of a four-dimensional har-
monic oscillator'" is the symplectic group Sp(8). It contains
the direct product Sp(2):< SO(4) as a subgroup. The groups
SO(2,1) and Sp(2) are isomorphic. Therefore, the two systems
have in common the same underlying symmetry. It is natural
to expect that their correspondence can be established in a
four-dimensional coordinate space. Fock'? showed that the
bound-state wave functions of the hydrogen atom in mo-
mentum space are related to the angular part of the four-
dimensional spherical harmonics. The trick used was a ste-
reographic projection of the momentum space onto a unit
sphere in four-dimensional Euclidean space. We will show
that the position-space wave functions of the atom in the
spherical and parabolic bases are related to the wave func-
tions of a four-dimensional oscillator and its coupled pair of
two-dimensional oscillators, respectively. The trick now, as
we shall see, is a superposition of two phase angles of the pair
of two-dimensional oscillators to form the single azimuthal
angle of the three-dimensional atom.

We begin with the Schrodinger equation, in atomic
units, of a four-dimensional oscillator with frequency w,

_13(8 ey 1
5 ;} (c?s,? ws,):p Noy. (1)

Letting
Yi = (a))llzs“ (2)
we can rewrite Eq.2 (1) as

1 & /0 3

Now we introduce the following coordinates, which consist
of two sets of polar coordinates in perpendicular spaces,

¥y, =y cos a cos f3, (4a)
y, =ycosasinf, (4b)
Yy =) sin @ cos ¥, (4c)
Yo =y sina sin y. (4d)

The Kustaanheimo-Stiefel transformation relating these co-
ordinates to the three-dimensional Cartesian coordinates is
shown in the Appendix. In these coordinates, Eq. (3) takes
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the form

1 (32 39 4K? 2)
= —(Z + 22 —Plg=Ny. (5
2 \g?  yoy y* Y 3

Equation (5) is invariant under rotations in four dimensions.
The six generators for the SO{4) group are'*:

~_ (8,8
K, = zz(aﬁ+ay), (6
K, =jexpl +i{B+7)]
a . 3 . d
x($b;+ttana—é§—tcota§;), (7)

1.

No=-7 (aﬂ ay)’
N, =jexp[ + B —7)]

X(:t 5%+itana—a%+icota—(%). (9)

a d

The significance of these operators are further discussed in
the Appendix. The Casimir operator of the group 4K? in Eq.
(5) is given by

2 2 2
4K? =4N’ = — d — - sec’a 6 _ csca 9
da i8> a
+ (tan @ — cot a) 5%' (10)

Itseigenvalueisdenoted by k (k + 2). The solutions of Eq. (5)
have the form

wmm,m2 =Ry, ‘J"z)Ykm,m, aBy), (11)
where
RNk () = const X exp( — %Vz)ykL (’Zﬁvl— ky—1 o), (12)
}’km,m2 (a)BV)

=d!, . (2a)exp [im\([B + 7)] exp [imy(B — )] (13)

are the radial and angular parts of the wave function given,
respectively, in terms of the Laguerre functions and the
three-dimensional reduced rotation matrices.

To establish the correspondence between the hydrogen
atom and the oscillator, we set® w = ( — 8 )2 =2/n,
No =4y =owr,2a=60,andB +y=glortf—y=gas
discussed in the Appendix). It then follows that ¥ = 2r and
4K* =4L% i.e., k = 2lsince k(k 4 2)=41(I + 1). We also
note

. [ 4r \©»2
d'(0) exp (img) = (21 z 1) Y, (67 ). (14)

Therefore, the four-dimensional oscillator states specified by
the quantum numbers [N = 2n, k =2I, m;, = m,m, =0)
correspond to hydrogenic states |n/m). Thus we have ex-
tended Schrdodinger’s result on radial eigenfunctions by
completely identifying the corresponding states of the two
systems.

The generators of the group Sp(2) ~SO(2,1) are given by

1 2 3d 4K?
n=+(-&-2+%-) (15)
4 dy* ydy vy
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T, = _Li(yi+z), (16

1 # 39 4K 2)
Ti=—|————+——+y | =4 17
T4 ( H yly ) H 17
They satisfy the commutation relations
[T,T,]= —iT5, [T3T,)=iT, [T,,T5]=IiT,. (18)

The radial wave functions of the two systems satisfy the
following:

T3R,, = bR,,, (19)

T, Ry =I[b+a)b Fat )] Ro 1, (20)
where

T, =T +1iT, 21)

and the indices are given by a = }(k + 2), b =N, and
a =1+ 1, b = n, respectively, for the oscillator and the
atom. The respective normalized radial wave functions are

Ry, = w[ Aﬁﬁ_—_}’_‘—_@] 12

(§N+§k)‘.
Xexp(— %.Vz)ykL gk(;_l k)—1 ‘yz)’ (22)
_2[n= =Py g 2
R“—nz[ — ] expl— I PL Y, (o)
(23)

where y* = ws? and p = 2r/n. The volume elements for the
normalization integrals are, respectively, dr = s’ds and

dV = r’dr. An exact correspondence requires renormalizing
Ry, by using d7' = s°ds instead of d7. Consequently, we
have

Rnl = (%(l)/n)l/ZRNk = RNk /n. (24)

This relationship makes possible the algebraic calculation of
the mean values of / in the oscillator representation in Sec.
4,

3. THE SEPARATION PROCEDURE

By letting
w \1/2
U= (—2—) u=ycosa, (25a)
1/2
v = (32)—) v=ysina, {25b)

we can separate Eq. (3} or {5) into the following pair of
equations:

1 ( ¥ 196 18

2\y® p du p?op?
1 (& 1 9 1 &
FZL a1
2\ v v VPG
where N, + N, = N. The total wave function of the system,
YN, N,m,m,» 15 given by the product ¢,1,. We are interested in
solutions for which8 + y =@, N, + N, = 2n,m, = m, and
m, = 0. These are the solutions that give rise to the hydro-
genic wave functions in the parabolic basis. Let us denote
these solutions ¥y y_.o by [N, Nym;w). They are given by

~) =N 26)

v2> =Npb, (27)
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[NNomio) = R ()R (v?) exp im(B + ]
=2 [QN! —im — YN, — im — 5)!]1/2
ar LN, + m — DN, + 4m — §)!

xexp Lim{8 + ) )luviexp( - ut : Vz)

xL(';(N.—mﬂ)(/‘Z)L (T)(N,—m—n(vz)- (28)
We now decompose each of the operators in Eq. (19)into two

pieces, T’} and T'?, one acting on R (4?) and the other on
R {(+?). Then we have

TgRab = bRab’ (29)

T\ Ry=1[bxalb Fat!)]"Rep,1s (30)
where a = }(m + 1) and b = LV, j = 1,2. The volume ele-
ment used for the normalization is dr = 4uvdudvdfdy with
the range of 5 and  being 0 to 277. The volume element used
in normalizing hydrogenic states in the parabolic basis, giv-
en by

nn,! 1/2
nim(n, + mii(n, + mt ] exp[4§ + n)/n]

X exp (im@ )(gn/n*\"L 7 (& /m)L T (n/n),  (31)

isdV =4 + n)dédndp. As before, we need to renormalize
|N N,m;w) with respect to the volume element d7’ = (u*
+ v’)uvdudvdBdy. As a result, we have

|nnm) = (-“i)ms (—2—-) ‘Nlsz;w)
n nw
_ (2)1/2

|nynm) =[

N\N,m), (32)

since w = 2/n for the hydrogen atom. The scaling operator is
given by

S{d)= —iTylnA. (33)

The two sets of quantum numbers are related as follows:
n,=}N, ~m—1),n,=§{N, —m —1). We will use Eq.
(32) to calculate a transition matrix in Sec. 4.

Now we come to the subtle point regarding the inverti-
bility of our separation procedure which reflects the under-
lying symmetry of the problem and the noninvertibility of
the separation procedure using parabolic coordinates. It is
clear that each of the two equations (26) and (27), complete
with its own angular dependence, represents a bona fide two-
dimensional system, namely, a two-dimensional oscillator.
The corresponding equations in parabolic coordinates, how-
ever, do not have the proper angular dependence. The sepa-
rated equations given in the literature are of the form'*

(L (L) - -Elre1-zre) 0o

deNCde) T 4 2
—[%(n%)—f—;—%]mm=zzmm, 35)

where Z, and Z, are the separation constants and the prod-
uct R (£)R (7) gives the “radial” part of Eq. (31). It is well
known that Egs. (34) and (35) obtain after the angular depen-
dent term in the unseparated equation is replaced by — m?
upon operating on the angular dependent part of the wave
function. If the angular dependence is given back to the sepa-
rated equations by writing d 2/ instead of — m?, it will
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give rise to a wrong angular part in the total wave function,
namely, exp(2ime) instead of exp(img). Therefore, the sepa-
ration procedure using parabolic coordinates is not inverti-
ble. It is three dimensional. Furthermore, since 8 + ¥ = ¢,
the phase angles are coupled and the hydrogen atom corre-
sponds to a pair of coupled two-dimensional oscillators.

4. MATRIX ELEMENTS

The correspondence established in previous sections al-
lows the 15 generators of SO{4,2) to admit the following real-
ization in the oscillator representation:'’

Lyy= —4A_B* +A4* B, —A% B_—A B*),
Ly =44 _B* —A* B, —A% B_+A4,B*)
L,=44% A, —A* A_+B* B, —B* B ),
L,=44*B, +A4 B% +A* B_+A4,B*),
L,=4A* B, —A_B* —A% B _+A,B*),
Ly,=4A%A4, +A* A_—B% B _—B*B_)
Lis=}d4%B*% +4A_ B_+A4A,B, +A* B*),
Lys= —}id*% B* +A4_ B_—A, B, —A% B*),
Ly=4A*%A* +A,A_—B*% B* —B B ),
L= —i{d* A4* —A,A_+B* B* —B B},
Ly=4A%B* —A, B, —A B_+A* B*),
Lyg=4A* B% +4,B, —4_B_—A* B"*),
Ly=1id% 4* —A,A_ —B* B* +B.B ),
Lyg=4A4* A* +A,A_+B* B* +B.B ),
Li=44* A, +A*A_+B* B, +B* B_+2)

where
A, =(a, Fia))/2"?, A% =(a; tia;)/2'?
B, =(a,Fia)/2'?, B* =l(a;" +ia})2'?

are the shift operators and
a; = (3/3y;, +y)/2"% a7 =(-3/dy; +y)/2'?

are the boson operators satisfying the commutation relations
l[a.a" ] =86,

with all other commutators vanishing. The generators T,
T,, T, given in Sec. 2 are, in SO(4,2) notation, Ly, Ls, Lse
respectively.

To calculate the mean value of r, we note that

P =5 =(n/2fy? =nT, - T} {36)
Then, in view of Eq. (24} and the normalization, we can write
(nl|P|nly =n? ~(NK|(T,— T\F *'|Nk). (37)

Using Eq. (37), we have calculated the mean values for

= —1,1,2,3,4,5. The calculation is facilitated by the fact
that only diagonal terms in (T, — T, * ! contribute. With
the use of commutation relations given in Eq. (18) and below

[T+’T—] = — 2T33 [T+3T—] = :t T:i: s (38)
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and by denoting P=T,7T_+ T,and Q=T ,T_, we have

(T, — T, = T'} + P + nondiagonal terms (nd.),

(T, — T\’ =T3 + 4T+ (3 PT5 + (nd.),

(T, =T\ =T3+2T*+ () P+ () PT»
+(3 Q% +(nd),

(T, =T =T34+ 5T + (3 Ts+ (¥ PTs + () PT3
+5PT3 + () Q*T; + nd,

(T, — T\ =T$ +10T3 + (3 T3 + (4 P+ 5PT;
+ () PTS + (%) PT3 + () PT3
Q7+ (B PQ7+(§ 2T
+(%Q°T} +nd.

Using the above in Eq. (37) in conjunction with Egs. {(19) and
(20), we have reproduced the explicit results obtained by the
method of direct integration'® up to p = 4. Forp = 5, we
obtain

P=(R gyt + (i
— (il + ) — (i +1)
HHPIH =P+ 1P
+(HI+ 1 — (il +1)

In comparing the results for different powers of p, we note a
pattern common to all, namely, only even powers of #
contribute.

We now deal with matrix elements with n7#n'. As a
specific example, we take the transition matrix element
(n'l’m'’|z|nim}). All other matrix elements can be similarly
dealt with. To evaluate this matrix element in the oscillator
representation, we utilize Eq. (32) by first making the
expansion

|nlm> =S A |n

nyn2

nn,m), (39)

where A 7 are the coefficients derived by Tarter.!” Thus we
have

(w'l'm’|zjnlm) = ¥ Z AT i

22—
8

><<n{n;m’

n,n2m>. (40)

It should be noted that the quantum numbers are related by
n =n, + n, + m + 1. The left-hand side of Eq. (40) can be
reduced to a radial integral in accordance with the selection
rules Am = 0, Al = + 1. Denote the matrix element on the
right-hand side by M. Then we have from Eq. (32)

4 4
: ()55 (5)]
n'e 8 nw

M=— <N Nimo
xN,sz;m>. (41)

nn'

Noting that in terms of the SO(4,2) generators

i(“z + %) = (Lys + Lsg)/ 0, i(“z — %) = (L4 + Lys)/ o,
S*A)=S(1/2),and S (1/A Lys + Lsg) (L3s + Las) =4 ~*
X (Lag + LsglL3s + L4s) S{1/4 ), we can write
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M= <N Nim|(Lg + LsgL 34+L35)S(%){N1N2'n>

|=‘='::

S (Wi smI (Lo + LodlLaa + L N TN 3m)

n NyNy

cfponsnf(2)

where the parameter o has been omitted. This result has
been obtained by Englefield'® in parabolic coordinates mak-
ing use of assumptions based upon physical insight. We have
now provided a rigorous theoretical basis for its validity in
the framework of a four-dimensional harmonic oscillator
which has the same underlying symmetry as the hydrogen
atom. The matrix elements in Eq. (42) can be evaluated alge-
braically. Putting Eq. (42) back into Eq. (40), we obtain the
desired result, namely, an expression for the radial integral
on the left-hand side in terms of matrix elements in the oscil-
lator representation.

N,N2m>, (42)

APPENDIX

The mapping from a three-dimensional space with Car-
tesian coordinates x,, x,, x, to a four-dimensional space with
coordinates s, 5,, 53, 54 is bijective. It is tantamount to mak-
ing a Kustaanheimo-Stiefel transformation®

X, 5, — 84 51 =5\ [s

X3 ) ] 5s 53 5, 5 ¥s

X3 Sl S2 ~S3 "‘S4 S3

Y 2 TS5 TS $3/ M4
$
§2

=A R (A1)

S3

4
where 4 is the transformation matrix. If we designate the
momenta conjugate to s; as g;, then we have

D 7
P2_2 %] (A2)
Ps r qs
0 g

The transformation is contingent upon the relationships
s*=r,2a = 6,and 8 + y = @, where r,6,p are spherical co-
ordinates. For this choice of phase relationship, we require
m, =m, m, = 0. Using the following

i =cosf (cos a —a— _Sma i—) _ P B —a—, (A3)
) ds s Oa scosa df
g _ = sm,B(cosa 19_ _Smna i) + cos B i, (A4)
55 Js s Oa scosa df
9 _ cos y(sin a 9 + 222 _8_) - ——SIP 4 ~a—, (AS)
55 Js s da ssina dy
a . V( d  cosa (3) cosy 4
— =siny|sina — + e _tY A6
ds, Os s Oda + ssina dy (AS)
we can show that the last component of Eq. (A2),
8241 — 5192 — 5493+ 534,
= —i(3/38 — 3/3y) = 2N, =0, (A7)

Augustine C. Chen 415



is consistent with our choice of m, and m,. On the other
hand, using Eqs. (A3)—(A6), we can show that K, =L ,,
K, =L,; £ iL;,. If wechoose the other phase relationship,
namely S — ¥ = @, then the sign of s, in the transformation
matrix 4 must be reversed and the roles of ¥, and K, are
interchanged.'® In other words, N, and N, will then be-
come the angular momentum operators instead. Since

y— — ¥ means s,— — s,, by changing the sign of s, {or y,) in
the generators, we obtain an alternative representation of the
dynamical group.

Equations (A3)—{A6) can be used to show the equiv-
alence between the generators in the oscillator representa-
tion and those obtained by Barut and Bornzin.?® For
example,

W, =L,g= —li{ —5,0/0s3 — 5,9/0s,
+ 5,0/854 + 5,0/05,)
= i{ — sin @ cos ¢rd/dr — cos ¢ cos 63 /30
+ sin @/sin 63 /9g)
= —ird/dx, =rp,.
This shows that the extra factors e *  are not needed as in
Appendix E of Ref. 7.

'E. Schrodinger, Proc. R. Irish Acad. Sect. A 46, 183 (1941).
2E. Chacén, D. Levi, and M. Moshinsky, J. Math. Phys. 17, 1919 (1976).
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(1979).
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'%See, for example, B. G. Wybourne, Classical Groups for Physicists (Wiley,
New York, 1974).

'See Ref. 10.

'2V. Fock, Z. Phys. 98, 145 (1935).
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Electron Atoms (Academic, New York, 1967).
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2A. Q. Barut and G. L. Bornzin, J. Math. Phys. 12, 841 {1971).
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Simple multiple explode-decay mode solutions of a two-dimensional

nonlinear Schrédinger equation
Akira Nakamura
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Multiple similarity type explode-decay mode solutions of a two-dimensional (=2D) nonlinear
Schrédinger (=NLS) equation have been obtained by the bilinear method. From the three
examples of the 2D-KdV equation, ordinary cubic 2D-NLS equation, and the present 2D-NLS
equation, the expectation is presented such that “any 2D nonlinear evolution equation which has
multiple soliton solutions simultaneously has simple self-similar-type multiple explode—decay
mode solutions so far as the equation has self-similar symmetry.”

PACS numbers: 03.65.Ge

1. INTRODUCTION

It is known that one of the typical nonlinear evolution
equations, the 2-dimensional (=2D) KdV equation, has not
only well-known multiple soliton solutions but also self-
similar-type simple multiple explode-decay mode solu-
tions'~> which we call in this paper ripplons for brevity. The
equation is written as

(, + 6un, + uz,), + 3a%u,, =0. (1.1)

Throughout this paper we use the following notations. Sub-
scripts x, y, t represent partial differentiation, o, 3,8, 6
represent arbitrary real constants, and * represents complex
conjugate. These ripplon solutions are interesting since they
have precisely the same nonlinear superposition property as
solitons.*?

Recently, by generalizing the similarity type plane wave
solution derived by Redekopp, a similar type (ripplon) solu-
tion has been found for a 2D cubic nonlinear Schrédinger
(=NLS) equation,®

iu, + Bu,, +B'u,, + éu*uu=0. (1.2)

However, in this case just as multiple soliton solutions exist
essentially only in the 1D direction, multiple ripplon solu-
tions also exist essentially only in the 1D direction.

As the third example of multiple ripplon solutions, we
report here the ones in another 2D-NLS equation,7“9 written
as

iu, — Pu,, +B'u,, + 6utuu — 2wu =0, (1.3a)

Buw,, +B'w,, — B8lu*u),, =0. (1.3b)
This equation is known to fit into inverse scattering trans-
form formalism,'° thus to have multiple soliton solutions
which are nonlinear superpositions of 1D-like solitons in 2D
arbitrary propagating directions.'""'? Then in contrast to the
rather limited superposition properties of Eq. (1.2), we can
expect the existence of the multiple ripplon solutions of simi-
lar 2D character to Egs. (1.3a) and (1.3b). As will be shown in
this paper, this turns out to be the case.

Having concrete examples of these three equations, we
are naturally led to the following empirical proposition: Any
two (space) dimensional nonlinear evolution equation which
has multiple soliton solutions has, simultaneously, the multi-
ple simple self-similar-type explode-decay mode (ripplon) so-
lutions so far as the equation has self-similar symmetry.
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Now returning to Egs. (1.3a) and (1.3b), we present explicit
multiple ripplon solutions in the following sections.

2. BILINEAR FORM AND 1-RIPPLON SOLUTIONS

For our analysis, we use the technique of the Hirota
bilinear method.'*'* We consider the dependent variable
transform'?

u=g/f, w=@2BWnf),, (f=/,* (2.1
Inserting this into Eqs. (1.3a) and (1.3b) we have

(D, +(—B)D,*+B'D,*g- f=0, (2.2a)

(BD,*>+B'D f-f— 8g*¢ =0. (2.2b)
Here bilinear differential operators are defined for arbitrary
functions a(x, y, t) and b (x, y, ) as'>'*

D,'D,"D,"a(x,y,t )b (x,p,t)
=(d, — 3, )3, —3,)"(d, = 3,.)"
Xaxp,t b (X' W5t ) ¢ < ay =y =1 (2.3)
Quite similarly to the recent result® of the cubic 2D-NLS
Equation (1.2), we can directly check that the following 1-
ripplon solution satisfies Egs. (2.2a) and (2.2b):
g=(1/t)e%  f=144F0+7, (2.4)
_ix+ x,)? iy +y)
TR Ty T
o T [{ix,) + (ix;)*]? () + @y )* T
26 28’8
wherex,, y;,v;, are arbitrary complex constants. In the origi-
nal variable u the solution is written as

+v;,

o (2.5)

u=2
S
exp| — (1/2)r,. i, — x.* ix.2 — jx.%2
_ p[ — (1/2)r ] Sechl[Zl(x, x*)x + ix;2 —ix,
Z u 4=F)
2y, —y.*y + iyiz — iy ]
; ~* PPy
+ 4B, +(Ul +vl +Tu )t
)? *)2
Xexp[i bt x) +x+x)
, 8(—B) .
Y+ +2Y) v; ——v,-‘]
+ i . 2.6
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We note that except for the change of sign S — §), this
form is quite similar to the 1-ripplon solution of the ordinary
2D cubic nonlinear Schrédinger equation (1.2), and has simi-
lar characteristics as follows: The solution is essentially one-
dimensionally localized. It grows its amplitude and narrows
its width in time ( — o0 < ¢ < 0)and then decays its amplitude
and broadens its width in time (0 < < o). Att =0, the
solution explodes to infinity as a 1D Dirac é function. From
this characteristic, the present ripplon solution may be con-
sidered as a kind of essentially 1D version of instanton solu-
tion. The propagating velocity is constant during the whole
process.

3. N-RIPPLON SOLUTIONS

We note that in Eq. (2.4), apart from the additional fac-
tor 1/ting, the 1-ripplon solution is formally quite similar to
the 1-soliton solution written as

g=e" f=1+expln +n*+7s),
ﬂ[Ekix+Iiy+wit’ ia)i +(_B)ki2+ﬁlli2=0’

expl— = 2 4kt o+ 4 10P )
This formal similarity between 1-ripplon and 1-soliton solu-
tions leads us to the natural expectation that N-ripplon solu-
tions may exist and have the form analogous to the N-soliton
solutions. Thus in direct analogy to the N-soliton case, we

have the assumed form of N-ripplon solutions as

g= YW —exp zno + g nnr,J], (3.2a)
n=0,1 i<j=1
zto) exp[zne + % nnT,,], (3.2b)
n=0,1 i<cfj=1

where 8,(1<i<N ) is the same as that given in Eq. (2.5) and

n, =0 or (IKIK2N), Oy, =(6,)%

O N e 1
2B5 2B'6

-

T T
, eN+1,N+/=(e jt’

e_Ti.N+j_e—TN+j.i_e i

[(lx ) 4+ (ix )*]2 [(y:) + (’:Vj)*]z
238 28'6
(1<, j<N), (3.3)

and the summation symbol 2", | implies that in the total
22V sums over n, = 0,1,...,n,5 = 0,1, only those sums satis-
fying the condition

(ny+ny+ 4 ny)—(Ayy H iy o+ TRy =m
(3.4)

should be taken. As the simplest such important example of
muiltiple ripplons, we write explicit forms of fand g for the 2
ripplon (N = 2) case
g =(1/t)[exp(6,) + exp(6y) + exp(6, + O, + 6T + Tiz1e)
exp(6; + 6, + 0% + iz )}
f=1+explf, +0F+7,.)+expld, +6F + 712.)
+ exp(d, + 0% + 731.) + expl(6, + 0F + 7320)
+exp(@, + 60, +0F + 0F + Tizp0)s
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Ti21e=Tya + Tie + Topes T1220=T12 + Tize + T2

Ti2102s =Tz + Tiis + Tize + Tope + Toae + Tioze-

The symmetrized form of this g and fmay be obtained in a
manner similar to the case of the 1D-NLS equation given in
Appendix B of Ref. 13. From here to the end of this section
we give the proof that Egs. (3.2a) and (3.2b) satisfy bilinear
equations (2.2a) and (2.2b) and therefore actually are the so-
lutions of the 2D-NLS Equation (1.3). The readers who are
interested only in basic physical aspects can go directly to the
next section.

For the purpose of the proof, we recall that in the case of
the usual solitons the bilinear method utilizes the simple re-
lation between the arbitrary bilinear operator F(D,, D,, D,)
and simple exponential functions

F(D,,D,,D,)explkx + ly + ot )}explk'x + 'y + o't
=Flk—k']—1'\w—oexplkx + Iy + wt)
Xexplk 'x +1'y + o't). (3.5)

In other words, simple exponential functions are eigenfunc-
tions of the bilinear differential operators. In the present
case, we must seek the corresponding relation for exp (6,). By
the direct calculation we obtain the following relations:

(D, +(~B)D, 2+B’D )L expl 36 expl 3 it

=[ ﬂ)t 121(’1
- Z(nN+i

i=1

—(E(ﬂ

”.")(‘xi)z
— njy, ix)*?

N
i)+ 3 = i N
i=1
+ [terms with interchange of
(=Bl x—, 2, 2=t
X -l—exp[ Y (n; +n)6; |, (3.6)

i=1

8D, + B'D,*exp| 2 n;6,)-exp( 2 n'é,)

i=1

- [ e .Z,‘" — n)ix,)

+ 2(”N+:

1—.1

nh»(ix.—)*]z'

413' B ,Z.("

+ 3 ks — e i) [P

i=1
N
X exp| > (ni +n{)6; |, 3.7
i=1
where n,,n;,n”(1<i<2N ) take the values O or 1 and satisfy
the conditions,

2 nN+1 =11

= i=1
z(”"“”Nw =0. (3.8)
i=1
Equations (3.6) and (3.7) show that the functions exp (6;)
again have the nice property of being eigenfunctions of the
bilinear differential operators. We note that the one small
complication is that the eigenvalues now contain an addi-

— n})iy:)

’
i —n;v+i)=0y
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tional time-dependent factor ¢ ~* everywhere.

Now we insert the assumed N-ripplon solution, Egs.
(3.2a) and (3.2b), into the bilinear equations (2.2a) and (2.2b).
From the above eigenfunction properties, after operations of
bilinear differentiations, the results should again be the sum
of products of exp (6,)’s with proper change of their coeffi-
cients. Now we will see those coefficients in detail. In the

J

resultant two equations, let the coefficient of
exp{(@, + -+ 6,)+ 20,1+ +6,, )

+ Oy 1+ +Onir)

+ 2001+ O]
bedenotedas D, (/,! ')and D,(/,! '), respectively. Using the rela-
tions (3.6) and (3.7), we see that

, +1) * 2
e 3 i [ St - Sowaimr® ~ 1 Soi)+ Sov i)

o=0,1 i=1 i=1

+ [same term with ( — B replaced by 8',x,by »,, and x*by y* }}

1 0,0;
X — expl S —Ei ), (3.9)
L<igel
Nij<N + 1
, © 1 )
Dl 3 4 | Sal)+ Sow i) §
=0,1 i=1 4B t i=1 i=1
0,0; @ 0,0,
xexp( Y @ —=T) - 3 5 exp( —L ) (3.10)
i<j 2 o =01 2
1<ig<! 1<igsd
Niga N+ 1" NLij<N + I’
|
whereo;, = + lor —1(i=1,...,,N+ 1,...N+[')and z":
symbol 2, _ , ™ implies that in the total 2'* /" sums over = (3.14)

= + 1; 0, = %+ 1;--, only those sums satisfying the
condition
Zo 20N+i~m (3.11)

i=1 i=1
should be taken.

In Egs. (3.9} and (3.10), inserting the expression for
exp(7;) given by Eq. (3.3) and then rewriting the notations
by replacing

obyd;, —on,byd
ix; P (ix;)* 5
o sy Y TR
-@%)Wbyy‘n (Tg%f by —Jiii (3.12)
we have
D) 2” g_zl&;eu }"‘,1 6.4 + ila,ﬁ,z
- (210”'.)7, P16 (2,5,6)=D\(n),
Dbl 3 |‘°’x (3050 +(3 65016 550)
—0% . *2b (£,5,8)=Dn),
b (£.9,0)= H (=5 +0 —FRTea (3.3)

where/+['=nand 2, _,," implies that in the total 2"
sums over 6, = + 1,...,6, = + 1, only those sums
satisfying the condition
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should be taken.

_ Thus, expressions (2.7a) and (2.7b) are exact solutions pro-

vided that the following identities hold:

D,(n)=0, foroddn

D,(n)= (3.15)
The quantities D;(n)(i = 1,2) have the following properties:

0, forevenn.

(i) D;{n} is the polynomial of £, .--X, ,--§,,
(ii) D;(n) is the invariant under the interchange of
(R Pi)eE;.),

(iii) D;(n| X, = X,, §; = P)) < D;(n — 2|£3""£n’ﬁ3'"ﬁn)‘
The identities D,(1) = 0 and D,(0} = D,(2) = O can be
checked directly. Now we assume that the identities hold for
n — 2. Then from (ii) and (iii), D,(n) must contain factors
{(®, — %01 (§, — 5, or (R, — 2,)(p, — $»)} asshowninthe
Appendix. From (ii), contribution of these factors from each
pair /,j (1<ij<N ) leads to the inequality

[order of D,;(n)]>2,C, =n* —n.
On the other hand, Egs. (3.13) show that the

(3.16)

[order of D\(n)]1<2,,1,Co+2,_,,C,+2
(n— 1
= 8= 4o
[order of Dy(n)] <largerof (2,,,C, +2,,C, + 2)
and (2+ n/2+1C2+2n/2—lC2)

=in*—n+2 (3.17)

From Egs. (3.16) and (3.17) we see that D,(n) = Ofor n> 3 and
D,(n) = 0 for n>4 and the identities (3.15) are proved. Thus
we have proved by the standard application of the bilinear
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method that the 2D~-NLS Equation (1.3) has simple multiple
ripplon solutions given by Eqgs. (2.1), (3.2a), and (3.2b).

4. PROPERTIES OF MULTIPLE RIPPLON SOLUTIONS

Since formally the N-ripplon solution is quite similar to
the usual N-soliton solution, one can easily expect that quite
parallel arguments to the usual N-soliton case hold every-
where. One physically interesting point is whether the phase
shift occurring in the collision of two ripplons is time-depen-
dent or not. Since all the factors exp (r;;) which are related to
the phase shift are also time-independent in the present rip-
plon case, we see that the ripplon phase shift is time-
independent.
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APPENDIX

We have the following properties (I}~{III) for arbitrary
finite-order polynomials.
(I) Any finite-order polynomial P(x,, x,) can be decomposed
as
P(xy, x5) = (x; + x,)4 (x,, Xx5)

+ (X = X2)B (x4, X3) + Co5 (A1)

where 4 (x,, x,), B (x,, x,) are again finite polynomials and ¢,
is constant with respect to x, and x,.

Proof: Clearly we can decompose P (x,, x,) as
P(xy, Xy) = x,4 (x,, X;) + X,B (x,, X,) + ¢, where
A(x,, x,),B [x,,x,) are finite polynomials. Then we have
Plxy, x5) = §xy + xo)(d + B) + 4x, — x,)l4 — B) + ¢,
which is equivalent to (A1).
(II) Denote an arbitrary finite polynomial of order at most n
asP,. P, (x,,x2),¥,) can be written as the sum

Pn(xl’xbyl’yZ)

= z CyurlXy + x,)(xy — xY01 + )01 — 22
ik
i+j+k+l<n . (A2)
where ¢, are constants with respect t0 X;,X5.) 1,V2-

Proof: We use mathematical induction. For n = 1, we
see (A2) holds as

eXy + X e+ Cr+ 6
= e, + c)lx, + x2) + 4e; — ca)lxy — X,)
+ 3les + ey +32) + J(cy — ca)yy — Ya) +Co

where ¢,...,, are all constants. Next assume that it holds for
P,. By applying (I) twice, we have
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P, (x1X001002) = (%) + X)4 (X, %200 1,02)
+ (xy — X3)B (x4, 220 1,2) + C12)
= (x; + x4 (x,,%,010)
+ (X1 — X)B {x1,X5,01,07)
+ (1 + 120D (102)
+ 7y — V2)E (12) + o

where by construction 4, B, D, E are polynomials of order at
most n and ¢, is constant with respect to x,,x,,5;,,- From
our assumptions, 4, B, D, E are sums of (A2) type; therefore
P, . (x1,%2,91,,) is again a sum of (A2) type with n replaced
by n + 1. Therefore (A2) holds for all positive integers n.
{III) Suppose the polynomial P, {x,,x,,y,,y,) satisfies the
conditions

Pn(xl’x2)y19y2)|x|=x2,y,=yZEO’ (A3)

P, (x1,%5.0132)==P,, (XX 1,)2:91), (Ad)
where the symbol = represents *“identically equal to.” Then

Pn (xl’x21.yl’y2) = ('xl - x2)2A

+ Xy = X0, — »2)B + 0, — 2)°C,
(AS5)

where A4, B, C are appropriate finite polynomials.

Proof: We consider the expansion (A2) for
P, (x,,%5,01,0,) proved in (II). Then from condition (A3),
¢ = Oforj =0, /=0. From conditions (A4), ¢ = 0 for
J + [ = odd. Therefore in the expansion {A2), the nonvanish-
ing terms are at mostj + / = 2,4,6,---. Namely,

P, (xpx0102) = ay{x; — X, + ay(x, — x,)' (v — p,)'
+ a3y, — )
+ byxy — x5)* + bylx, — X,y =)
+ b3y, — 3. — o) + -,

where a,, a,,...b,, b,..., are constants, Thus we have (AS).
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A combinatoric result related to the N-body problem
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In the set of complete chains of partitions of N objects, let chains that are related through a
permutation of the objects be termed equivalent. The number of equivalence classes p 5, is shown
to equal the Euler number |Ey _ | if Nis odd, and 2" (2" — 1)|B, |/N, where B, is a Bernoulli
number, if NV is even. The number of elements in each class is also found. In the Yakubovskii-type
formulation of the N-body problem in quantum mechanics, 2 is the basic number of coupled

equations when all particles are identical.

PACS numbers: 03.65.Nk, 02.10. + w

In current formulations of the quantum mechanical N-
body (scattering) problem, the concept of a partition of N
particles into k groups b, is frequently used. A sequence of
succesive partitions such that 5,25, D--Dby_ | Dby is
called a complete (or maximal) chain. In the most detailed
formulation, that of Yakubovskii,' such chains appear as the
index set for the quantities of interest, like transition opera-
tors or wavefunction components.”

It is known that the total number of chains is
NN — 1)//2¥ ', and this is also the number of coupled
equations in the Yakubovskii-type formulation, for distin-
guishable particles.? For identical particles, chains that can
be transformed into each other through a permutation of the
particles are equivalent, and the number of coupled equa-
tions reduces to the number x, of equivalence classes.* As is
easily verified, ¢, = 1 and u, = 2. A general expression for
1 has not been obtained (see Ref. 3), and we therefore pro-
ceed to derive such an expression.

In a k-particle chain, k£ — 1 splittings are involved.
Therefore, in order to produce an N-particle chain starting
with the partition (1,....k )(k + 1,...,N) an additional NV — 2
splittings are required, & — 1 of which are splittings of the set
(1,...,k ). These last splittings can be carried out anywhere
along the N-particle chain, and therefore in (£ - 2) different
ways. Each choice corresponds to a different class of N-par-
ticle chains, and the total number of classes is therefore
N>Jp =p,=1)

Nt (N—2
/‘N="2!"kz (k_l),“k/‘/v—k- (1)

=1
The factor § takes care of the fact that (1,...,k ) (k + 1,...,¥V)
and(l,..,.N — k }(N — k + 1,...,V) generate the same classes.
In order to relate i, to familiar combinatoric numbers,
consider

gl= 3 pus™ VN =1, 2)
Using (1) (fo; N>3), and interchanging the order of summa-
tion, we find

8ls) =puy + py — spi

+2 3 S TN

k=1 N=k+1

X(k — N — k — 1)), (3)

“Work supported by the Swedish Natural Science Research Council.
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Replacing Nbyi =N — k,and usingu, =y, = 1, it is seen
that

gs-gm = |1 +2%)). @)

This equation has the solution [recall that g(0) = 1]

gls) =tan (s/2 + 77/4) =tans + 1/cos s. (5)
The power expansions of these functions are well known,’
and we conclude that

Bk 1 = |Exl,

Mo = 22(2% — 1)| By, | /(2K ), (6)
where E,, and B,, are Euler and Bernoulli numbers, respec-
tively. The values for i, found here are larger than previous-
ly thought.**® The first few are given in Table 1.

As an illustration to our result, we list an element from
each of the five classes in the case N = 5:

(1234) (5) (1234) (5)

(123) (4) (5) (12) (34) (5)

(1I2)3) @ (5 (12)(3)(4) (5)

(M2)B) @ (5) (1)(2)(3) (4)(5)

(123) (45) (123) (45) (123) (45)
(123) (4) (5) (12) (3)(45) (12) (3) (45)
(12)3)4)5)  (12)3)(4)(5)  (1)(2)(3) (45)

MR2)B)EG) MEEBIE@E) (1)(2)3) @ (5)
None of these chains can be obtained from another through a
permutation.

It is also of interest to know the number of elements in
the equivalence classes. Suppose that in a particular chain
only one pair is broken, like in the first of the shown ¥ = §
chains. Permutations of the numbers in the pair leaves this
chain invariant, but all other permutations generate a new
chain belonging to the same class. The number of elements in
the class is therefore N!/2. In other chains, pairs may be
broken at two instances, like in all the other N = 5 cases. A

TABLE 1. Number of coupled Yakubovskii-type equations for N identical
particles.

N 3 4 5 6 7 8 9

Ky 1 2 5 16 61 272 1385
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permutation of the numbers of either pair leaves the chain
invariant, and the number of chains in each class is therefore
N'1/22 (at this point we can verify that our total number of 5-
body chains is 5!/2 + 4 X5!/2% = 180, i.e., in accordance
with the formula of Ref. 3).

In the general case, let 4! be the number of N-body
classes in which M pairs are broken in each chain,

= Z,,u'%", MKN /2. Equation (1) generalizes to

1 4 -1 ’
u =S (1) 8 (v

where (¥ = 0 M > N /2. Obviously, u = 1, uf =0,
p = 1. Let

palt)= 3 plit! ™

Then (2) can be defined and (3) is again valid with u,, under-
stood as a function of ¢; in particular, , = 1 and u, = .
Equation (4) takes the generalized form

2t — 1+ g%s)) @)

with the solution
gls) = (2t — 1)"*tan((2t — 1)*/%5/2
+ arctan(2t — 1)~ "/3), (5')

From the power series expansion of this expression (there is
no singularity at ¢ = 1),

gi= 3 S pnl 1MV /Ny, @)

N=0M=0
the numbers u''! are obtained.

d
;;g(s) =
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As anillustration, consider the N = 6 case. From (5’) we
find that u® = 0, u{) = 1, u@ = 11, and u) = 4. There are
therefore one class with 6!/2 elements, 11 classes with 6!/22
elements, and four classes with 6!/2° elements. Adding up
we find 2700 6-body chains, as expected.

In conclusion we have studied the set of complete
chains of partitions of N objects, and in particular the equiv-
alence classes generated by permutations. The number z,, of
such classes has been determined, as well as the number of
elements in a given class, N !/2™, where M is an easily found
positive integer characteristic for the class. We have also
determined the number u' of classes having the same num-
ber of elements (same M ). Combining these results with a
formula from Ref. 3, the total number of complete chains is

zu(M)N

This expression is a useful check on the calculation of the
numbers ufY)

These combinatoric results are relevant for the formu-
lation of the Yakubovskii-type N-body (quantum mechani-
cal scattering) theory in the case of identical particles.

=NIN = 1)/28 1, (8)
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Using a recently developed global isometry method for treating accelerating observers, the
induced tangent space transformation on flat Lorentzian R ¢ is mapped homomorphically onto a
time-dependent D /2% g D ‘©1/? representation of SL (2,C ). The Dirac equation is shown to take
on pseudoterms via this mapping. Eliminating the pseudoterms by identifying an affine
connection, an exact analytic expression for the covariant derivative is found for general cases of
arbitrary C? timelike observers. The transformation properties of the connection are shown to
satisfy the conditions imposed by a general tetrad formalism. The specific case of the rotating
observer is considered wherein the exact expression for the boosted Dirac equation is found.

PACS numbers: 04.20. — q

{. INTRODUCTION

Recently,'~ several exact treatments of accelerating ob-
servers in Lorentzian R * based on presymmetry* arguments
have been published. Extensions of the above work are also
available>® treating the accelerating observer on an arbitrary
space-time manifold.

An alternative”® approach appeared recently utilizing
global causality arguments along with Galilean and special
relativistic limits to obtain a specific global isometric map-
ping on flat R * which induces a tangent space mapping con-
sisting of time-dependent Lorentz boosts. Elimination of
pseudoterms from particle and Maxwell equations allowed
an affine connection to be identified for arbitrary C 2 timelike
observers.

The standard 12 homomorphism of the full Lorentz
group L, onto SL(2,C) is used in this paper to consider the
case of the Dirac equation relative to an accelerating observ-
erin flat R *. Straightforward manipulation of the derivative
pseudoterm in the boosted Dirac equation leads to an exact
expression for the affine connection which defines covariant
differentiation. The connection obtained satisfies the general
transformation conditions implied by the tetrad formalism
of general relativity.®

The specific case of the rotating observer is considered
where the Dirac equation relative to that noninertial observ-
er is shown to take on acceleration and Thomas precession
terms through the connection.

Il. THE TANGENT SPACE HOMOMORPHISM

In Ref. 8. it was shown that a global isometry for R *
could be found, parametrized by arbitrary interframe time-
like velocity functions, which induced tangent-space maps
consisting of time-dependent boosts. The Dirac equation for
the field ¢: R *—C? @ C? canbe written in the covariant form
(with bispinor source term R ) as

—iy*d, ¢ + (me/fjy =R (2.1)
relative to all inertial frames. The * matrices being invar-
iant, it is obvious that any tangent space mapping of d, must
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be accompanied by an appropriate mapping L, onC? & C*?
in order to preserve the form of Eq. (2.1). This, of course, is
the usual SL(2,C) direct-sum representation

L, =D(1/2'0)®D(0’1/2). (2_2)

The rigorous extension of Lorentz transformations to
time-dependent boosts from Ref. 8 implies a mapping of the
4-gradient, 3, = A ~'*,(B(¢))d,, and suggests the exten-
sion of L, of Eq. (2.2) via the use of the variable rapidity, B(t ),
of the accelerating observer. It is also useful to extend the
observer’s trajectory, X (7), to a congruence of curves on R *
by simply translating the curve orthogonal to the time axis,
thereby filling R * and defining a timelike C ! vector field of
tangents on R *.

With metric 7 =(+ — — —), we use the D"/2% re-
presentation of the Lorentz boost, '°
D "29(B(t)) = cosh(a/2) + sinh(a/2)(0-A), (2.3)

where cosh @ = ¢{t), sinha = — B(t)yt), A =B(t)/B (),
and o represents the Pauli matrices. Here,

M) = (1 —B¥¢))~""? as usual. The use of time dependent
B(¢ ) does not alter the invariance properties of the Dirac ma-
trices, i.e.,

v =A*Lyy Ly =y~ (2.4)
Consequently, writing the “boosted” Dirac field as
¥' = L4, etc., the left side of the Dirac equation becomes
—iy*d,(Lp¥) + (me/A)Lp¢). Using Eq. (2.4) we may ex-
press this as

Lp(—iy*d,¢ + (mc/ApY) — iy* (3, Lp )y
=LoR —iy* (@, Lo (2.5)

Writing ¢y = L, ™'y’ and using 8, (L, L, ~') = 0 we
may rewrite Eq. (2.5) in the covariant form

— iy VoY + (me/AY =R, (2.6)
where V, =3, + I',(x') and
I, (x)=Lp@d,Lp™" 2.7)

is the acceleration connection for C? @ C?2 induced by the
accelerating observer. Obviously, for inertial frames, for
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which B = const, I',, is zero as expected. It is to be noted that
the above connection has one upper and one lower spinor
index suppressed and that it is similar in form to the connec-
tion for the tangent space itself.?

iIl. TRANSFORMATION OF I',

Successive induced tangent space mappings easily de-
fine the transformation properties of the above connection.
Let O be an inertial frame, let O ' be noninertial relative to O
withrapidity B(¢ )and let O " be noninertial relative to O ' with
rapidity B'(z '). Composing the two spinor space mappings
L,(B(z)) and L, (B'(¢")), the connection for O " is

L, = (Lolt Lyt )3 (Lot MLp(t) ™" (3.1)

Usingd, =A ~'=,(t')3,, we obtain, from Eq. (3.1),
L, =Lpt"d,L,""(t")
+A T (WLl WLy () (3.2)

where I", = L,(t)d ,L, " '(t)is the connection of O'. This
result is consistent with the general requirements for a con-
nection!! and is also consistent with the tetrad formalism® on
an arbitrary space-time manifold. Here the tetrad is § %4, for
flat R 4, and it does not enter the connection since it is
constant.

IV. APPLICATIONS

An application of the above formalism is to express the
Dirac equation relative to a rotating observer where a
Thomas precession would be expected.

For simplicity we take B(¢ ) to lie in the x-y plane and let
df /dt = 0. Then reversing the 8(¢ ) factor in Eq. (2.3) we ob-
tain the representation D '/? (B(t )) and forming L,

= D /20 g D12 e obtain connections using Eq. (2.7} in
the form

I,=LpA " )(%LD - 1). (4.1)

Choosing a fairly common representation'” for the
Dirac y matrices, the Dirac equation relative to the rotating
observer is, after lengthy calculation,

424 J. Math. Phys,, Vol. 23, No. 3, March 1982

) ool ¢ Lo
=R’ (4.2)

where 0, = (— (y — 1)/B7) (BXd B/dt) is the Thomas
precession angular velocity, S is the spin operator whose z
component is given by S, = 0’2 = — i/2[y", ), ¢ = L¥,
andd B/dr = yd B/dt. Itisseenin Eq. (4.2) that the accelera-
tion connection merely adds a spin interaction term and a
radial centrifugal acceleration term relative to the rotating
reference frame.

V. CONCLUSIONS

A straightforward extension of the Dirac equation to
accelerating frames of reference in flat R * was accomplished
via a mapping of time-dependent tangent space boosts onto a
time-dependent D /2 @ D ©1/? representation of SL(2,C).
A closed form expression for the connection coefficients 7,
can be found by simple manipulation from Eq. (2.7). The
acceleration-covariant Dirac equation [Eq. (2.6)] is com-
pletely equivalent to a tetrad formulation on flat R *, where
the tetrad may be taken to be the identity.
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The stationary metrics in flat spacetime are derived using a recent classification of the timelike
Killing vector field trajectories. The metrics fall into six classes. A “simple” coordinate system
from each class is selected as representative. Three of these systems are rectangular Minkowski
coordinates, pseudocylindrical (“accelerating”) coordinates, and rotating coordinates. The
remaining three appear to be new coordinate types which will be useful in exploring coordinate-

dependent effects in quantum field theory.
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I. INTRODUCTION

Recently' the stationary motions in flat spacetime have
been described and classified. These motions may be defined
in at least two ways: (i} They are the world lines whose curva-
ture invariants—curvature (), torsion (7), and hypertorsion
(v}—are constant. Physically these invariants are the proper
acceleration and angular velocity of the world line. Conse-
quently, points on the world line are not distinguishable by
local measurements. (ii) They are the integral curves, or tra-
jectories, of the timelike Killing vector fields in flat
spacetime.

The stationary motions fall into six classes according to
the invariants. For a given choice of invariants, the world
line is fixed up to an inhomogeneous Lorentz transforma-
tion. The classes are listed below with an expression for the
tangent vectors in a convenient frame and a description in
that frame. A frame-independent pictorial description of
these motions is not possible, suggesting that they are best
described locally by the frame-independent invariants. We
denote proper time along a world line by s and use units
where the speed of light equals 1 exclusively.

Class A:

k=7=v=0, x*=(1,0,0,0). (1)
This class contains inertial world lines.

Class B:

T=v=0, X*=/{coshxs, sinhxs, 0, 0). (2)

This class consists of world lines along which the proper
acceleration remains constant and equal to «. The world
lines are hyperbolic in this system.

Class C:

ki<, v=0, p*=7"—4«3, (3)

X =p~!(r, — ksinps, kcosps, 0).
In this frame the spatial projection of these world lines is a
circle with a radius x/p. The angular velocity is a constant
o/

Class D:

Il =7, v=0, % =(1+ ks ksix’s*0). (4)
The spatial projection is a semicubical parabola containing a
cusp where the direction of motion is reversed. The cusp has
no intrinsic distinction on the world line.
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Class E:

| > |71,

v=0, o*=«*—7, (5)
** = o~ !(kcoshas, ksinhas, 7, 0).

The spatial projection of this motion is a catenary. A charged
particle injected into a constant electric field follows a world
line of this class if its initial velocity is perpendicular to the
field. This is therefore the relativistic generalization of pro-
jectile motion. In the nonrelativistic (s€o ™", s<x~!) limit
classes B, D, and E merge.

Class F:

v#0,
Xt = ( 4 coshR,s, 4 sinhR s, —~_ sinR .5, 2L costs),
R R AR AR

R*= (i + 7 + V) — 47,

A2=4R*+ K7+ 77 +17),

RI=YR>+K -7 -1},

R} =}R*—k*+ 7 + 17 (6)

In this frame, this motion may be viewed as a rotating world-
line uniformly accelerated normal to its plane of rotation.
The radial distance from the x axis is maintained at a con-
stant k7/ARR,.

There are stationary coordinate systems adapted to
each of these world lines because they are timelike Killing
vector field trajectories. (By stationary we mean the metric is
time-independent. This is to be distinguished from static
which is a more specific term.) In these systems the lines of
constant spatial coordinates, if timelike, are stationary world
lines. The time coordinate is proportional to proper time.
Each section of this paper is devoted to finding and describ-
ing the stationary coordinate systems adapted to a class of
stationary motions. First, the Killing vector field associated
with the class is constructed. This field and the requirement
of stationarity determine the metric depending on four arbi-
trary functions of the spatial coordinates and an arbitrary
constant. The arbitrary terms represent freedom to choose
the spatial coordinates, the constant time hypersurfaces, and
the time scale.

In addition to the general stationary coordinate system
associated with each stationary motion, a particular system
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which we feel is the most natural for each set of motions is
exhibited. No attempt will be made to precisely define the
criteria for “naturality”; our considerations are as follows.
First, we seek the system with the maximum number of cy-
clic (not appearing in the metric) coordinates. Such a crite-
rion distinguishes rectangular from spherical coordinates.
Additionally, the dependence of the metric on noncyclic co-
ordinates is minimized. For our purposes,? separability of
the wave equation is another desideratum. Finally, the co-
ordinate system associated with a more complex stationary
motion should have as a limiting case that of a less complex
motion.

The stationary coordinate systems find use in the study
of the coordinate dependence of quantum field theory. They
are particularly suited for this purpose because the metric is
time-independent, allowing a globally conserved energy to
be defined on constant time hypersurfaces. We discuss the
quantization of the scalar field in the stationary coordinate
systems in another paper.” Two of the coordinate systems
developed here have an event horizon and a distinct station-
ary limit surface making them analogs of the rotating black
hole metrics. Certain properties of these metrics might be
elucidated by pursuing this analogy.

Il. MINKOWSKI COORDINATES

The simplest of the stationary coordinate systems is the
usual rectangular Minkowski coordinates. This system is de-
fined by

Rectangular Minkowski coordinates:

X=t x'=x, xX*=y, xX*=z

ds* =dt? — dx* — dy* — dz*=n,,, dx"dx".
These are not the only coordinates adapted to inertial world
lines in the sense described in the Introduction. Any coordi-
nate system in three-dimensional Euclidean space may be
extended into a Minkowski-type system by the addition of an
orthogonal time coordinate. In all these systems, the inertial
world lines (1) are maintained at one spatial point, and prop-
er time on these world lines is proportional to the temporal
coordinate. The general stationary coordinate system adapt-
ed to the inertial world lines is developed by the method
which follows.

The Killing vector field

§4x) =(1,0,0,0) (7)
is tangent to all the world lines (1). All coordinate systems

(%°,x",x%, x°) are sought in which this Killing vector field takes
the form

£4(x) =x~"(1,0,0,0), (8)
where y is constant. In these systems the tangent vector to
the inertial world lines necessarily has only a time compo-
nent, and therefore the world lines are at rest.

The transformation between the Killing vector field (8)
in barred coordinates and the field (7) in rectangular Min-
kowski coordinates is

£, (x(7) = %g’f(ﬂ )
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This is a set of differential equations for the Minkowski co-
ordinates in terms of the barred coordinates

_f Ot Ix dy Oz
1’0’0’0 = 1( ’ ’ ? )'
1000 =x" 7 37 32 3

These equations have as solutions the transformations

x* = yX°8 + A#(x %%, (11)
where the A # are arbitrary functions of the spatial coordi-
nates. The ease with which Egs. (10) are solved may be traced
to the lack of ¥ dependence in £ .

Equation (11) generates coordinate systems adapted to
the Killing vector field (7). The metric in these coordinates is
ds® = y}dx°)? + 2y4 0, dX°d% + 1,54 ,4° Laxdx. (12)
Derivatives are with respect to the barred coordinates. The
coordinate systems defined by (12) are the most general set of
stationary coordinate systems associated with world lines of
class A.

Among the class A stationary coordinate systems there
are two which we wish to single out. The first is simply rec-
tangular Minkowski coordinates. These are recovered from
(12) by setting y = 1 and 4 # = X'8 + X°8% + x°6%. We
consider these coordinates to be the most natural for a class
A observer. The other system is cylindrical Minkowski co-
ordinates defined by (12) with y = 1 and
A* = X'cosX’8 4 + X'sinx?84 + x°6%. Thus we have

Cylindrical Minkowski coordinates:
x°

(10)

=t X'=r, P=¢ P=z
r___(xz +y2)l/2’ ¢=tan_'(y/x),
ds’=dt* —dr* — Pd¢* — dz*.

In this and later coordinate descriptions new coordinates are
defined when they appear. The definition is held to through-
out the paper.

Rectangular and cylindrical Minkowski coordinates, as
well as all Minkowski-type coordinates, are static. Static me-
trics, in addition to being time-independent, have no space-
/time mixing components, that is, g5, = g92 =803 = 0. In
static coordinate systems the vector 3 /9x° is orthogonal to
the hypersurfaces X° = const. The general stationary metric
(12) associated with inertial motion is, however, not static.
The nonstatic coordinate systems differ from Minkowski-
type coordinates by having curved hypersurfaces of constant
time.

In the remaining sections, we follow the methods of this
section to generate the stationary coordinate systems adapt-
ed to each of the stationary motions.

IIl. PSEUDOCYLINDRICAL COORDINATES
The Killing vector field
£ #x) = (kx,x1,0,0) (13)

has as trajectories the world lines defined by (2). The coordi-
nate systems associated with this field are given by the differ-
ential equations

_f Ot 9dx dy Iz
xx,xt,0,0) = ’(—-———, = ——) 14
! '=X"\ 3% 37 a7 370 (14)
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The solutions of (14) are
xt = A"[(884 + 6,6 )coshkyx®
+ (084 + 6,8)sintucyx® + (6285 + 6384)],  (15)

where the 4 ¥ are four arbitrary functions of the spatial
variables.
The metric in the coordinate systems generated by (15)
is
ds* = i’y’A “AP (8,8} — 8263)(dx°V + 2cyA°A”,
X(6,,65 — 8,64)dX°dX* + 1,,A4° AP dirdx”.
(16)
This metric represents the most general stationary coordi-
nate system adapted to uniformly accelerated world lines.
Ify=«x""and 4~ = x'6} + x’8} + x°58}, a familiar
coordinate system is recovered.

Pseudocylindrical coordinates:

=7 x'=¢( =y P=gz

ds? = £%dr — dE* — dy* — d?,
7=tanh~'(t/x), &=(t?—x)"2

In this system the metric is static and there are three cyclic
coordinates. This system has been discussed in detail by
Rindler?® and has been used extensively because of its similar-
ity to Kruskal® coordinates. It has been called accelerating,
hyperbolic, Fermi, and Rindler coordinates by various au-
thors. The name *“‘accelerating coordinates” does not com-
municate the static nature of the metric, while “hyperbolic
coordinates” does not suggest space/time mixing and is sub-
ject to confusion with three-dimensional Euclidean systems.
We therefore propose the name “pseudocylindrical coordi-
nates” because it better describes the inherent geometrical
properties of the system. These coordinates are the natural
generalization of cylindrical coordinates to a space with in-
definite metric. Thus a cylinder in Euclidean space becomes
a pseudocylinder in pseudo-Euclidean space. This name is
subject to some confusion because an acceleration is some-
times called a pseudorotation. If it is recalled that coordinate
systems are generally named after coordinate surfaces, not
coordinate lines, this confusion will be minimized.

Some aspects of the pseudocylindrical coordinate sys-
tem are displayed in Fig. 1. As they are expressed above,
pseudocylindrical coordinates cover only one-quarter of
spacetime (region I in the figure); however, slight changes in
the definitions of 7 and £ yield suitable coordinates for the
remaining regions. For example, £ might be defined as

— (> — x%)"/? in region III while 7 is defined as in region L.
The resulting metric is stationary only in regions I and III,
where it is also static.

Taking region I to be the physical region, one finds that
the surface 7 = — w0, £ = 0 is a past event horizon and the
surfaces 7 = w0, & = 0 is a future event horizon. In general
the term event horizon is accurately applied only with refer-
ence to one world line.’ That is, it is the boundary of space-
time regions which are in some manner causally disconnect-
ed from the world line. In special cases, the timelike
coordinate lines in one region have, when viewed as world
lines, identical event horizons. When this occurs, one may
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horizon
§=0

FIG. 1. Pseudocylindrical coordinate surfaces displayed in rectangular
Minkowski coordinates. Spacetime is divided into four regions (I, II, I1I, IV)
by the event horizons 7 = 0, £ =0and 7= — «, £ =0. Anobjectona
£ = constant line has proper acceleration £ ~'. Proper time on this world
lineis s = &7.

speak of the event horizon as associated with the coordinate
system because a spatial region is causally disconnected at all
times in the same manner as the world lines. Such an event
horizon is indicated whenever there is a null surface which is
also a coordinate surface, and is obviously coordinate-de-
pendent. A notable example of this type of event horizon is
found in Schwarzschild coordinates,* The event horizons of
pseudocylindrical coordinates, and the other systems in this
paper are also of this type. In the general system, event hori-
zons associated with individual coordinate lines are differ-
ent, and the coordinate system cannot be said to have an
event horizon. Several of the flat, conformally static systems
of Brown, Ottewill, and Siklos® are pretty examples of this.
Each coordinate line is hyperbolic (uniformly accelerated);
yet there is no coordinate event horizon.

IV. ROTATING COORDINATES

World lines of class C are trajectories of the Killing
vector field

§4x) = (r/p, — py,px,0). (17)
Coordinate systems associated with this field are found to be
given by the transformations

xt=A"[(8585 + 8,8) + (6.8) + 8,85 )cospxX°
+(6,8; — 8,8 )sinpyx°] + xlr/p)%°8%, (18)
and the metric is
ds* = [xy*r*/p* — xy’p*A °4°* (6L, + 6265 ](@x°y?
+2x [(r/p)d 8% — pA °4P (5,85 — 6.,85) |dx°dx*
+ 7,54° AP dFdT. (19)

There are no static forms of the metric (19) because
there is no surface everywhere orthogonal to the Killing vec-
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t
Q\ r = constant
= A+

™~

t = constant

FIG. 2. Rotating coordinate surfaces displayed in rectangular Minkowski
coordinates. Constant ¢ surfaces are planes and constant r surfaces are cir-
cular cylinders identical to surfaces in cylindrical Minkowski coordinates.
Constant ¢ surfaces are “twisted” versions of constant ¢ surfaces resem-
bling a spiral staircase or Archimedean screw.

tor field (17). Letting y = p/7 and
A* = x'cosX’8 + X'sink’8% + X354 gives the usual rotat-
ing coordinate system.’

Rotating coordinates:
2=z

ds® =dt? — dr* — Pd¢ + Qdt )} — dz?,

d=¢ — 0t
This coordinate system depends on one free parameter
£ = p*/r which must be constant. Because of this param-
eter, any rotating coordinate system is adapted only to one
subclass of the world lines in class C. This is to be distin-
guished from pseudocylindrical coordinates where no free
parameters occur, and all world lines of class B appear as
coordinate lines.

The coordinate surfaces of rotating coordinates are
shown in Fig. 2. Surfaces of constant » and ¢ are identical to
coordinate surfaces in cylindrical Minkowski coordinates.
The difference between the systems lies in the arrangement
of the coordinate lines on the cylindrical surfaces. Lines of
constant ¢ are displaced relative to lines of constant ¢ at a
constant rate (2 (relative to coordinate time for both sys-
tems), thus forming helices rather than vertical straight lines.
As a result of this displacement, surfaces of constant é are
right conoids resembling the screw of Archimedes. The
name “rotating coordinates” is well established. A sugges-
tion of motion is desirable because the coordinates are not
static, that is, motion along constant ¢ hypersurfaces is im-
plies because the Killing vectors are not orthogonal to it.

A particle at rest in rotating coordinates moves along a
helical world line with angular velocity 42 and radius r as
viewed from Minkowski coordinates (see Fig. 3). The parti-
cle has proper acceleration k = £2 ?r/(1 — £2*r) and angular
velocity 7 = £2 /(1 — £2*7%). The Killing vector field (17) be-
comes null on the surface r = 1/42. Beyond this stationary

P=t F=r B=¢,
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World tine

limit

FIG. 3. The environment of a helical world line as it appears in rectangular
Minkowski coordinates. An observer on the world line has a velocity of
one-half the speed of light in this frame of reference. The stationary limit
surface separates the timelike region of the Killing vector field from the
spacelike part. All objects outside the stationary limit will appear to be
“dragged‘‘ around clockwise relative to the world line.

limit all Killing vector trajectories are spacelike, thus no ob-
ject can be at rest relative to the rotating coordinates. The
explanation for this is that no object can move faster than the
speed of light. The region is similar to the ergosphere sur-
rounding a rotating black hole, although no energy can be
extracted from it. There is no event horizon in rotating
coordinates.

V. NULL PARABOLIC COORDINATES
The Killing vector field

EMx) = (1 + kxxt — Kky,kx,0) (20)
has the world lines of class D as trajectories. This form of the
Killing vector cannot be significantly simplified by transfor-
mation to another Lorentz frame; that is, it cannot be repre-
sented as a linear combination of commuting boost, rotation,
and translation Killing vectors as with the other motions.*
Because of the complexity of the Killing vector field a co-
ordinate system based on cylinders or pseudocylinders is not
possible.

Transformations derived from the Killing vector field
(20) are
x* = W EP (86 + 85) + Mo "S (X + Y X8

+ A4 {8286 + 6285
+ kY8284 + 8,86 + 6.84)
+(8L8% + 6285 — 8084 + 8,85 + 8,84}, (21)
and the metrics associated with these transformations are
ds* = YY1 + 2«4 °8, — K’A°A 80,85 dx°) + 2xA .04
X d%°d%* + [1,5 + (8% — 82)(65 — 85)
— 885147 ,4°% dedx. (22)

Some general features of the coordinate systems can be

found. First, from the transformation (21) one finds

YO+ AF ) =1 — . (23)
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FIG. 4. The environment of a class D world line in rectangular Minkowski
coordinates. The world line is defined by x = 7 and has as its spatial projec-
tion the semicubical parabola shown. An observer on the world line would
measure constant proper acceleration equal to constant proper angular ve-
locity. The world line is causally connected with all points in spacetime;
therefore, there is no event horizon in a class D coordinate system. Howev-
er, there is a stationary limit surface (parabolic cylinder in this frame), and a
corresponding region where no world lines are at rest. The parabolic cylin-
der has a null axis which remains null in different Lorentz frames.

Thus, to set 4 ° equal to zero necessitates X° becoming a null
coordinate. Second, the parameter x must appear in the met-
ric. Third, there is no event horizon in this coordinate sys-
tem. This is easily verified by showing there are past- and
future-directed null geodesics between each point in space-
time and some point on the world line whose tangent vector
is (4). Finally, there is a stationary limit where (20) becomes
null. The surface is a parabolic cylinder {with a null axis)
defined by

14 2x — k¥t —y)P?=0. (24)
This surface and a representative world line are shown in
Fig. 4.

A coordinate system with a particularly simple metric
is derived from {22} if y = 1 and

A* = (X' — 1/2)8% + X284 + X84, (25)
Null parabolic coordinates:
ds® = 2«x'(dX°) + 2dx%dx° — (dX')* — (d%°)?,
X0 = EP + (kX' + Jx° + 2,
x' = @R + (%' — i),
X2 = PP + (F — P+ 2,

3 3

=
]
=

The metric has three cyclic coordinates, and the wave equa-
tion is separable. This appears to be the most “natural” of the
class D coordinate systems.
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VI. PSEUDOROTATING COORDINATES

The class E motions are trajectories of the Killing vec-
tor field

&H(x) = (ox,at,7/0,0). : (26)

The transformations to stationary coordinate systems are
therefore

X = A"((8284 + 5.8 )coshay R + (598 + 8.84)sinhoyE°
+ (828 +8284)) + x =%, (27)
g

and the metrics are
ds* = [o?y?A °AP (8.6 — 80.85) — y*r*/d*(dX°)?
+ 20477014 <, 8, — oxA“A”, (826} — 5153 Jdid
+ 54 % AP didT. (28)
Metrics associated with class E motions, like those asso-
ciated with class C motions, are never static because there
are no surfaces everywhere orthogonal to the vector field
(26). The choice y = 1/ocand 4* = X'6* + %264 + X°64
leads to the metric for
Pseudorotating coordinates:
X=7 X=¢ F=j =z
ds* = £%dr* — dE? — (dy + Qdr)* — d2?,
y=y— nr.
This system depends on the parameter £2 = r/0° and has as
coordinate lines only a subclass of world lines in class E.
Coordinate surfaces in the pseudorotating system are
shown in Fig. 5. Surfaces of constant £ and 7 are identical to

surfaces in pseudocylindrical coordinates. Because lines of
constant ¥ move at a uniform rate (2 (relative to coordinate

¥ = constant

£ = constant

T = constant

FIG. 5. Pseudorotating coordinate surfaces displayed in rectangular Min-
kowski coordinates. Constant 7 surfaces are planes, and constant £ surfaces
are hyperbolic cylinders just as in pseudocylindrical coordinates. The con-
stant 7 surface is a “‘twisted”’version of the constant y plane. Note that the
¥ = const surface and the 7 = const surface intersect in a y = const plane
and that this plane depends on both y and r (y = 7 + {27). Note also that
surfaces of constant § and r are not orthogonal.
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Event horizon

Stationary limit

=0 World line

FIG. 6. Environment of a class E world line in rectangular Minkowski
coordinates. A world line with x = 27 is shown, its spatial projection being a
catenary in this frame. An observer on this world line measures constant
proper acceleration equal to twice his proper angular velocity. The event
horizon at £ = 0 divides spacetime just as in pseudocylindrical coordinates.
A stationary limit surface separates timelike from spacelike Killing vectors.
In the region between the event horizon and the stationary limit no object
can be at rest relative to pseudorotating coordinates.

time 7) relative to lines of constant y, the surfaces of constant
7 are twisted in a manner analogous to the twisting of

& = const surfaces in rotating coordinates. These surfaces
are once again right conoids and, as required in a nonstatic
system, are not orthogonal to surfaces of constant 7. We
choose the name “pseudorotating” for this coordinate sys-
temn because it resembles rotating coordinates without hav-
ing any periodic motion and because this suggests its relation
to pseudocylindrical coordinates.

The environment of a particle at rest in pseudorotating
coordinates is displayed in Fig. 6. Event horizons divide the
manifold into four regions exactly as in pseudocylindrical
coordinates. In addition to the event horizons there is a sta-
tionary limit surface at £ = 2, where the Killing vector field
(26) becomes null. Between the stationary limit and the event
horizon is a region where all timelike world lines move rela-
tive to pseudorotating coordinates. This region is strongly
suggestive of the ergosphere of a rotating black hole.

Pseudorotating coordinate lines are world lines of class
E with proper acceleration k = £ /(£ 2 — {2 %) and angular ve-
locity 7 = £2 /(£ 2 — £2?). These world lines are physical only
when £2> 022

Class E world lines should not be confused with the
Lorentz transforms of class B world lines. The constant y
surface is a function of 7, not ¢, and is therefore not a plane
but a curved surface. Also, the spatial projection of a Lorentz
transformed hyperbolic world line is necessarily a hyperbo-
la, not a catenary as in Fig. 6. The y component of velocity
relative to the Minkowski coordinates of this figure de-
creases with time [dy/dt = 2 /(€% + ¢3)'/?].

A possible alternative to the pseudorotating coordinate
system is arrived at by setting y = ¢/7 and
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A* = X'sinhx’6 4 + x'coshx?5# + x°5%. The metric for
this system is
ds* = — (dx°)? — (dx')? + (X\)(dX* + 2 ~'dx°)?

— (d®). (29)
Comparison of this metric with that of rotating coordinates
explicitly shows the similarities between them. In spite of
this, we prefer pseudorotating coordinates because they be-
come pseudocylindrical coordinates in the limit 2—0.

VII. ROTATING PSEUDOCYLINDRICAL COORDINATES

Motions of class F are the most general stationary
world lines in the sense that all three curvature invariants are
nonzero, and they cannot be described in a spacetime of less
than four dimensions. These world lines are trajectories of
the Killing vector field

§4x) = (Rx,Rt, — Ryz,Ryp). (30)
Coordinate transformations derived from the field are
xt = A"[(6085 + 6,8 )coshR yx° + (628} + 8,85)

X sinhR yx° + (6284 + 62684)cosR,yx°

+ (8385 — 8,84)sinR %], (31)
and the metrics are
ds’ =(R% + R 31,4 °A P (dx°)7

—2y(4°4°, — AP4° )R 828} + R,52%64)dxX°dx

+ A, AP dXdX. (32)
A particular coordinate system in this class of metrics is
found by letting y = 1/R, and
AY =X'67 4 X*cosx>8 5 + X’sinx>S .
Rotating pseudocylindrical coordinates:

x°

=7, X'=§ X=r, ©=¢,
ds* = £ — dE? — drF — Pldé + 2dr)?,
r=0*+23"% ¢ =tan"'(z/y) — Or.
Some remarks concerning coordinate definitions are in or-
der. The definition of r differs slightly from earlier usage, but
it is essentially the same coordinate. This minor change
might be avoided by requiring (contrary to convention) that
all accelerations be in the z direction and all rotations be
around the z axis. The similarity of the definition of § and § is
only formal because the rotations are measured relative to
different coordinate times. The parameter £ = R,/R, sin-
gles out one subclass of the world lines of class F.
“Rotating pseudocylindrical coordinates” is an appro-
priate name for this system because it is a pseudocylindrical
coordinate system with an essentially independent rotation
tacked on. A rotation of the Minkowski (y,2) plane relative to
the Minkowski (#,x) plane does not upset coordinate rela-
tions in the (¢,x) plane where the pseudocylindrical coordi-
nates are defined. Surfaces of constant £ and 7 are exactly the
same as the corresponding surfaces in pseudocylindrical and
pseudorotating coordinates. Surfaces of constant r and b ap-
pear the same as constant r and & surfaces in rotating coordi-
nates (Fig. 2) if the Minkowski  axis is replaced with a 7 axis.
Relative to the Minkowski ¢ axis the pitch of the screw in-
creases rapidly with increasing ¢.
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FIG. 7. The environment of a rotating and accelerating (class F) world line
in rectangular Minkowski coordinates. The event horizon at £ = 0 is exact-
ly as in pseudocylindrical and pseudorotating coordinates. The stationary
limit is an elliptical cone when the z axis is suppressed, but a more arbitrary
slice z = const X y yields an elliptic hyperboloid. A world line moving at
close to the speed of light is shown. Its rotation appears as an oscillation
along the p axis; its acceleration appears as the hyperbolic form in the (x,¢)
plane. The oscillation is redshifted at large proper times.

The environment of a static observer in rotating pseu-
docylindrical coordinates is shown in Fig. 7 with one dimen-
sion suppressed. Event horizons occur exactly as in pseudo-
cylindrical and pseudorotating coordinates. The Killing
vector field (30) becomes null on the surface £ 2 = 2 2 which
can be various elliptic hyperboloids, depending on the exact
choice of ¢ in the projection. In Fig. 7 the z axis is suppressed
{¢ = 0) and the stationary limit appears as an elliptic cone.
There are no static world lines outside this cone.

A representative stationary world line is also shown in
Fig. 7. The world line has proper acceleration
K= (&2 + 2?2 /(&* — 2 %) and angular velocity
(7 + VA2 =2 (£% + A)V2/(E? — 2%P). Asexpected, these
diverge on the stationary limit surface. When £>r and £2<]1,
we recover the uniformly accelerated observer. The appar-
ent change in the frequency of oscillation in Fig. 7 is simply a
redshift effect occurring because the velocity approaches the
speed of light as proper time s— .

Viil. CONCLUSION

In this paper we have taken a complete set of timelike
Killing vector fields in flat space and derived all stationary
coordinate systems adapted to them. The fields are complete
in the following sense: There is a threefold infinity of trajec-
tories of Killing vector fields defined by «, 7, and v and listed
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explicitly in Egs. (1)-(6). Any timelike stationary world line
is the Lorentz transform of one of these trajectories. For each
of the trajectories, a Killing vector field coincident with its
tangent vector is found. The resulting set of fields is therefore
representative of all timelike Killing vector fields because
any other can be generated from these by a Lorentz transfor-
mation. The metrics eventually derived from these Killing
vector fields are the most general set of stationary metrics in
flat space because they are unaffected by transformations of
the fields.

A more elegant set of Killing vector fields from which
the stationary coordinate systems might be derived is

E4x) = (1 + &x, kit — 79, X — vz, VY). {33)
Any timelike Killing vector field may be put in this form by a
Lorentz transformation to the frame in which the world line
is at rest when at the origin of coordinates. This representa-
tion is not as convenient for calculation as the representa-
tions we have chosen.

In general, each stationary metric is fixed only up to
four arbitrary functions of the spatial coordinates and a con-
stant. The constant is a scale factor on the time coordinate,
and the arbitrary functions represent the freedom to vary
spatial coordinates and constant time hypersurfaces without
undoing the stationarity of the metric. We have singled out a
particular case of each type of stationary metric for use in
later work according to criteria listed in the Introduction. In
all cases a satisfactory system for these purposes has been
found.
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We give an example of a causally well-behaved, singular space~time for which all singular-
boundary constructions which fall in a certain wide class—a class which includes both the g-
boundary and b-boundary—yield pathological topological properties. Specifically, for such a
construction as applied to this example, a singular boundary point fails to be T,-related to an
event of the original space-time. This example suggests that there may not exist any useful,
generally applicable notion of the singular boundary of a space-time.

PACS numbers: 04.20.Cv

1. INTRODUCTION

It has been known for many years that large classes of
solutions of Einstein’s equation must be singular, However,
it has proven difficult to formulate a precise description of
this singular behavior, since space-times in the framework
of general relativity do not include “singular events” at
which a local analysis of structure can be carried out. This
circumstance has led to the search for a construction which
determines, for any singular space~time, some additional
singular points attached to that space~time. In particular, a
useful algorithm has been sought which assigns, to each
space—time (M,g,, ), a topological space M with M as an
open, dense topological subspace. The points of M — M are
to be interpreted as the “‘singular points” of (M,g,, ), while
the topology of M would describe “how close” regular
space—time events are to singular points.

At least two such constructions for singular boundaries
have been proposed: those for the g-boundary’ and the b-
boundary.? In the g-boundary construction, the singular
points are introduced as ideal endpoints of incomplete geo-
desics, while the topology arises from the behavior of these
geodesics under small variations of their initial conditions.
In the b-boundary construction, the singular points are ideal
endpoints of those curves incomplete with respect to a suit-
able generalization of affine parameter, while the topology
arises from a certain “distance,” also defined in terms of this
parameter.

It is known that the b-boundary construction gives un-
physical results even for common solutions of Einstein’s
equation. In particular, for the extended Schwarzchild solu-
tion the b-boundary contains a singular point every neigh-
borhood of which includes the entire space-time!® Thus, ac-
cording to this construction, every event of the space~time—
even those in the asymptotic region—is “arbitrarily close” to
the singularity. On the other hand, no example has yet been
given for which the g-boundary seems unphysical. Non-
Hausdorff topology from the g-boundary construction—
and also the b-boundary —is known to occur in space—times,
such as Taub~NUT, having an incomplete timelike geodesic
which continually reenters every small neighborhood of
some point of M. However, such a topology seems, physical-
ly, to be the “right answer” in such causally pathologicai
space—times, and so they do not provide evidence against
these constructions.
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Our main purpose is to give an example of a space-time
for which the g-boundary construction—as well as any con-
struction sufficiently similar to it, including the b-bound-
ary—yields an M which appears unphysical. Consider any
construction of singular points which shares with the g-
boundary the following two properties: {i) Every incomplete
geodesic in the original space-time (M,g,, ) terminates at a
singular point of M. (i) The resulting space M is geodesically
continuous, in a sense made precise below. We show that
such a construction must, when applied to our example,
yield the following non-T, behavior: There is a singular
point s and a regular space—time event 7 such that every
neighborhood of s includes 7. In fact, properties significantly
weaker than (i) and (ii) suffice. Indeed, as we shall see, unphy-
sical topology results from constructions which merely satis-
fy these two conditions when applied to all flat space-times.

Geodesic continuity is defined as follows. Recall that
the exponential mapping exp takes point p of M together
with tangent vector £ “ at p to that point of M—if it exists—
obtained by traversing unit affine length (as determined by
£ “) along the geodesic with initial conditions {p,£ %). Thus,
exp is a continuous (in fact, C ) mapping from an open sub-
set ¢ of the tangent bundle of M onto M. This & consists of
(p,€ ©) for which the corresponding maximally extended geo-
desic has affine length exceeding one. LetZ be the subset
which includes in addition those with affine length exactly
one. For a construction of singular points satisfying property

S
7

(i) above, we can extend exp:7—M to a mapping exp:&

—M as follows: For (p,£ )ef — &, let exp( p,& “) be the

singular point of M representing the endpoint of the incom-
plete geodesic determined by (p,£ ¢). A construction will be
said to be geodesically continuous if this extended exponen-

tial mapping exp is also continuous. Thus, condition {ii)
requires that, for any sequence (p,.£ ¢} in 77 which converges
in & to (p,£%) in &, eXp (p,,£ %) converges in M to
exp (p,£ °). In fact, we shall need this condition only in the
case with all the & “’s timelike and the sequence (p;,§ {) in &
itself.
2. THE EXAMPLE
We first briefly review the g-boundary and b-boundary
constructions and their relevant properties. Let (M.g,,) be a
space-time. Each produces from this a topological space M.
The g-boundary' construction proceeds as follows. Let
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M denote the disjoint union of M and the set of all incom-
plete geodesics of unit affine length. Define a mapping

exp Z—Min 1 the manner described above for ‘exp. Let the
topology of M be the ﬁnest for which ch is continuous, i.e.,
let the open sets of M be those whose inverse images under
eﬁ) are open in & . Next define an equivalence relation, ~,
on M as follows: Write x ~y, for x,yeM, if the neighborhoods
of x and y, intersected with M, are identical. Then the g
completion of (M,g,,) is M = M/~ , L.e., the set of equiv-
alence classes under ~, with the topology induced by that of

M. 1t is manifest from the construction that exp :7—J7 is
continuous. Thus, the g-completion satisfies our two condi-
tions above.

The b-boundary construction proceeds as follows.* De-
note by B the bundle of orthonormal frames of M, i.e., the
ten-dimensional manifold consisting of pairs (p,F ) where Fis
an orthonormal tetrad at p. Introduce on B the following
metric tensor field: The squared distance between infinitesi-
mally nearby points (p,F) and (p',F’) of B is the sum of the
squares of the components, with respect to F, of the connect-
ing vector between p and p', plus the sum of the squares of the
F-components of the respective differences of the vectors in
FandF’, where ' is the result of parallel transport of F'' from
P’ top along the connecting vector. This metric tensor is posi-
tive-definite, and so B becomes a metric space. The Lorentz
group L acts on B, by acting on the frame F keeping the base
point fixed (and so B /L = M ). One checks that this action of
L takes Cauchy sequences in B to Cauchy sequences, and so
extends to an action on B, the completion of B as a metric
space. The b completion of M is M=B/L,ie., thesetof L-
orbits in B with the topology induced from that of B.

This b-completion also satisfies our two conditions. To
verify (i), let y be any geodesic in M of finite affine length.
Then the result of parallel transport of a frame Falong yis a
curve in B which has finite length there. Thus, this horizon-
tal lift of y terminates at some point of B, whence ¥ termi-
nates at the corresponding point of M. For condition (ii), let
( pir€ ¢) converge to ( p,£ ) in £. Choose a frame F at p and
frames F, at the p,, such that the F; converge to F. Parallel
transport each of these frames along its geodesic, to obtain,
as above, points x; and x of B. But, by smoothness of the
exponential map, we have that, for any K < 1, the points
exp ( p;, K& ?) of M converge to exp(p,K¢ ¢), as do the corre-
sponding frames parallel-transported to these points. Choos-
ing X near one, it follows that the x; converge to x in B. So,
projecting to M, we see that geodesic continuity holds.

We turn now to our example of a causally well-behaved
space-time for which every M satisfying conditions (i) and (i)
above must have a regular space—time event included in ev-
ery neighborhood of a singular point. The idea is to intro-
duce a singularity whose character is such that geodesics
passing very near it suffer a large “blueshift” and thereby
end up far from the singularity.

The example will make use of the observation that any
timelike curve can, via a conformal factor, be made a
geodesic.

Lemma: Let (M,g,,) be a strongly causal space-time, ¥
a timelike curve in this space—time, and U an open neighbor-
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hood of the portion of y on which its acceleration is nonzero.
Then there exists a smooth positive function £2 with 2 = 1
on y and 2 = 1 outside U, such that y is a geodesic with
respect to the metric 22 g,, .

Proof: For r* the unit tangent to ying,,, and V, and v,
the derivative operations of g, and 12 ’g_,, respectively, we
have

7,7 =7V, + 02 7'g"Y, 2+ 20 'Y, Q2.

Since 7"V, 7° is orthogonal to 7, we can consistently set
N=1andV,2 = —g,7"V,, 7° on y, thereby making y a
geodesic in the metric £2 °g,, . Strong causality prevents the
possible occurrence of any global problems in the definition
of £2, as could arise if ¥ continually returned arbitrarily close
to some space-time point.

Our example is the following. In two-dimensional Min-
kowski space~time (N = R 2,3, ), let seN and let 7 lie on a
future-directed null geodesic from s. Let ¢ be a future-direct-
ed timelike geodesic of unit length which begins at point p
with unit tangent &£ %, and terminates at s. Let ¥, be a se-
quence of smooth timelike curves from p to 7 as shown in Fig.
1. Each is a geodesic from p to a point near s, there has a
smooth rapid bend, and then continues as a geodesic to point
r. Let the U, be small nonoverlapping world tubes, each sur-
rounding that portion of its ¥; at which the bend occurs. By
the Lemma, choose positive conformal factor 2 with £2 = 1
on each ¥; and £2 = 1 outside the U,, and which makes each
y; a timelike geodesic. Choose {2 smooth everywhere except
s (where it cannot be chosen smooth, since the U, neighbor-
hoods accumulate there). Qur four-dimensional example is

FIG. 1. Minkowski two-space, N = R ,9,,. The timelike curves ; ap-
proach the broken geodesic consisting of y and the null segment from s to .
Removing point s and applying an appropriate conformal factor equal to
one outside of the U, there results a space—time for which a large class of

constructions of a singular boundary yields a pathological topology.
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the cross product of (N — 5,02 ?,,) and the flat spacelike
plane.

Denote by £ { the tangent to ¥, at p, normalized so that r
lies at unit affine length from p along y,. Since 2 = 1 on y,,
the length of ¥, in this space-time is identical to its length in
(¥,7,5)- But in the Minkowski space-time these lengths of
the ¥, approach the length of ¥ as i~» . So, we have £ { £ ¢
at p. Furthermore, exp (p,£ {) = r for all i. Thus, for any geo-
desically continuous M, the constant sequence {7} must con-
verge to the singular point s associated with the incomplete
geodesic . In other words, every neighborhood of the singu-
lar point s contains the regular space-time event . That is, M
failstobe T,.

In fact, this example can be modified to be flat every-
where. First choose each world tube U, to be sufficiently
narrow that any null geodesic beginning at any point of y; at
which its acceleration was nonzero meets the boundary of U,
on one of its timelike sides, rather than on one of its spacelike
ends. Next, remove from the space-time the timelike sides of
the U,. Then (2 can be chosen, consistent with our earlier
conditions, such that In {2 satisfies the 77-wave equation ev-
erywhere. This follows from the fact that each y; is, with the
roles of space and time reversed for N, a spacelike surface
with U, in its domain of dependence, while the value of £2 on
¥, (one) together with the value of its normal derivative (that
required by the Lemma) is Cauchy data for the wave equa-
tion. The resulting solution will be discontinuous across the
sides of the U}, which is the reason these were removed.
However, since the U, are sufficiently narrow the solution
will have £2 = 1 on the ends, and so will join smoothly with
{2 = 1 outside the U;. This modification indeed yields a flat

remove sides
of Ui

FIG. 2. The space-time of Fig. 1, but with a specific choice of conformal
factor, and with the timelike sides of the world tubes U, removed. There

results a flat example having the same features as that of Fig. 1.
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FIG. 3. That portion of Fig. 2 consisting of the lower haif-plane together
with the U;, embedded as the region shown of flat Minkowski two-space.

Thus, Fig. 2 is an extension of the space—time shown here. Any construction
of a singular boundary for which the 7, converge to s in every extension of
Fig. 3 must yield a pathological topology.

space-time, since the wave equation on In 2 ensures in two
dimensions the vanishing of the scalar curvature, and hence
the flatness, of 2 27,,,.

One may better visualize the structure of this flat exam-
ple as follows. Choose points 7;, converging to 7, on the ¥;.
Let, for each i, U, be an extension of the world tube U into
the future along ¥, to include ; but not r. The U, are to
become narrower into the future such that again they do not
overlap, as in Fig. 2. The region of this example consisting of
the lower half-plane together with the U, is of course a flat,
two-dimensional space-time. Furthermore, it is one which
can be represented as a region of the Minkowski two-plane.
There results Fig. 3, in which the 7, ““appear to converge” to
the singular point s. So, Fig. 3 is a region of two-dimensional
Minkowski space-time, while Fig. 2 is an extension of it.
Thus, we may draw the following further conclusion: Any
construction of singular points which, applied to Fig. 3, re-
sults in the space-time points 7, converging to the singular
point s, the terminus of the incomplete geodesic y—and
which maintains this property in any extension—must
manifest non-Hausdorff behavior.

3. DISCUSSION

The examples above show that the requirement that
geodesic continuity hold—or even that a slightly weaker ver-
sion of it hold just for flat examples—results in a completed
space M such that some interior point of the original space—
time M lies “arbitrarily close” to the singularity. While the
examples are somewhat artificial, it does seem plausible that
any construction of singular points which yields such un-
physical behavior in these examples will not be generally
applicable and useful in an analysis of the structure of singu-
lar space—times.

One might hope to find some new construction which
avoids the condition of geodesic continuity. A natural candi-
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date would be to take the M which results from applying the
g-boundary or b-boundary construction, and then include as
additional open sets in M all complements of compact sets in
M. This step would automatically eliminate the possibility of
an interior space-time point lying in every neighborhood of a
singular point. But we may modify our example by removing
r, thus making it a new singular point. Then the singular
points s and r will be non-T, related, which also seems un-
physical, though perhaps to a lesser extent. A similar candi-
date would be to apply the g-boundary or b-boundary con-
struction to every space-time which arises from the given
one by removing from it a compact set. Then combine in
some way the resulting singular boundaries to obtain M, re-
taining in M only those singular points which persist, in an
appropriate sense, for all choices of the compact set. But we
may also modify our example by removing the null line seg-
ment from s to 7. There would presumably again result sin-
gular points s and 7, neither identified nor 7',-related. Thus,
for both of these candidates, further steps to modify the to-
pology would seem to be appropriate.

Thus, while it seems possible that one could invent
mathematically some construction of a singular boundary
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not subject to obvious physical objections, it is by no means
clear that there exists any construction which is both natural
and useful in physical problems. The purpose of such a con-
struction, after all, is merely to clarify the discussion of var-
ious physical issues involving singular space-times: General
relativity as it stands is fully viable with no precise notion of
“singular points.” Perhaps the localization of singular be-
havior will go the way of “simultaneity” and “gravitational
force.”
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The equation x, R*, ;5 + x,,R*, .5 =0, where x,,, and R* ,; are the components of an
arbitrary symmetric tensor and of the Riemann tensor formed from the metric tensor g, , is
trivially satisfied by x,,, = ¢g,,,. Nontrivial solutions are important in various areas of general
relativity such as in the study of curvature collineations, and also in the study of algebraic
methods given by Hlavaty and Ihrig for the determination of g,,, , from a given set of R, ;. We
have found all R #,_; for which there exist nontrivial solutions of the above equation, and we have
given the form of the x,,, in each case. Various examples of space-times for explicit nontrivial

solutions are discussed.

PACS numbers: 04.20.Jb, 04.20.Me, 02.40.Ky

1. INTRODUCTION
The equation
gva #iaﬁ +gp./1RHV11B = 0’ (ll)

where the g,,, are the components of a metric tensor g in
some local coordinate system and the R#, _; are the compo-
nents of the Riemann tensor R formed from the g, , is of
course an identity. It states that the R,,, ,; are skew-symmet-
ric in the first two indices.

The equation

x,uvR FAaB +quR“va5 =0 (1.2)
then has a solution x,,, = x,,, given by
X,, =¢g,, (¢ ascalar) {1.3)

This is the general solution for most sets of R #, ., which are
formed from a given set of g, . However, there exist some
metrics for which (1.3} is not the general solution of (1.2). In
this paper those sets of R* ,; are found which are the com-
ponents of the Riemann tensor R for some space-time with
metric g and for which the general solution of (1.2) is not
simply (1.3).

Equation (1.2) arises in general ralativity in different
ways. The motivation for our study of (1.2) here is discussed
briefly in Secs. 2 and 3 (a fuller discussion is presented else-
where; see Halford, McIntosh, and van Leeuwen,' and
Mclntosh?). In Sec. 4 we describe the problem in detail and
in Sec. 5 we outline the formalism which is used to solve our
problem. Section 6 together with an Appendix contains the
set of solutions, while Sec. 7 analyzes some examples from
this list of solutions. Finally, in Sec. 8, we discuss briefly
some matters which will be given further investigation.

2. CURVATURE COLLINEATIONS

One place where (1.2) arises is in the study of curvature
collineations. A curvature collineation (CC) was defined by
Katzin, Levine, and Davis® to be a vector field § for which
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L ¢R¥ .05 =0. (2.1)

If the Lie derivative of (1.1) is taken along &, then (2.1) en-
sures that x,,, satisfies (1.2), where

L8 = 26 = Xy {2.2)
Thus equation (1.2) is a necessary, but not sufficient condi-
tion for & to be a CC of g. Collinson* used this fact to help
show that the Weyl tensor of a vacuum space-time metric
must be of Petrov type N for the space-time to admit a non-
trivial CC. (A nontrivial CC is one which does not degenerate
to a conformal motion or a homothetic motion or a Killing
motion—see Fig. 1 of the paper by Katzin and Levine.?)
Collinson* also showed that for a type N vacuum metric the
solution of (1.2) is

x,, =4#g,., +all, (2.3)

where a is an arbitrary scalar and I is the repeated principal
null vector of the Weyl tensor such that

ll‘R 'uvaB == 0. (2-4)

Aichelburg® and Halford, McIntosh, and van Leeuwen'
have further examined some type N vacuum metrics which
admit nontrivial CC’s. Tariq and Tupper’ showed that the
only source-free Einstein-Maxwell space-times which ad-
mit nontrivial CC’s have a Petrov type N or O Weyl tensor
and a null electromagnetic field. Katzin, Levine, and Davis®
proved that every CC in an Einstein space (R, = }Rg,, # 0)
is a Killing motion (isometry), i.e., Einstein spaces do not
admit nontrivial CC’s.

These results suggest that CC’s are usually conformal
motions (including the more degenerate subcases), i.c., CC’s
are usually trivial. But what does “usually” mean? Since for
aCCx,, from (2.2) must satisfy (1.2), only those space—times
for which (1.2) has a solution more general than (1.3) can
possibly admit nontrivial CC’s. It is shown here that those
cases are rare, and this result is discussed more fully by one
of us elsewhere.’
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3. THE ALGEBRAIC EQUATION

Equation (1.2) is very interesting when looked at simply
as an algebraic relationship. If the R#, ; are the given com-
ponents of the Riemann tensor R for some metric tensor
with components g, at a certain point in the manifold, then
by using purely algebraic methods Hlavaty®~'® and Ihrig'!
were able to show that the solution of equation (1.2) at that

point is of the form

Xy = 08 (3.1)
except where, in Ihrig’s language, R is not total at that point.
(The Riemann tensor R is said to be total at a point if the
dimension of the space of bivectors which span the curvature
2-form is equal to the dimension of the Lorentz group at that
point.) When R is total at a point, Ihrig’s method, which uses
only algebra, enables one to construct the components g, at
that point from the given R*, 5 up to a conformal factor.
His method can be extended to determine those metrics
whose Riemann tensor is not total; this will be discussed
elsewhere in relation to the holonomy group of the space-
time manifold. Hlavat§f used the connection between the ho-
lonomy group and the integrability conditions of g, ; = Oin
his treatment of Eqgs. (1.1) and (1.2).

(¢ a scalar)

4. THE PROBLEM

The problem then is how to find all sets of R#, 4
formed from some space-time metric g,,, for which

" (4.1)

does not have just the trivial solution x,,, = 4g,,,, and to
determine the forms of x,,, in those cases. This problem is
equivalent to the following: Given all possible forms of x,,,,
which ones have sets of R* ; associated with them such that
(4.1) is satisfied and for which the x,,, are not just trivial solu-
tions? From this point of view X is an arbitrary symmetric
second order tensor in space~time, and so can be classified in
some standard way as can every such tensor. There are sever-
al classification schemes available. We shall use the one de-
veloped by Plebanski.'? The formalism employed in this pa-
per is the null tetrad formalism of Newman and Penrose
(NP).'? The detailed classification of a tensor such as x in NP
language according to Plebanski’s scheme is given by McIn-
tosh, Foyster, and Lun,'* and is used here.

Equation (4.1) can be written in the tetrad formalism
with basis 1-forms 6, described in the next section, as

xuvR #zlali + xu/lR #vaﬂ =0 (x,uv = xvy )1

X O +x,.0° =0, (4.2}

where the curvature 2-forms @ °, are defined in terms of the
tetrad components R ?,_, of the Riemann tensor by

O° =R, 0°NO° (4.3)
Allsmall Roman indices take values 1, 2, 3, 4. The procedure
is to take a particular Plebafski class for x, write x,, in a
canonical form for that class, and find the nonzero compo-
nents @“, (and hence R “, ) for that x,,. The various Ple-
banski classes will be examined one by one in this way. The
nonzero components R ¢, , for each class will be given in
terms of the NP tetrad components ¥, (4 = 1,2,3,4), D,
(4,B=0,1,2), and A. The ¥, and &, are respectively the
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components of the Weyl tensor and the trace-free Ricci ten-
sor, while A = R /24 where R is the scalar curvature.

5. FORMALISM AND BASIC EQUATIONS
The space-time manifold is spanned by four null vec-
tors 1, n, m, and m, where 1 and n are real and m is complex.
We take a set of basis 1-forms 6° to be
9‘=n, 92=l, 6> = —m, 6*=03%= —m.
(5.1)
The metric is then

ds*=2(0'6%—60%0% =g ,0%" {5.2)
A basis for a space of complex self-dual 2-forms is given by
Z'=0'N0% Z>=0'NO%*—6°N0%,
Z’=0*N6> (5.3)

It then follows from Newman and Penrose'” and from Deb-
ever, McLenaghan, and Tariq'® that the @“, defined by (4.3)
are given by
OHY=0*=VZ"'+VZ*+ (¥, +2A4)2}
+ PoZ ' + P Z% + PRLZ°,
0=~ o' =¥+ ¢0|)Zl + w:z"‘A +fu)zz
+ (¥ + D)2 + (T + D02
+(W—A+@)Z7 + (¥ + P1,) 277
(5.4b)
O = —-0%=(¥,—PyZ' + (¥, — N - )Z°*
+ ('1_’3 - 9,)Z° —_(_W; ‘iplo)Zl _
— (U — A~ P27 — (¥, — P,)Z°, (5.4¢)
O, =0%= —(¥+24)Z2"'— '1’32:—‘1/423
— Pyl — D27 — P20 (5.4d)
The other nonzero @ ¢, can be found by taking the complex

conjugates of (5.4a) and (5.4d].
The tetrad components of x are as follows:

(5.4a)

X1y zxﬂvlﬂlv! xl3=x;4v1llmvy

X12345X 13 + X34 = X, (/#n” + m*'m”), (5.5)
together with corresponding expressions for X 4, X5,, X235 X245

X33, and x,,. The term x, — x,, given by

2x ;= X3) = yvngx' (5.6)
does not appear in Egs. (4.2) when written out explicitly since
8,.. trivially satisfies the identity (1.1). Equations (4.2) are
then 54 real equations for the nine unknowns in x,,, i.e., six
equations from the coefficients of Z*, Z* (i = 1,2,3) for each
pair (b,c), with {b,c) = (1,2)being equivalent to (b,c) = (3,4).
These equations are written out in the Appendix as 27 com-
plex equations.

6. SOLUTIONS FOR x

The canonical forms of the x,,, for the various Plebanski
classes can now be taken one by one and inserted into the 27
Eqgs. (A1)~(A6) of the Appendix. For each class the possible
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nonzero ¥,, P ,p, and A together with any relationship be-
tween them are readily obtained and are listed in Table L.

For a second-order symmetric tensor S a fourth-order
tensor & can be constructed from quadratic products of the
trace-free tensor X formed from S. Let

X, =S, — 8.5 (6.1)

where S = S, ¢"*. Then form the trace-free 7 with
components

@aﬁw =X la[yXﬁ)a] + ala[yXaMXBM
-1 [“(Y&B'O]XMX’“. (6.2)

Such a tensor was used by Plebafiski'? in his classification of
the Ricci tensor. Now £ has the same symmetries as the
Weyl tensor, and therefore the same Petrov classification
scheme can be applied to it. It is discussed by McIntosh,
Foyster, and Lun'* and is there called the Plebarski tensor.
By choosing S in (6.1) to be (a) the tensor x,,,, (b) the Ricci
tensor R ,,, we can form via (6.2) two Plebafiski tensors in
terms of (a) the x,,, (b) the &, respectively.

Let %" denote the Weyl tensor formed from the nonze-
ro¥,.Let 7 and Z , denote the Plebariski tensors formed
from the x_, and from the @ ,; respectively. Table I lists
each of the Petrov types of #7, #, and Z ,, for each Ple-
banski class; it is clear that there is a close link between them.
The dimension of the space of bivectors which span the cur-
vature 2-forms @ “, is also given in Table I for each Ple-
banski class of the 2. Subscases are possible when some of
the ¥,, @5, and A listed are zero, but the maximum dimen-
sion is given.

TABLE L. Solutions for x according to Plebaitski class.

The following results emerge from Table I:

(i) There are no nonflat space—times with nontrivial so-
lutions x,, of (4.2) with 2, of Petrov type I, II, or IIL

(ii) The only space—times with nontrivial solutions x,,
of (4.2) with 22 of Petrov type D have both 2, and # of
Petrov type D.

(iii) The only space—times with nontrivial solutions x,,
of (4.2) with 7, of Petrov type N have # " and 2, of Petrov
type N and O respectively.

(iv) The space-times with nontrivial solutions x,, of
(4.2) with #~ of Petrov type I or Il have Z, of the same
Petrov type. In these cases &7 is of Petrov type O.

{v) In all the cases (ii)-(iv) where the Petrov types of at
least two of #7, Z,, and &, are the same and are algebra-
ically special, the repeated principal null directions of these
Weyl and/or Plebanski.tensors align.

(vi)The maximum dimension of the space of bivectors
which span the curvature 2-forms & ¢, in any one Plebanski
class is three. This can be seen by taking the nonzero ¥,,,
@ ,5,2and A and the relationships between them in each class
and constructing the @°, from (5.4). For instance, when x is
in the class [3T-S], and ©@°, are spanned by Z' + Z ',
Z*+Z%andZ>+ Z°.

The last point is perhaps the most interesting and leads
to the theorem of McIntosh? that nontrivial CC’s can only
occur in space—times whose curvature 2-forms are spanned
by at most three linearly independent bivectors. It was
known from the work of Ihrig'' that the maximum dimen-
sion of this bivector space was five if the space-time was such

Dimension
Petrov bivector Petrov Petrov
Plebaniski class  type space type type
of x of #, Nonzero x,, Nonzero ¥,,9,,,4 for @7, of ¥~ of 7,
[T-S,-8,-8;], I X1y = XX 2340 X33 = Xaay — (0] (0]
[2T-5,-5,]5 D X1234:%X33 = Xag V= —24, ¢, = —34 1 D D
[T-2S,-S,)4 D X314 X1 = X2 V,= —2A, ¢,,=34 1 D D
[2T-28), D X334 v, = —24, &, 2 D D
[3T-8], o X33 =X44 = — Xy234 Vo= Pop¥s = ¢22;yﬁz_ +24 =9, '—_‘_‘pzov 3 1 1
[orx), = x,= — X334 V=P +AY =¥ =,V =¥, =]y
[T-35], o Xyp = X3 = X234 Y= ¥, = P2 Poo = Py = ¥, + 24, 3 1 I
V,=A—P W= —V,= —Py =D,
[4T], o — any 6 I I
[Z-ZS.-SIL I Xy = = Xa2X12340X33 = Xass — o o
(2-Z-28], D X = — X3 X234 V,= —24, ®,, =34 1 D D
[2N-S,-S,), I X22:X 12340 %33 = Xgg — (o} O
[2N-25 ], D X229% 4234 ¥, = — 24,9, =34 1 D D
(3N-S], N X320 X33 = Xga = X1234 ¥, =Py 1 N o
[4N], O Xp2 VW, = — P,,W,= — 24,9, =3A,P,, 3 II 11
[3N-s], a1 X33 = X4y = — X230 - 0 o
Xp3FE — X4
[4N], N X3 = — X4 ¥, =P, 1 N O
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that (4.1) has a nontrivial solution for x. However, the calcu-
lation of all possible sets of @ °, and x,, for (4.2), equivalent-
ly (4.1), which have nontrivial solutions has reduced this
maximum dimension to three. There is no reason, other than
this computational one, yet known why this should be so.

Other interesting points include the lack of nontrivial
solutions for x when the Petrov type of #°, # ., and #,
simultaneously is I or II or III, and the alignment of the
repeated principal null directions of these tensors causing
the groupings D-D-D or N-N-O to appear. It is not yet fully
known why this occurs—again these results just appear out
of the calculations which led to Table I.

The type of alignment of repeated null directions men-
tioned in the last paragraph occurs elsewhere in general rela-
tivity in a completely different circumstance. MacCallum'®
discusses locally isotropic space-times with non-null homo-
geneous hypersurfaces. In all the space-times which arise in
this work the Petrov types of the Weyl tensor %#” and the
Plebanski tensor 2, are the same, and also the repeated
principal null directions of these tensors align. (There is a
brief comment on this in the paper by McIntosh, Foyster,
and Lun'*; it will be discussed more fully elsewhere.)

7. EXAMPLES

No attempt is made here to determine all those space-
times whose tetrad components of their Riemann tensors are
listed in Table I. However, it is interesting to look at some
space-times with sets of R#_,; such that (1.2) has nontrivial
solutions for x,,, . These are as follows:

(i) Vacuum metrics. As mentioned in Sec. 2 Collinson*
showed that the only vacuum space-times with nontrivial
solutions to (1.2) are Petrov type N ones with the x,,, given
by (2.3)and (2.4). This result follows immediately from Table
I. The Plebanski class of the trace-free x is [4N], and the
nonzero tetrad component is x,,. This is readily shown to be
equivalent to(2.3). In the case of the well-known plane-front-
ed waves of this type Katzin, Levine, and Davis'” and Ai-
chelburg® showed that for the nonrotating or pp-wave me-
trics there always exists a vector field § which satisfied (2.1)
and (2.2) and hence is a CC of these metrics. Halford, McIn-
tosh, and van Leeuwen' extended this result to the rotating
case given by Kundt'® and gave the explicit form of the CCin
this case.

(i) Einstein-Maxwell solutions. Table I agrees with
Tariq and Tupper’s result’ and nontrivial CC’s, equivalent
here to nontrivial solutions of (1.2), can be found for source-
free Einstein-Maxwell space—times only when the Maxwell
field is null and the Weyl tensor is Petrov type Nor O. In
tetrad form these are the cases with @,,5£0, ¥,5#0 or
P,,#0, ¥, = 0 respectively. Both cases admit x,, only.
There is an extra case with ¥, = @,, in which x could be in
the Plebanski class [3N-S], or [4N],. There is a mistake in
Tariq and Tupper’s paper’ in that their equations under the
heading of null electromagnetic fields do not agree with
equations (A1-A6) in the Appendix of our present paper.
However, their result is unaffected by the correction of the
appropriate equations.

(iii) Conformally flat space—times. If all the ¥, are zero
and the space-time is conformally flat, then (1.2) can have
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various types of solution with the nonzero @,,, and A satis-
fying one of the cases

(a) @, arbitrary, (b) @,, arbitrary,
©Py=+£34, [d) D=4, Py=0D,= +24.
Katzin, Levine, and Davis'® discussed CC’s in conformally
flat space-times and showed that

X, =¢8,, +pR,,, (7.2)
where p is an arbitrary scalar and R . Satisfies several side
conditions. Now the conditions (7.1) are each equivalent to
{7.2), and the side conditions on the R v arise when (2.1) and
(2.2) are to be satisfied as well for a CC to occur.

(iv) Einstein space-times. These are characterized by
R,, =6Ag,,, A #0.In tetrad form this is equivalent to
@5 =0, A #0forall 4, B. Table I shows clearly that there
are no nontrivial solutions x of (1.2) in this case, i.e., nontri-
vial CC’s do not exist in Einstein space—times. This confirms
the results of Katzin, Levine, and Davis® and of Tariq and
Tupper.’

(v} Godel metric. The Godel*® cosmological metric is

ds? = (dt + edy)? — dx* — dz* — j*dy?, (7.3)
where a is a constant. A null tetrad can be found such that
the nonzero NP components of the Riemann tensor are
Vo=V =3, =Py,=P,, =2P,, = — 64 =da*/4.
Thus ¥, + 24 =0and ¥, = @,, + A. In thiscase x isin the
Plebanski class [3T-S],.

{vi) Metrics of Bertotti-Robinson type. Consider the
metric

(7.1)

ds* = 2f*dudv — 2g*d¢de, (7.4)
where
f=(ef+a+d)Buy), g=lau+bv+cd(f),
(1.5)

with g, b, ¢ arbitrary real constants, @ an arbitrary complex
constant, and 4, B arbitrary functions of their respective
arguments. If in (7.5)

a=a=b=0, c=d=1,

A=(1+K¢E)™, B=(1+Kuv), (7.6)
then the metric becomes one discussed by Plebanski?! [his
equations (4.14) and (4.16)]. There exists a tetrad for which

V,= —2A, 2@, =K, +K,=%?4+ #?

A=K, —K,=4, (7.7)
where & and % represent the electromagnetic field and A is
the cosmological constant. Two particular cases of (7.6) and
(7.7) are noteworthy. The conformally flat vacuum Einstein—
Maxwell space-time found by Bertotti>*> and Robinson?? is
characterized by

V,=A=0, &,=K, K, =K, (7.8)
(See also Tariq and Tupper®*). Two Petrov type D Einstein
space—times are characterized by

¥,+24=0, ¢,,=0, A=K,/3, (K,= —K,).

(7.9)
The solutions (7.6) are ¥, X V, space-times, each ¥, having
constant positive curvature K, or K, respectively; the Ein-
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stein space-times (7.9) have been discussed by Petrov?®’ [his
Eqgs. (14.7) and (14.8}], and (7.8) and (7.9) by Tariq and Tup-
per’ (their Sec. 5). Since (7.7) holds, from Table I all these
metrics admit a solution x of equation (1.2) of the type [2T-
2S)..

Other special cases of interest occur for (7.4) and (7.5) when

(a)f=1(ie,a=0, d=B=1) (7.10a)
or

bjg=1(ie,a=b=0, c=4=1) (7.10b)
There exists a tetrad such that in these cases

{a) ¥,= =24,

D, =34 =g *[abA4* — (log4 Jeg 1o (7.11a)

(b) ¥, = —24,

D, = —34

=1f"[a@B* ~ (logB),, ]. (7.11b)

For A #0the metrics in these two cases obviously have Weyl
tensors of Petrov type D. These metrics then have

W,=2A=0, &,= +3A.

These possibilities occur a number of times in Table I where
it is seen that x can be of type [2T-S,-S,]; or [3T-S], for
@, = — 34, and of type [T-28,-S,]s, [3T-S),, [T-3S],,(Z-Z-
28], [2N-28], ), or [4N], for @,, = 3A. Also, x could be of
type [2T-2S], or [4T], in either case.

(vii) Space~times admitting a certain type of vector field.
MclIntosh and van Leeuwen®® examine space-times admit-
ting a vector field v which is such that

(7.12)

Every space—time of this kind automaticaily has nontrivial
solutions x of (1.2} of the form

X, = ¢g/w +av,v,. (7.13)
If the space-time is empty, then v must be the vector I tan-
gent to the fourfold repeated principal null direction of the
Weyl tensor of the metric, as Collinson* proved. For other
space~-times McIntosh and van Leeuwen show that if v is

null, timelike or spacelike, then x is in the Plebanski class
[4N],, [T-38},, or [3S-T],, respectively.

Iz —
UHR vap = 0.

8. FURTHER COMMENTS

We have seen that if the components of the Riemann
tensor of some space~time are known in some coordinate
system, then (1.2) almost always determines the metric ten-
sor components g,,, up to a conformal factor. The cases
where this does not happen are those space-times which
have a Riemann tensor which has tetrad components that
satisfy the conditions of one of the cases in Table I {except of
course when x is in the Plebaiski class [4T],, (i.e., x,, = O!).

Thrig’s procedure,'' which determines the g,,, up to a
conformal factor from a given set of R #,, ;, can be applied in
slightly modified form to generate, for example, the pp-wave
metric. Relative to a coordinate system
(x%x' x%x% = (u,v,£,€ ), let it be given that

R l202 = %F.gg’ R l303 = %FEE (8.1)
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together with other nonzero R *,; obtained from these by
using the symmetries of the Riemann tensor. Here F(u,{ ) is
an arbitrary complex function of its arguments. Then using
the procedure referred to one obtains

go=GuvsL) gu=¢ 8= —4 (8.2)
which gives

ds® = ds . yaves + QdU* = X, dxtdx", (8.3)
where

dS waves = LF(u,$) + Flu,l)]du? + 2dudv

—2dEdE (8.4)

is the pp-wave metric, @ and ¢ are arbitrary functions of the
four coordinates, and G = a + ¢ (F + F). This agrees entire-
ly with (2.3), where the g, are the pp-wave metric tensor
components in the given coordinate system. The generation
of (8.2) from (8.1) and similar cases is discussed more fully by
MclIntosh and Halford.”’

The link between the Weyl tensor and the Plebanski
tensor in the examples discussed by MacCallum'® (see Sec.
6), which all admit an isotropy group, may suggest that the
space—times giving nontrivial solutions x to equations (1.2)
have a large amount of symmetry such as an isotropy group.
This is true for some of the examples presented here such as
the Godel metric and the metric (7.9) of Bertotti-Robinson
type with cosmological constant, but is not true in general.
For instance, the pp-wave metric (8.4) and the metric (7.4),
(7.5) with f= 1, abc#0, and 4 an arbitrary function of its
arguments, admit only one isometry (Killing vector field)
each, in general.

APPENDIX

The curvature 2-forms @ °, have been defined in Eq.
(4.3) and the trace-free x,, have been given in (5.5) (note that
X1234=X, + X34). Equations

xab@ac +xac@ab = (4'2)
are displayed below as 27 independent complex equations,
grouped according to the values of the index pair (b,c):

(bye) = (1,1):

xll(W2+¢u"A)—x13¢10‘x14W1=0y {Ala)

XY, + Pyy) — X13Pgo — x1,¥, =0, (A1b)

x“(%-{-¢2,)~x13¢20~x,4(W2+2A)=0. (Ale)
(b,e) = (2,2):

X3y 4+ Py — A) — x33W5 — X3Py, =0, (A2a)

Xoo( W1 + Poy) — x3(Ws + 24 ) — X34Po; = 0, (A2b)

X0 W3 + Poy) — X234 — X249, = 0. (A2c)
(b,c) = (1,2)[or (3,4)]:

X133+ X, Pry — X3Py — X24¥, =0, (A3a)

X3(¥s + 24 ) 4+ X1, Po; — X23Pgo — X24¥ =0, (A3b)
X134 + X14Pp2 — X93DPy0 — X2u(¥> + 24)=0. (A3¢)
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{byc) = (1,3):
X115 — X1534Po1 + 2%13P, — x33¥, =0, (Ada)
x11Piz — X1234¥) + 2x3(¥; — A) — X33Py0 = 0, (A4b)
X11Poz — X123 ¥ + 2x13¥; — X33Pp =0, (Adc)
x“(!—lf_z + 24 ) — %1234%W00 + 2X13P10 — x:&si’-o =0,

(Add)
xuq_’4 — X1234%Por + 2%13Py, — xas(wz +24)=0,

(Ade)
X1 Py — X1234(Wy + 24 ) + 2x3 W3 — X33P = 0.

(A4f)

(b,c) =(2,3):
X3,Po1 — x|234g_/3 + 2"23(1—’2 —A) —x;339P,, =0,(ASa)
X0 W) — X1234P12 + 253D — X33W3 =0, (A5b)

X22W0 — X1234Poz + 2%53Pg; — X33(¥, + 24 ) =0,
(ASc)

X3,Pg; — x1234!—’;4 + 7—"23!73 — X339P,, =0, (A5d)
X2Poo — X1234(Pa + 24 ) + 2x, ¥, — X33P5 =0,

(ASe)
X2 ¥s + 24 ) — X1334Pp + 2X3P;; — X53,%, = 0.
(A5f)
(byc) = (3,3):
x13f;3 = X53Po; + X33 — f;2 + P, +4)=0, (Aba)
X3Py, — X3 W) + x33(¥, — Py, —A) =0, (A6b)
X13Po; — X3¥0 + X33(¥; — Poy) =0, (Abc)

xlsw_'z + 24 ) — X3Py + X35( — !71 + D@yo) =0, (A6d)
xng—/‘t — X3Py + X35( — !—p—s + P,,) =0, (A6e)
X3Py — X03(¥5 + 24 ) + X35(W5 — P,)=0. (A6f)
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Quantization of spinor fields. Il. Meaning of “bosonization”’in1+1and 1 + 3
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We demonstrate that the correspondence principle allowing us to relate the classical (¢ number)
and quantum levels of spinor fieldsin 1 + 1and 1 + 3 dimensions, involves free Bose systems with
unbounded from below Hamiltonians. The necessary condition for the quantum spinor fields to
be “bosonized” on the “physical” space is that for the related free Bose systems, only the non-
negative part of the spectrum persists, due to constraints. Compared with the bosonization
formulas, the number of independent Bose degrees of freedom necessary for a consistent
formulation of the correspondence principle is doubled.

PACS numbers: 11.10.Ef

1. MOTIVATION

The “classical versus quantum” problem is far from
clear for the Dirac system, both on the level of quantum field
theory and relativistic quantum mechanics. In quantum me-
chanics the Dirac equation is believed not to admit a satisfac-
tory classical analog, allowing at the same time an interpre-
tation as a classical field equation for the spinor system.

It seems that here, not the relativistic form of the prob-
lem, but the spin, involves the most serious difficulties. First,
spin itself is derivable from the pure Galilean background.’
Second, it is known that the spin gives nonzero modifications
to particle trajectories in the macroscopic (#—0) limit, in the
large-distance scale.? Notice also that in Q.E.D. # enters all
quantities through e?/4ic so that a simple #i—0 rule is inappli-
cable and should be combined rather with the nonrelativistic
limit c— o0 .’

Basic investigations of classical analogs of the Dirac
equation resulted in constructing suitable relativistic theor-
ies of spinning particles followed by their quantization.*"*
All these attempts are based on the hope that the Dirac sys-
tem can be completely understood (and described ) in terms of
the conventional canonical variables.

The less conventional way, though relatively simple
and elegant, is to use not the usual phase space but rather a
“superspace”” which, in addition to the canonical variables,
involves the supplementary anticommuting (Grassmann)
variables, these last giving rise to spin after quantization.
The appearance of pseudomechanics '>'® provides one with
asimple way to handle the relativistic quantum mechanics of
the Dirac particle. Nevertheless, as pointed out in Ref. 16,
the Grassmann variant of the classical mechanics cannot be
applied to the real world and acquires a physical meaning
after quantization only.

Despite its (physically) phantom nature, the generaliza-
tion of the superspace concept to the continuous (field the-
ory) level became very popular in high-energy physics, due

“Permanent address.
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to its calculational simplicity. If became even more popular
with the advent of graded Lie algebras and supersymmetries,
though these last do not need the introduction of anticom-
muting ¢ numbers into the basic formalism'”'® Likewise, in
quantum mechanics, the two basic trends are met in the
quantum field theory of the Dirac particle: the canonical one
preferring to look for any (more or less “classical”’) c number
level, and the Grassmann one, for which the anticommuting
function ring is used to construct a pre-quantum level for the
quantum field.

Though the Grassmannian way is dominant in the
physical literature, there are nevertheless quite serious inves-
tigations of the ¢ number origin of the quantum Dirac field,
which date back to Klauder’s paper.'® Its idea was developed
in Ref. 20, which is referred to as Paper I of the present
series. Another investigation of the non-Grassmann pre-
quantum level for spin 1/2 and Fermi lattices, together with
the path integration formulas for propagators, was given in
Refs. 21-23. Recall that path integrals for spinning particles
were considered in Ref. 12 and quite recently in Refs. 24-27,
and 28. In Ref. 25, in connection with the semiclassical
quantization procedure for the continuous ferromagnetic
system, the notion of a true (non-Grassmann) physical path
was necessary. Then a Bose quantization of the system, un-
der suitable constraints, was shown to conform with the
well-known Bethe’s solutions.

The present paper follows essentially the non-Grass-
mann approach, extending the earlier results of Ref. 20. Our
opinion is (see, e.g., Refs. 20, 27, 29-31) that any pseudoclas-
sical theory described in terms of the Grassmann variables
hides (or even stronger: lacks) its true physical content, and
can in principle be reformulated as a conventional (not pseu-
do) theory of some singular canonical system. Let us now
recapitulate the basic result of Ref. 20 (i.e., I of the present
series) concerning the quantization of the “classical”” Dirac

field. Suppose we are given free Dirac spinor fields Hx),¥lx),

xeM* and let .# be the set of all functionals C342 (¥,¥)
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= 2n.m (wnm 9¢”J}m)' ¢
There exists in % a subset ¥ (a prequantum level) of

functionals 2 which is closed under the left multiplication
operation () of Ref. 20,

F DN, (M, =0 T, (1.1)
and for which the quantization prescription

c ¢ ¢ ¢ 8 8B ¢ BB

2 ¥.y) = (a|:2 () |a)>L2 ($,P): (1.2)

allows us to identify all elements of the Fermi field algebra
according tc

c B B 4

1,22 ()15 = 2 (B (). (L3)

Equation (1.3} s an identity in the quantum domain generat-
ed by the free quantum Dirac field #(x),#(x). The system of

units is # = ¢ = 1 and % stands for a prequantum rather

than classical level.
In the above |@) denotes a coherent state for the subsid-

BB
iary CCR algebra involved in ¢,¢, these last being obtained
from 1, through replacing the classical Fourier amplitudes

*
at (phad (p), K = 1,2 by the Bose generators aF (ph,a (p)

{the number of internal degrees of freedom is preserved while

going from bosons to fermions in this construction!).
Because the fields ¥, are by definition relativistic

Dirac operators, the emergence of the relativistic looking

88
objects ¥,3 needs some explanation in light of the spin-statis-

tics theorem: they cannot be the Wightman fields. On the
other hand, the Fermi quantization (1.3), at first sight, seems
to have nothing in common with any canonical quantization
procedure, despite its involving bosons (for these last a ca-
nonical procedure in principle can be expected to exist).

The basic purpose of the present paper is to clarify the
formal arguments of Ref. 20, by taking into account the re-
sults of Refs. 27, 29-31 and then going into the physics in-
volved to explain the canonical quantization aspects which
are inherent in (1.3}, though not explicit in the formalism of
Ref. 20. The concept of the Bose background for the quan-
tum Dirac field (“bosonization™, see, e.g., Ref. 29) becomes
crucial at this point.The basic idea in the course of the paper
is the naive version of the correspondence principle,?® for
quantum Bose systems. Take an operator expression in
terms of the generators of the CCR algebra, make the so-
called Bose transformation of them (translations by c-num-
ber functions), and then calculate a Fock vacuum expecta-
tion value of the result in the tree approximation [i.e., make a
normal ordering before calculating (0]-]0)]. The system of
unitsisi=c = 1.

Let us emphasize that the classical spinor fields

$,4,(1.1)-{1.3) due to the 1 .(-)1, sandwiching depend linear-
ly on the classical amplitudes a2 (p),@ (p), kK = 1,2. In what
follows we shall admit a nonlinear dependence, which will
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simplify the arguments.

In Sec. 2 we demonstrate that the bosonization of the
(massless) Thirring model necessitates a positivity of energy
condition for the (1 + 1 dimensional) Maxwell field in-
volved. In Sec. 3, we show that if the massive Thirring model
in the charge 0 sector of the physical space is to be bosonized,
then a positivity of energy condition necessarily occurs for
the involved free massive neutral vector fieldin 1 + 1 dimen-
sions. In Sec. 4 we prove the existence of the Maxwell-field
(single potential in the Coulomb gauge) reformulation of the
free quantum Dirac field, and the related algebra of observa-
bles. It appears as a consequence of the positivity of energy
condition imposed on the two-potential Maxwell field
Hamiltonian.

A common feature of all these cases is that a correspon-
dence principle needs the number of Bose degrees of freedom
to be doubled compared with the bosonization formulas.
The underlying free field Hamiltonians have the form

H=H($)—-H($’), (1.4)

where ¢,¢ ' are two independent free scalar {massless or mas-
sive, respectively) fields for the Thirring model, while the
two independent Coulomb-gauge Maxwell fields are for the
Dirac field.

In Sec. 5, we recover the two-potential Maxwell field
content of the relativistic quantum mechanics of the Dirac
electron. In contrast to q.f.t., a single potential formulation,
seems not to be adequate here, which is inconsistent with the
the Lorentz covariance properties of Dirac spinors.

2. THE MASSLESS THIRRING MODEL

A. The massless self-interacting spinor field theory in
1 + 1 dimensional space—time

L = igdp + (8/2):j, J* J* =7,
2.1

7= o =(_3 o)

1s known not to possess the spinor asymptotic fields. On the
other hand, if one is to follow the general principles of quan-
tum field theory, one expects that all Heisenberg operators
should be expressed in terms of some (free) asymptotic fields.
A discussion of this problem was given in Refs. 32-35, a
non-Wightman neutral massless scalar field ¢ (x):

8= —&u=1,

Og(x)=0, ¢7(x}{0)=0,
(2.2)
(008 (x°x"), ¢ (X% ¥ ) = —ibix' — ')
was shown to represent the Thirring spinors in the form
Y(x) = :expliad (x) — by’ (x)]:u. (2.3)

a,beR,ab = 7, u being a two-component constant, the nor-
mal ordering involving an order [cﬁ ~.4 .6 "6 "] of the
positive and negative frequency parts of ¢ (xj and of the relat-
ed (conjugate) field 4 (x)
U (x)=0, d,4(x)+€,3"8(x)=0,
(2.4)

€, = —€

uy v ? e()l = 1’
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The generator P, of space-time translations reads*?

&=HW=H@P%fMHﬁﬁﬁH&M%

{2.5)
P, =fdx':(80¢ )0,8):
and induces
[¢ “(x)P. ] =id,.¢ *(x),
(¢ *x)P. ] =i8,6 *(x), (2.6

[¥(x).P, ] = id, ¥x).
The canonical anticommutation relations for ¢{x),{x) hold
weakly on the vacuum and one-particle sectors of the (Bose
field ¢ ) state space, belonging to an indefinite metric carrier
space.

B. Suppose we are to deal with a classical “photon”
field 4 in 1 + 1 dimensions:

04, =0, J,A*=0. (2.7)

A corresponding Hamiltonian,

H=4d,64,)d, 4%

= 1{ [{0oAo) + (0140’1 — [(9uA\) + (314,71}, (2.8)

is obviously gauge invariant, hence allowing us to apply the
Faddeev-Popov’s path-integration arguments to this abe-
lian gauge system.*® Within the Hamiltonian formalism, the
Lorentz condition d, 4" = dy4, — d,A, appears as a con-
straint, which should still be accompanied by the supple-
mentary ‘“‘gauge fixing” condition, so that a canonical pair
corresponding to one of the two allowed degrees
{m,,A,} .01 canbe completely eliminated from the
formalism.

If we choose the supplementary condition in the form

€ FH =004, = dA,, (2.9)
then, together with the Lorentz one, it leads to
apA()(x) + €y,vavAl(x) = O, (2.10)

which is a classical version of the definition (2.4) of the conju-
gate field, provided we identify 4, = @, 4, = é. Notice that
{2.10) implies

H=H(¢)-H($)=0=H(d)=H|p). (2.11)
With no recourse to the explicit Hamiltonian formalism, if
we adopt the field {2.7) as a classical relative of the asymptot-
ic one for the Thirring model, we can make the canonical
quantization step by using a generating functional for the
Thirring model Green’s functions (the antisymmetry ques-
tion is here left aside, see however Refs. 20 and 29)

Wind) = [ duid)

Xexpi[ f d*x[—LF, F* ]+ ¢+ m/’:]a(a,, A*),

(2.12)
where 7,7 are the (commuting ring!) spinor sources, and the
classical (c-number) expression for i reads
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Y(A,x) = Y(x) = expliad,(x) — iby°A,(x)}u, ab=r.
(2.13)

Notice at this point that a formal integration with respect to
A4, provided we denote

mm=ﬁ dE 9, A€}, 2.14)
replaces 4,(x) in (2.12) by
AMPJ‘%%MQ 2.15)

thus giving (put 4, = 4

i) = v = expl s ) — io7° [ dic ],

‘ (2.16)
which agrees with Mandelstam’s formula, see Refs. 24, 29,

and 35, if one replaces (2.16) by the normal ordered-operator
expression.

3. MASSIVE THIRRING MODEL

A. Suppose we deal with a quantum massive Thirring
maodel in the charge 0 sector®”:

H=Jabwwaw—waw+mMWﬁwwn

+ 2g0¢f¢§¢2¢'\]’ (3.1)
where
[t//i(x),¢}*(y)]+ = 5ij6(x —
(3.2)

(x4 (»)] =0.
As the analysis of the diagonalization problem for H *’
shows, the irreducibility domains for the CAR algebra (3.2)
can be looked for within the general {continuocus direct prod-
uct) Hilbert space #° = I1, ® (4 ), containing the Fock state
|0) together with a corresponding Fock irreducibility sector
)Cx

¥:(x)|0) =0, VxeR, i=1,2. (3.3)
The most general form of the eigenstate of H with a finite
number of quasiparticles reads

lays-t,) = fdx,---f dx, ¥(Xpe0X,) ﬁ P*(x,;,a,)|0),

i=1

X X pennx,) = exp(im(, > X sinha,.})

X lﬁl [1+id (@na)elx; —x;)],(34)

Tai<jsn
A (aiyaj) = —1g tanh%(a,- - a; ),
Yix,a) = ¥,(x) expla/2) + ¥,(x) exp( — a/2),
where a can take either the value a = 8 or a = i7 — 8 with

tanhf3 = k /E ( Bbeing the rapidity of a particle with momen-
tum & and energy E ). Here

Hia,,...a,)= (3 m,cosha;)la,,...a,) (3.5)
and m, cosh(im — B} = — m, coshf. As a consequence, the
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spectrum of H on this set of eigenstates is unbounded from
below, and thus interpreted as ‘“‘unphysical.”

The physical part of the spectrum can however be re-
covered within 7, provided that we abandon the Fock sec-
tor for {#*,1,},_ , , and use a procedure of ““filling the Dirac
sea” under the periodic boundary conditions for eigenstates.
The energy of a state must then be measured relative to the
ground state within the appropriate physical sector
I onys C . Irrespective of the change of the sector from
F(|0)) to 16 » all observables of the system can be viewed
as bounded (in #7|0)) or 7., respectively) functions of
the fundamental fields ¥*(x), ;(x), i = 1,2, where creation
and annihilation operators occur due to

bik) = | 52 exol = i) i) (3.6)

Notice that in the absence of the self-coupling ( g, = 0), after
a canonical transformation

B\lk)= cos@ (k)b (k) + sinb (k)b,(k),
B,lk}= —sinf(k)b,(k) + cosb (k )b,k ), (3.7)
tan26 (k ) = my/k,

(3.1) converts into

Hy= fdk (k2 + m2) (B ¥k )B,(k ) — Bk Bk ),
(3.8)

where under B, (k }|0) = 0 Vi,k the spectrum of H, is obvious-
ly nonpositive in #7(|0)).

B. Let us introduce a neutral massive vector field U,x)
in 1 + 1 dimensions (which is not a Proca one, unless one
imposes the subsidiary condition):

(O + mj)U,(x)=0. (3.9)
Its Hamiltonian is

H=4{3,U,3,U"+miU,U*}

= 1[0, Ul + mgUs] — 1[0, U\f* + mg U, ]

- fdk(k2+mé)'“[a:<k k) — a¥ Y (k )],
(3.10)

where
[ai(k },a,’-"(p)]A = 5ij6(k -p)
[ai(k }!aj(p)]‘ =0,
“a,(k)|0)=0, Vik, i=01,

thus constituting a Fock representation of the CCR algebra.
By virtue of Ref. 38, we can identify the Fock vacuum |0)
with that of the free Thirring model, as in Refs. 20 and 38,
the Fermi generators B ¥(k ), B,(k ) can be completely given
in terms of the Bose generators a?*(k ), a;(k ) (3.11). The coin-
cidence of the number (two) of internal degrees of freedom is
crucial in this construction of the CAR within the CCR alge-
bra. Then 1,.H1, = H,, where 1, is the Fermi operator
unit, A is (3.10), while H, is (3.8), see Refs. 20 and 29.

(3.11)
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This means that all functions £2 (¥*,¢) can be rewritten
asfunctionsf2 (¥*,¢) = F{B *,B) = G (a*,a). Henceall Fermi
field observables can be given as observables of the system of
two independent neutral scalar fields with the same mass m.

Let us emphasize that the spectrum of H, (3.10) analo-
gously to that of H, (3.8), is unbounded from below within
the Fock space. However, for the Proca field a subsidiary
condition

3,U*=0 (3.12)

would remove this unboundedness difficulty, as in Refs. 32
and 33; then

U, = —mie, dU,
U:=e¢"3,U,, (3.13)
O+ mg)U=0,

which proves that a system {(0 + m3)U, =0=4,U,} is
equivalent to a neutral massive scalar field. The restriction
d, U* = 0 makes the spectrum of H positive definite, at the
same time reducing a two-component system to a single-
component one.

C. Let us here comment that the very same positivity
requirement for H, (3.1) makes the massive Thirring model
equivalent to the quantum sine-Gordon system (within suit-
able limitations on the coupling constants values).

Asfound in Refs. 31 and 39, both classical and quantum
sine-Gordon fields (including solitons) do exhibit a neutral
massive free-field structure, hence the field U can be quite
naturally embedded in the sine-Gordon framework. We con-
jecture that a positivity condition for U, induces a positivity
condition for (3.1).

D. On the other hand, by using a boson transformation
concept*® (generalized coherent states come into account
here), Thirring model observables

2 (Y* ) = G (a*,a), (3.14)
if Bose transformed,
G(a*,a)—G (@* + da + a), (3.15)

give rise in the tree approximation to the following (Fock)
vacuum expectation values:

(0|G (a* + @,a + @)|0)—(0|:G (a* + @,a + a):|0) = G (@),

(3.16)

c

0l¢(a* + Ta + a):|0) = Y(Ta).

By exploiting this procedure, the quantum Thirring model
Hamiltonian goes over to the classical Thirring model Ha-
miltonian of exactly the same form, with 1;/ = :ﬁ(c?,a)‘ In the

above, :.: denotes a normal ordering with respect to Bose
variables,

The classical Thirring model is known*® to be a com-
pletely integrable system, whose classical spectrum reads
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H= J:" [ pils) — pals)1 [ PP5) + m3 ]2 ds?

N
+ > AL+ ML

n=1

(3.17)

where momenta of mass m,, particles with densities p,, p, are
given by p(s) = (my/2)(s 2 + 5°). The remaining (discrete)
part of the spectrum is due to solitons.

Hence the two neutral scalar fields are necessarily pre-
sent on the classical Thirring level: the procedure (3.14)-
(3.16) does require the two scalar fields to define G (@, ) while
for the sine-Gordon system, the same procedure*® would re-
cover a single neutral field structure (which is consistent
with the classical spectral solution of Ref. 41).

E. Our conclusion is that the two, entirely different clas-
sical, completely integrable models, i.e., the massive Thir-
ring and sine-Gordon systems, both exhibit the neutral free
field structure, whose respective quantum images can coin-
cide (Coleman’s equivalence) provided a positivity condition
for U, induces a positivity condition on (3.1).

This removes the redundant degree of freedom from the
theory, thus replacing a two-component Bose-field formula-
tion, which is characteristic for the Thirring model, by a
single scalar-field formulation, corresponding to the sine-
Gordon system. Warning: In contrast to the massless Thir-
ring model, the underlying massive free scalars are not as-
ymptotic fields at all. Nevertheless, all quantum and classi-
cal observables of the Thirring and sine-Gordon systems can
be completely expressed in terms of them. For a review of
analogous (quasiparticle) structures, see, e.g., Ref. 29.

4. ELECTROMAGNETIC (FREE FIELD) STRUCTURE OF
THE QUANTIZED DIRAC FIELD

A. Previous 1 + 1 dimensional considerations can be
summarized in the shorthand notions of the “free massless
neutral field structure of the Thirring model” and the “free
massive neutral field structure of the massive (and the relat-
ed sine-Gordon) model.”

Needless to say, in both massive and massless
Schwinger models (quantum electrodynamics in 1 4 1 di-
mensions) no free fermions might occur in the asymptotic
particle spectrum.

For the massless model, if it is provided with a subsid-
iary condition (to guarantee positivity of the spectrum on the
physical subspace of the general indefinite metric Hilbert
space) the only field of importance remains the free Proca
field U, (x) (and hence a massive scalar U).>**? In the case of
the massive model the spectrum consists of the neutral mas-
sive bosons identified with those of the massive sine-Gordon
systemn (no definite free field structure of it is known to me,
but it would surely be a scalar Bose one).
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B. Our wisdom about quantum electrodynamics in-

1 + 3 dimensions and hence the quantized Dirac and elec-
tromagnetic fields, follows from Refs. 43 and 44.

We shall work with the so-called scattering representa-
tions of the electromagnetic {free, asymptotic, in—out) field
algebra; they have an energy momentum operator satisfying
the relativistic spectrum conditions and can be defined in the
charged sectors of the physical Q.E.D. Hilbert space. With
an appropriate definition of the charge operator Q in 77,
following from [l4,, (x) = j, (x) with j, (x) interpreted as an
electric current, one can prove that a Hilbert space
Hin CH pys 18 in the domain of @ and Q77 = 0. Then
one** proves that no asymptotic (free) charged field ¢, can
existin %, ., which is local with respect to F ;j‘, A scatter-
ing representation algebra we denote 7( &/).

An energy operator P, of 7{ .«/) can be decomposed
intoP, =P, + P, where P, isassociated with 7( .2)"
and hence describes the energy momentum of the asymptot-
ic electromagnetic field configuration. P, ,, is associated
with 7{ /)" and thus describes charges and fields without
electromagnetic interactions.** Here an important relation
holds true:

Sp P;Lch gSpP;zas - I7+1 (4-1)

so that the spectrum of charges, in principle, can be com-
pletely recovered within the spectrum of the asymptotic
electromagnetic field configuration. Compare here, e.g., also
Refs. 29-31, where quite analogous conclusions were drawn
in our studies of the Bose—Fermi ‘“‘metamorphosis.”

Moreover, the charged (infra) states do necessarily gen-
erate non-Fock irreducibility sectors of the asymptotic field
algebra; this conforms well with the traditional infinite di-
rect product constructions, where the Hilbert space
7 =11_ ® (h), carriesareducible representation of the field
algebra ./, and one must specify the generating vector to
select a definite irreducibility sector for .« and thus to speci-
fy 7{.«/). One should also know that only the radiation field
associated with the charge 0 sector of 77, is Lorentz
covariant.

For the physics, the following is essential.** The prob-
ability distributions of the momenta of the asymptotic
charged infraparticles in a scattering state can, in principle,
be determined by measurements of the asymptotic electro-
magnetic field alone. This suggests that even though the
charges in Q.E.D. are not confined (in contrast to 1 + 1 di-
mensional theories) the whole Dirac theory should admit a
reconstruction in terms of the asymptotic free electromag-
netic fields.

C. In Ref. 20, we constructed elements of the Dirac field
algebra in terms of free Fermi fields. The correspondence
principle leading to a non-Grassmann (commuting ring of
spinors) Dirac level, involved there a CCR algebra, with the
same number of internal degrees of freedom, as here of the
CAR, namely,
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{a¥,a,[0), 2 250 —{b %D, 100, 2 1,2.3,4,
[a.(p)a(k)] - =&,5(k —p),
(5:(0).0 *(K]], = 5,8k —p),

[a:dp)a;(k)] - =0, [b,(p)hb;(K)], =0,
at(k}){0) = b }k)|0),

see Ref. 38. It was the main cause of problems with a physical
interpretation of the underlymg bosonizationin 1 + 3
dimensions.

D. However, the lesson of 1 4+ 1 dimensional models
suggests that this seemingly unphysical Bose background of
the quantum Dirac system should be converted-into a phys-
ical oneif suitable domain constraints would enter. We claim
that this role is played again by the positivity-of-energy
condition.

A classical Maxwell field can be described in terms of
the two independent four potentials,**** M,,, N, so that

w?
a ‘F'p\ j;g? a F:u\ ‘01

I:;u = M = ava - avM,.z ;na/}aaN

F =N, + M =Jd,N, —9I,N, +¢€,,.5°M”,

and the gauge freedom is significantly enlarged

M, —>M, +3d,Ax), N,—N, +3d,xx),

M, —~M, +M, N,—-NS+N,,

ayM(\)/ - aVM2 - E‘uva/jaaNO’G = 0
Consequently, by a proper choice of gauge (N, = — N,
plus the Lorentz or Coulomb one}, we can remove the redun-
dant degrees of freedom, thus reducing the problem to a
single potential one. This is the case for sourceless and elec-
tric examples. In the presence of magnetic sources the sec-
ond potential cannot be eliminated.

Qbviously, due to the gauge freedom, the Lorentz con-

dition can be imposed on both potentials: d, M*
= 0 =d,N* and the second kind of gauge freedom still al-
lows us to make an appropriate (like, e.g., the Coulomb one)
gauge choice for the system.

The Lagrangian for the two-potential system (4.3) can
be introduced according to convention

S = —\F, F*
= —IM, M" £ IN, N* + #€,.,,0"M°N")

(4.3)

(4.4)

=Ly — Ly + F pvpaapM"N”). (4.5)
The constraints
IoNo =My =0=d M* =3 N~ (4.6)

reduce both potentials to the radiation gauge. In the'pres-
ence of one more constraint

3,(€,.,,0°M°N*) =0, (4.7)

the Lagrangian .¥ can be replaced by .¥ = .¥,, — L4,
which is quite analogous to the Lagrangians {2.8) and (3.7) of
the previous sections. Then the constraint

M,N*=0 (4.8)

allows a complete elimination of one of the two potentials,

pvpo
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leaving us in (4.5) with a single potential in the radiation
gauge; notice that both (4.7) and (4.8) are consistent with the
demand N, = 0 Vg, and because the gauge freedom is re-
moved from the system, we conclude that ¥ = &, — &
if supplied with six constraints {4.6)—(4.8) becomes a single
potential system in the radiation gauge. In the path integral
framework this observation can be compactly written as
follows>®:

f exp(iS (4 1}[[ 86, A"5(0, 4 [ dA,(x)

_ f f exp(iS [M,N 1] I] 6, M

X 8(3oM )5(3, N )8(3,N °)
X8 (M, NS €, PMN*)

X T dM,.(x) [] @V, x), (4.9)

with

SIMN] = jd“xifw} _ #(N),

S{A]:Jd“xf(A).

E. Let us emphasize that the constraints (4.7) and (4.8)
play the same role as the constraints (2.10) and (3.12) in cases
of the massless and massive Thirring models, respectively;
they transform an involved quantum Bose system with a
nonpositive spectrum into a manifestly positive one, but at
the price of diminishing the number of (Bose) degrees of free-
dom. Without the “mixing” conditions (4.7) and (4.8) we deal
with a doubled Maxwell field in the radiation gauge, whose
quantized Hamiltonian can be equivalently written as

H=H(M)—H(N)
~ (@K 3 (ot k)

A=1

—ay(kAJay(kA)],
(4.10)
where
H(N)=} fd3x:N2 + (VX N)*
= (@K 3 arbtiana), @y
A=1

lan(kA)at (K A")]_ =8:1-8 (k - k),
[an(kA ay(k',A7)]_ =0,
[af (kA )afik A)]_ =0,
ay(kA )|0) = ay (k,A)|0) =0,
aykA)=i J d *x exp(ikx)Fpe(k,A )

X Alx)/[2]k|(2)] 2,

with {e(k,4 ) k/|k|};_ . forming a basis system in E>.
Quantally, the constraints (4.7) and (4.8) become the domin-
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ant ones within an infinite (continuous) direct product space
carrying a reducible representation of the CCR algebra
(4.11). The metric in 57 is indefinite.**

We identify the quartet of Bose generators

ap(k,1) =a,(k), ay(k2)=a,k),
ay(k 1) =ayk), ay(k2)=a,k),
[ax(p)at(@)] - = 6,.:6(p — q),
[ax(p)a;(@)]- =0,

a.p)0)=0 Vp, k=1,2,34,

with the one, (4.2), used in the Bose construction of Fermi
generators for the quantum Dirac field***°in 1 + 3
dimensions.

The previous analysis shows that the Dirac operators
¥ = yY(a*,a), ¥ = Y(a*,a) which are thus completely given in
the two-potential Maxwell framework, after imposing the
quantum images of constraints (4.7) and (4.8) become equiv-
alent to the corresponding single-potential operators (4 ),
¥(4 ) with 4, in the radiation gauge. It conforms well with
Luther’s observation,*’ that a two-component Bose system
(field) should suffice to generate a free Dirac fieild in 1 + 3
dimensions (both in the massive and massless cases).

(4.12)

F. To construct a classical (c-number) analog of the
quantum Dirac field, see, e.g., Ref. 20, one has to work in the
two-potential Maxwell framework, so that the convention-
al,** Hamiltonian density,

H=y*+aV+Bmpy, ¢=1ia*a)
after making the boson transformation*’: a*—a* + 7,
a—a + v and then taking the Fock vacuum expectation val-

ue in the tree approximation (with respect to the Bose de-
grees), leads to

(4.13)

(O1:H (a* + 7,a + 7):510) = H (7,y) = ¥*(aV + B}y,
(4.14)

where :p is a classical (c-number) Dirac field, :.:; designating

a normal ordering of Bose creation and annihilation opera-
tors {a?(k),a,(k)}, 1234 Here

W) = (O]:4{a* + 722 + 7):510), (4.15)

which significantly differs from the definition of ¢ given in

Ref. 20, by being nonlinear in 7,y.

Remark 1: Apart of the manifest Bose background,
both classically and quantally, Dirac fields preserve their
canonical identity as separate (from the involved Maxwell
fields) objects. Quite an analogous property was observed in
Ref. 39 for the sine-Gordon system: quantum and classical
solitons exhibit a free (massive neutral) field structure, but
within the canonical formalism they can be viewed indepen-
dently of the underlying free fields.

Remark 2: The Hamiltonian (4.13) is not positive defi-
nite and the normal ordering :.: with respect to the four
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convert {4.13) into a conventional positive definite operator
:H:, = H,y,,,.- This Hamiltonian should be identified with
P, ., in Ref 44

In the path-integral framework, the generating func-
tional for spinor Green’s functions of the Dirac field reads
then (compare, e.g., also Ref. 20)

W(im) = J J exp{i f d“x[zi(i& + m)zc& + 7Y+ 771/—/”
X ] 8(8, M *)5(3,M °)5(3, N *8(3,N °)
X S, N6(e

“W&"M °N™)
X H dM,, (x) H dN (x), (4.16)
where
:.5”=z£p-(i3+m):ﬁ=7cnz-—;1, 7Cr=iz;f* (4.17)

and ¢,H are given by (4.14) and (4.15).

By taking into account the constraints it is possible to
perform the four integrations with respect to I, dN, (x) so
that we are left with a single potential radiation gauge for
L 3.

G. Notice that because of the Coulomb gauge adopted,
there is no manifest Lorentz invariance in either (4.16) or
(4.9). However, Lorentz covariance properties are correct, as

can be most easily seen in the single potential-radiation
gauge framework for Dirac operators.

Let A", , then the Maxwell field transforms as
follows:

FL(x)=1,(F,, (Ax)) = A {A JF 4(x), (4.18)
while the Dirac field transforms according to
Yalx) =0, (Ax)) =5 ~A jYAx)
X =UAWx)UA)™", (4.19)

with §(A ) a finite-dimensional representative of A acting on
spinor indices. Here,

SIS =ALyY
and y*# is the Dirac matrix.
If, according to Sec. 4F, we adopt a single potential
Coulomb gauge structure ¥ = (4 ) of the quantized field ¢,
then a Lorentz transformation U (A ) must be accompanied

by the Lorentz transformation V (A ) of the Maxwell poten-
tial, induced by (4.18):

A LX) = VA XV (A)" = A44"Ax).
However, the Coulomb gauge does not persist in the

transformation unless an accompanying gauge transforma-
tion W (a,A ) is performed on A /}* to restore the gauge:

ALx)=WiaA 4 X)W (@A) =4} — Fa,(dx).

a, is an operator-valued gauge “parameter.” (4.22)

This means that the Lorentz mapping U (A ) of free
Dirac operators induces (and inversely is induced by) the
following mapping in the asymptotic electromagnetic field
algebra:

(4.20)

(4.21)
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Aoy, A | ->A,),
(4.23)

A4 (x)=W@A )V (AW x)V(A)" Wiad)™"

Let us mention that (charged) generating vectors for irredu-
cible representations of the scattering algebra 7{./) trans-
form covariantly under the Lorentz group in consistency
with (4.23).4

5. ASYMPTOTIC MAXWELL FIELD CONTENT OF THE
FREE DIRAC SYSTEM, CONTINUED: RELATIVISTIC
QUANTUM MECHANICS OF THE DIRAC ELECTRON

A. Assume that we work within a two-potential frame-
work (4.10) so that, due to the Coulomb gauge, a quartet of
canonical Bose operators {a¥(k),a;(k)},_ 234 (4.12)
emerges, with'the N,, M, dependence fixed by (4.11).

Let f(p) be a normalized momentum space function

d3k -
k) f(k)=1. 51
™ S (k) f (k) (5.1)
We introduce
f]k]”z“( )fK):=af, i=1234
(5.2)

[a/af*] =84, [alal]_=0,
where the manifest fdependence @, = a;/occurs. We shall fix
the choice of f = f(p) and the findex will be omitted for
simplicity.

With the CCR algebra generators (5.2), provided we
take a Fock representation: g, |0) = 0 Vi = 1,2,3,4, we can
construct the new operators {s,5}:

Sy — Sk =€ pafa,, s + &, =ilata, —ata,). (5.3)
They satisfy the following commutation relations®’:
[N]-=0=[5.N].=[Ns]_, (5.4)
N= 3 ata, $=¢,
i=1
and in addition, the SU{2) X SU(2) ones:
[s:6:1-=0,
(5.5)
[5:58;] - = i€ S [Sisbi |- = €S-

All operator identities are valid in the Hilbert space 2 = 4,
constructed from the Maxwell field Fock vacuum |0) by ap-
plying {a¥.a,}; _1234-

As shown in Ref. 27, by using s,§ and the quantum
mechanical momentum operator

p={p. = —1id/0x,},_,.;, the Hamiltonian

H =2m¢, + 45,(s'p), (5-6)
if provided with a domain restriction

(N—1)¢)=0 (57)
in the Hilbert space & ® %° (# carrying a Schrdinger re-
presentation of the CCR algebra {x,, p,},_,, ;) becomes
equivalent to Dahl’s Hamiltonian'*;

Hp =2m&py + 45 (Sp) (5.8)

Here, operators
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Er= Pl/2§Pl/2’
(5.9)

4
P,y= ]] l:expl—ata,): + at:exp( — aka,)a, ]

k=1

Hp =P, ,HP, 5, sp =P 8P,

4
— I :exp( —atay):

k=1
act invariantly in A, ,, ® %, by, = P, )5h.
The matrix realization of Hy in h,,, ® #° coincides
with the well-known Dirac expression

Hpp = (mB + api =i dy/d, (5.10)

provided ¢ is a bispinor composed of the expansion coeffi-
cients of the generalized vector

|#) = |x,t) =2} _ 4, (x,t)|k ) in the basis of

hy 2tk ) =ak|0).

B. If we smear |¢,x,¢ ) with a space-time dependent test
function g = g(x,?)
Z (810,

g4) = f dx glx)| dx) =

then the only effect of the Lorentz transformation on |g-¢ )
following from the Lorentz invariance of (5.10), is due to the
unitary mapping U (4 ) inducing a base change in 4,

U )igd) =lgd)s= 3 tilglha),

k=1

(5.11)

(5.12)

with

kA ) = Z T(A)ull)

i=1

such that [compare, e.g., (4.20)]
g9)a= 3 wllall)= 3 3 (SU1a k) 5.1

S (A ) is a finite dimensional representative of A in E *. Equa-
tion (5.13) allows a nontrivial mixing of the Maxwell degrees
of freedom, which preserves the Coulomb gauge of both
Maxwell potentials after a Lorentz mapping. Notice, howev-
er, that the correct spinor transformation law under A can
here be generated by supplementing the conventional Lo-
rentz transformations of M,,, N,, with the appropriate “mix-
ing” gauge transformations plus the ones necessary to re-
store the Coulomb gauge [like (4.22)]. Notice that the
constraint (5.7) still does not remove the gauge freedom.

Remark 1: In a fixed Lorentz frame, the above quanti-
zation procedure for the Dirac system can be realized in the
formal path integration framework*”: fi=c =1

771\- = (1/vV2)( px — im),
e = (/V2(py +imy),

Z= kl:[l Dp, D, Ij Dp, Dx, H&(p +7 =2
X8(( p,m)a? — p?) exp[ifdt{ i TP
+ ; pix; — H, (pﬂr,p)”,

4
(pm)=3 pui,
k=1

(5.13)

k=1234

(5.15)
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where the “classical”’ Hamiltonian follows from the quan-
tizedone: Hy = P, ,HP, 5, [P, 5,H]_ = Obymaking thebo-
son transformation of all Bose creation—annihilation opera-
tors and then calculating the Fock vacuum expectation
value of the obtained quantities in the tree approximation:
H (p,mp)=(O|:H (a* + 7.0+ y,A* +BA+B);|0).
Originally, we used in Ref. 27 an incorrect form of the action
which in addition to H., included more terms linear in
momentum.)

Remark 2: Recall that if we consider the quantum field
theory version of the Dirac system, the single particle Hamil-
tonian (4.10) is put in between the quantized Dirac fields, in
its matrix form. Hence the whole Maxwell content of a single
particle theory is lost.

Remark 3: In contrast to quantum field theory, it seems
that the internal space of the Dirac particle needs a two-
potential Maxwell framework rather than a single-potential
one, at least to preseve the Lorentz covariance properties of
the whole procedure. Notice that the impossibility of remov-
ing one potential among the two is usually connected with
the presence of magnetic charges in the system.

Remark 4: The J. Math. Phys. referee has acquainted
me with some papers which are relevant to this paper. I
would like to point out the DeFacio, Hammer, and Tucker
approach*®*° to the quantization of relativistic fields: The
equation of motion for the field and the resulting conserved
current are the only data needed to derive all the necessary
commutators or anticommutators. No a priori need for the
canonical formalism appears in this construction of arbi-
trary spin electrodynamics. Application to the Dirac system
which is minimally coupled to the vector meson field is of
major importance for us.

The existence of a classical c-number set of solutions to
the field equations is absolutely required for the existence of
a quantized theory. In this connection, and in connection
with Secs. 4 and 5 of this paper I must recall the paper by
Gross®! on the classical Dirac-photon system, together with
the quantum investigations of Refs. 52--55.
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Reduction of the super phase space for a massiess Dirac particle
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We show how to get the reduced super phase space for a classical spinning particle and how to
quantize this theory. This technique introduces a Grassmannian “Hamiltonian™ and a

corresponding Grassmannian “time” parameter.

PACS numbers: 11.10.Ef, 11.30.Pb

I. INTRODUCTION

In 1950' Dirac showed how to quantize a theory de-
scribed by a singular Lagrangian. The first step is to obtain
the Hamiltonian formulation."? It is in this step that the
constraints'? appear, which tells us that the number of de-
grees of freedom actually are fewer than the naive phase
space would indicate. There are two ways to find the quan-
tized theory. Since only physical degrees of freedom ought to
be quantized, one should eliminate the first class® constraints
by adding gauge conditions, forming Dirac brackets, and
reduce the phase space to the one of only physical degrees of
freedom. We have then obtained the reduced phase space.?
Quantization is now straightforward.

Another way is to keep the first class constraints and
implement them on the quantum level as conditions on the
quantum states. This latter method is the simplest one and
has mostly been used. Because of its simplicity it became the
one used to prove that a locally supersymmetric field theory
in one dimension quantum mechanically corresponds to a
Dirac particle.*” In this paper we will expound on the first
method for this theory and emphasize the geometrical way
of understanding the elimination of first class constraints
acting as restrictions on a supermanifold.®’ This supermani-
fold is in our case a manifold with a graded symplectic struc-
ture imposed on it, i.e., a super phase space (see Sec. 3).

The goal of this paper is to solve the geometrical prob-
lem of finding the reduced (physical) phase space and the
equations of evolution on it and to find the quantum theory.

In Sec. 2 we will describe the method used so far in
describing the Dirac particle. Our alternative way will be
developed in Sec. 3 while we treat the quantization in Sec. 4.
We end in Sec. 5 with a few remarks.

2. THE ACTION FOR A SPINNING PARTICLE

When we obtain the Hamiltonian formulation of a the-
ory givenby L = (2¥)~'%#x, * (the Lagrangian for a spinless
particle), a secondary constraint P> ~0 ? appears that be-
comes the Klein—-Gordon equation after quantization. ¥ is
the “einbein” field introduced to get reparametrization in-
variance and x* = (d /dr)x*. This Lagrangian can be gener-
alized to describe a spinning particle by going to a
superspace

XM}y (T,@) = xH(1) + iay(r)R V2, (2.1)

where a and * are real anticommuting variables>® and R an
arbitrary constant of dimension length. The superspace La-
grangian>®° becomes
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Lira)= — %‘Ber(hMA J(h 4 MaMJ’(h —l)aNaN.V"?AB

(2.2)
hy " is the zweibeinfield (for details see Ref. 5; note that the
determinant is here changed to ‘“Ber”: Berezinian, the grad-
ed determinant). Already at this level we find the anticom-
muting “time” parameter. Evaluation of Ber {A,,") and an
introduction of d =(h ~'),%, y=(h ~'),!, y=dy/dr, and

y'=dy/da give

L(ra)= —lilydy* +d%y). (2.3)
If we integrate over @ and choose the gauges ¥’ = iR ~!/2and
d’ =0, we get

——x — -

All quantities are real fields in 7. V'is commuting and W
anticommuting. From this Lagrangian it is straightforward
to obtain the Klein—-Gordon and Dirac equations using the
method of imposing constraints on the quantum states. This
is done in Ref. 5.

When trying to find the reduced phase space, in order to
quantize only physical degrees of freedom, of this Lagran-
gian, two obstacles arise. First, it will turn out to be impossi-
ble to find a set of canonical variables x'and P, (space parts of
x*, P,) for a particle with spin; see Ref. 10. Second,’ since
{v, lﬁ”}pg = in** will lead to [¢#,4"], = 2*” in the quan-
tum case, it is impossible to define states such that
Y¥) = ¢#|¢) for all ¥*. In order to circumvent these two
obstacles, we will change variables to

XM= (120 + X, 22 =(1/v/2)(x° — %),
2o (12 +ixd), X =(1/V2x' —ix?) (2.5)

Flr) = z—¢.x. (2.4)

and

0! =4’ +¢), 0=’ — ),

67 ="'+ %), 6°*=y'—ip) (2.6)
The Lagrangian becomes

L (T) —_ (l/V)(x” =22 le 21)

—i(0'6% + 60" — 0% — 93%6%) — iy/2
(W/V)(g 1 22 2xll 03‘x-12 — 03x'21).
2.7

The naive Hamiltonian' resulting from (2.7) is
Hy = V|(P,,Py; — PyyPy,)

+iV2IW(0'P,, + 0°P,, + 0°P,, + 6°*P,)).
(2.8)
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If we require that the primary first class constraints'>

JL JdL
P,=—~0, P,=—7~0
o ¥ dw
be constant in time, we must also demand
PZEP”PZZ — P12P21:O (2.9)

and
P=6'P, + 8°P,, + 6°P,, + 6°*P,, ~0. (2.10)

(2.7) gives also rise to four second class constraints, P, = i8>
etc., which have been eliminated by Dirac brackets. The fun-
damental brackets* are now

{x*6,P s} =528, (2.11)
{6,672} =ir2, (2.12)
{6%,6%} = —is2. (2.13)

The rest is zero. (P, and P,, are eliminated by the gauge
choices V=V,and W=W,.)

Thus, for functions fofx**, P,;,0',6%,6 *,and 6 ** their
equations of motion are

a _df

= +{H, [}, (2.14)
where

H=V,P?+ iV2W,P. (2.15)

The tworeal constraints P2 ~0and P~Oconstitutea(l + 1)-
dimensional graded Lie algebra

{P2 P} =0, {P2FP}=0, {PP}=iP%, (2.16)

denoted G. (2.16) gives G realized on the phase space P de-
fined by (2.11)~(2.13).

The final step before quantization of the reduced super
phase space P, (P, is defined by P? = 0 and # = 0) will be to
choose gauge conditions'® to P? =0 and #=0 and eliminate
them by forming Dirac brackets. This would, however,
mean that the only equation of motion left is (2.14) and the
part of P. describing the spin of the particle will not be dyna-
mically involved. The reason for this is that a gauge condi-
tion to P 2 ~0 will force W, to be zero, hence putting to zero
the part of H that depends of the anticommuting quantities.
To obtain the Dirac equation, this simple generalization
does not seem to work. The next section shows how a more
geometrical treatment can help us to reach the goal.

3. THE GEOMETRICAL VIEW

As we saw in Sec. 2 the Dirac treatment of the Lagran-
gian (2.2) gives rise to two constraints P?~0 and =0 de-
fined in (2.9) and {2.10). To get a clear picture of the elimina-
tion of these two constraints, we feel a more geometrical
approach would be most fruitful.

In doing so we start with the phase space P. Consider
then the action of G on this space, where G'is an exponentiat-
ed group’ having G as its Lie algebra. Pis a graded manifold
spanned by coordinates

= (x,P5,0,0%,6%6°%). (3.1)
Since the gauge group G (or rather its Lie algebra) is defined
by (2.16), i.e., in terms of Poisson brackets defined on P, the

452 J. Math. Phys., Vol. 23, No. 3, March 1882

action of G on P is already given: geG is defined to be’

g(a,a)Eean+ia?, W= il‘ﬁz’ (3'2)
where
oP? 8
P={P? },, =02 _ ZcT (P 3.3
PB 3 o (P) (3.3)
and
P={F } _J“‘W 9 er(p 34
B z”&z‘ :P) (3.4)
and
o -1, O
{#A}s =1, © 0
0 0 C,
0 ¢ 0 O
c 0 O .
where C,= 0 0 0 c* and ¢ =i/2. (3.5)
0 0 ¢ O

J 8 defines the graded symplectic structure of 7, (P),
the tangent space to P at the point z. A more compact nota-
tion is @ = (@) = (a,a) and D, = (P2,iP) giving
8(@) = exp(a'D,). From each point z§ in P the group G defines
an orbit:

Gzy={zeP:3Age Ggz, =z}

(see Fig. 1).

Furthermore, if z; lies in the hypersurface P, in P de-
fined by P? = 0 and # = 0, then the whole orbit will be in P,.
This means that P and P, will be split up into (1 + 1)-dimen-
sion superspaces parametrized by @ = (a,a). The equations
governing these superspaces are

e _f | (p2
= 7 +{P% f} (3.6)

and
(4 tad )= (2 + Lal)r+ sy 0

This second equation we get by realxzmg the gauge group G
on its group space (a,a), o, stated differently, squaring (3.7),
should give (3.6). The left-hand sides are just G realized on
the space {a,a). It is possible to prove that the orbits consist of
disjoint sets of points, and thus it is possible to form a quo-
tient space defined as the space of orbits. If one considers
only points on P,, the quotient space will be isomorphic to
the “physical phase space”, that is, the space of only physical

FIG. 1. The physical phase space P, as the quotient space P, /Gz.
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degrees of freedom , the reduced phase space.

Thus the problem will be to choose the physical phase
space as a subspace of P,. This is done by selecting a set of
gauge choices which will tell how the physical phase space is
oriented relative to the orbits at each point. If any orbit at
any point is tangent to the physical phase space, that orienta-
tion will not be a possible one. We choose the gauges ¢,,
i=1,2:

$=x"'—a=0 (3.8)
and

=0'—ax0. {3.9)

In order to preserve the orientation given by these
gauge choices, (3.8) and (3.9) must not change along an orbit,
i.e. (at least not if the orbit is in P.),

d d i _d
2= (da % )¢' =0
These conditions can only be satisfied if the action of the
gauge group on P is modified. It can be seen that a special
type of changes is allowed by pointing out that the only im-
portant concept is the geometrical (coordinate independent)
(1 + 1)-dimensional superorbit not its parametrization. This
view makes it possible to rescale (even locally) each Lie alge-
braelement; i.e., it is possible to change P to F (z)P 2 and "to
F'(2)F provided it does not change the algebra [note that P2
and F(z)P? point in the same direction in the tangent space of
P, atz]. In our case Fand F' are essentially powers of 1/P,,.
In terms of new rescaled generators, g € G, becomes

(3.10)

P2 7, ~
g(a',a'):exp[a' + ia'—=2 , @= —P,a
(—Pn)  (—Py) “
and
d a
L - {p?
da’f c?af Pzz{ /)
and
1
—-—{7 s}
Py
1 ( d i d) 1 (6‘ i d )
= ——{—+—a—|f+—|— —
Po\aa T 2%da ) T r\aa T 2% )
=(__d_'__ia d’)f (_a__L“' a')f
da' 2 P,,da da'’ 2 Py3da
If we drop the primes, we get
d ._9df 2
—f=—2._{P2 f}, 3.11
daf % {P2f} (3.11)
_d__iii> (i___"_i 3)
(da 2 Py, da /= da 2 P, da /
1
-—{7 f}. (3.12)
P22
Now
d (d i a d)
¢':O’ rymiaieheeendall [ FR~A
da’' da 2 P,, da 0
provided the gauge choices are
$=x'"—a=0, ¢,=0"+lia=0. (3.13)

The final task before quantization is to express (3.11)
and (3.12) in terms of the coordinates chosen to parametrize
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»» the physical phase space. These are
z = (x?2,x'2,x?',P,0,P\5,P;,,0 >,6 **). Let ¢ ' denote (x'' — a,
0'+i/2a, P2 P). The cotangent space of Pat z, T, *(P), is
spanned by dz* These can now be rotated into the 1-forms
dz"™ and d¢ by means of az 4-dependent nonsingular matrix:
dz* = dz"E, *(z) + d¢ ‘E* (z)=dzE,," (2),
where E,,4 is a matrix which has as the upper left part
[(8 x 8)-dimensional] a matrix belonging to OSp(2,6).
Let us express all functions f € C =(P) as functions of z™
and ¢i 11
f(z“,a,a) =F(z".¢ i,a,a)'
Then we get {(3'/da means partial derivative of a on F)
o _JF ' OF 3 oF
da da  da d¢' da Iz
_3’_F+c7(x”—a) JF
da da Ix! —a)
Thus (3.11) becomes
dF _df
da  da
JF JdF
da + Ix'" — a)

om OF
da 3z

82"‘ 8F
——A{P?,
da 3z P22{ f}

1 3P* & 9F  OF
P22 aPaB 8x"ﬂ az"

and
dF _dF (‘lzi___{ p? })
da‘an’aa P, o

On physical phase space P, (¢ ‘=0), we must have
' 07 p2
aF _ JF Ly ggmm P il':_,
da  da Jz" 9z
which allows us to identify (put F = z™)
K p» = P,P,,/P,, (also denoted 77°,).

The same procedure for (3.12) gives

(3.14)

(3.15)

(3.16)

i 1 :
_(L_LL 3)F+(9 L a)_aF__
da 2 P,, da P, 2 P,/ox"

i (Ca e =

Restricted to P,, this should be written as

(L_L_a__f!_ _(i_L_‘?_. J )F
da 2 P,, da da 2 P,, da
w2y OF
" Iz
But, surprisingly enough, this proves impossible. Fortunate-
ly, another operator #°, can be found which is defined to be
the evolution operator on P, corresponding to the equality

d dF (oz aF
dp_9F, (—___ 20y
da 8a da Pzz{ }
{ 2 m}aF_a_F mna%a _‘?_P;
2 (P22 2" da 9" 3z
(3.17)
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The solution is

. = La_I)IZ_IJZZl — _(03P12 + 03‘P21)
2 (P 22) P. 22
In order to get a nicer result after quantization, we here
change @ to — ia/2 = a' and drop the prime. Our final re-
sult is

(3.18)

’ a7,
4 p_OF _ ym0a OF (3.19)
da da Jz" a9z
with
Hao= - 2’“%2‘1))%1" = 2L (03P + 6%*Py). (320)
22 22
4. QUANTIZATION ON THE REDUCED SUPER PHASE
SPACE
The system of equations to be quantized is
dF OF
2 +{7.F}, (4.1)
dF aF
=S+ {HLF) 4.2)
where
G4 = PPy /Py (4.3)
and
¥, = — 2ia%f)'2—2 _ }2—’-(93}’.2 4+0%P,).  (4.4)
22 22

The PB’s are defined on P,, i.e., for fe C *(P,)
Uar=( L 25 9

dx dp Ix dp
__i_( o g 3 af) “s)
a03 903* 963 96°*
(f.g even functions) with x=(x??,x'2,x?') and
P=(Py, P 3, Py).
The fundamental brackets are for x, p, 63, and 6°*

{xp}=1, {6°6°*} = —i/2 andtherestzero. (4.6
Quantization means { , }pg——(1/i#) [ , 1, (+

for odd, — for even Grassmann variables). We obtain
[6— — (1/v2}aand fi= 1]

[(#6] . = —i and [d’@’*], = — 1 4.7
Here it should be noted that the Fock space has an indefinite
metric. This is nice since it seems impossible to construct
three operators generating the three Pauli matrices without
using an indefinite metric in the Fock space. Calling the
Fock states |r), r = 1,2 (see Appendix), we get

(rls) = (@), (rl = (@™ +a)ls) = (o), (4.8)
— a)ls) = (07,

The evolution equations for a quantum state |/{a,a)) be-
come (formally!)

. d
’a—ahl')

(rlila™

— P12P21 |¢> (49)
P22
and

iailiﬁ) = [ _ 2ig PP W2y
a

3P 3+P ]
TR SRR Ll

(4.10)
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where the Ihs of (4.10) has been chosen in comparison with
(4.9). Acting from the left with a (Hilbert space) basis vector
[see (A4)]

(x’(e 3*)|E<X|-(O‘e"39“
(see Appendix for Fock space with negative metric) and us-

ing the completeness relation (A6) and definition (A7), (4.9)
becomes

(02200 — 9219 12¢(x,(0°*),a,2) = O (4.11)
Using the coordinate transformation (2.5) and the fact that
(4.11) are valid only on P, (i.e., where x'' = a), we get

Ogfx*,(0**),a) = (4.12)

where x*=(x’x",x%,x3).

The same procedure with the Dirac-like equation (4.10)
could be worked through, but in this case it is easier to work
entirely with Fock states (see Appendix). Thus (@—a/1/2)
{4.10) becomes

(x,r|id, |Hla.a))

= (x, r|[ iatifa ——n—(a 3P, + a** Py)
(Py)* Py

X3 | dx'|x' s} o), (x'|¥la,a). (4.13)

In order to show that Eq. (4.13) is nothing but the Dirac
equation y#d, = 0 and 7" in the chiral representation, a few
steps of calculations are needed. First we notice that on [¥)
the operator P\,P,,/ Py, is id/da [Eq. (4.9)}. Then we (formal-
ly) multiply both sides by P,, and use the x-space representa-
tion for the momentum operators. We find

N {r| (02200 + dax + 3,a° + @)

X |s>(03)st <t l'/’(x’a’a)) =0

Next we change coordinates back to x°, x', x?, x* and use the
properties of the Fock states a|r) = ( — 1)"~ '|r)a and the
fact that 2, (r|s)( — 1 * (&), = (0”),.. This leads to the ex-
pression [after using (4.8)]

Z(OJ)n [(@o — 3)d, + (3o + F3)a ]¥,(x,a,a)

+ 2[1(0’2)"81 + i(O'l),,az]l/’, (x,a,0) =0

Finally expanding ¢, = ¢, + ay, and doing the
identification
Av=—x» A2=¢, A3=¢y Ai=x, (4.14)

one finds at once y*d, A = 0.

5. REMARKS

This way of deriving the wave equations for a spinning
particle has a certain freedom with respect to the grassman-
nian properties of the superfield ¢(x,a,0 **,); it can be either
a homogeneous or an inhomogeneous Grassmann field.®
The latter case is the one obtained when one uses the second
method of quantization mentioned in the Introduction. We
will here briefly comment on the case of using a homogen-
eous superfield. The Dirac spinor then splits into two Weyl
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spinors with opposite Grassmannian properties. Lorentz in-
variance is thus not effected, and, further, a chiral transfor-
mation must use a anticommuting parameter. Another con-
sequence of using a homogeneous superfield in a first
quantized field theory would be that the odd Weyl spinor
would not give any contribution to scattering cross sections,
and it appears in the theory only to keep the chiral
symmetry.

The massive case could be obtained if one starts from a
super phase space with more Bose and Fermi dimensions
and a Lagrangian with extra local invariances to get rid of
these extra dimensions (see Ref. 5).
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APPENDIX

This appendix is based on Ref. 12 (see also Ref. 9). The
Fock space generated by a pair of operators (a,a*) hasas a
basis |#) r = 1,2 {|1)==|0), |2)=a™|0}). The completeness
relation in this space is determined by the metric:

1=1) (1] — [2) 2] = |}, sl- (A1)
The coherent states used in Sec. 4 are defined as

|(6°))=e®"""|0) (A2)
with

a*|(6°%) = 6°|(67). (A3)
Complex conjugation gives

((6°*)|=(0[e™*™ (A4)
with

(@] =((8%*)|6°*. (A5)
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Thus (A1) can be written (fd@ 8 =1)

1= f(de )0 **je =0 |(67) ((6°*)]. (A6)
Super wavefunctions are defined as
(x(6°%)|P)=yix"2x*" x'%,0°*) (A7)

The connection between the coherent states and the Fock
states is

(@°%1) =1,
((e°%)2) =6° (A8)
and

(x,r|fla,a)) =y, (x,0,a)
=@,(x,a) + ay,(x,a). (A9)
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From the observation that the infinite sequence of Lie-Béacklund symmetries of the potential
modified Korteweg -deVries (PMK—-dV) and the sine~Gordon (s—G) equations are identical, it is
shown that there exists a simple connection between the Lie-Backlund symmetries (written in
the form of evolution equations) of the Korteweg—deVries (K~dV) and s—G equations. Further,
this connection is similar to the one obtained by Chodos for the conserved quantities of K—-dV
and s—G equations, We also point out that the result of Chodos can be realized from the equality

of conserved densities of PMK—dV and s—-G systems.

PACS numbers: 11.30. — j,02.30.Jr, 03.50. — z

|. INTRODUCTION

Recently Chodos' showed that the infinite sequence of
conserved quantities for the Korteweg—deVries (K—dV) and
the sine~Gordon (s—G} systems are related by a simple con-
nectionu = — Mv2 — 2iv,, ), where u(x, t) and v(x, ¢ ) are the
solutions of the K—-dV and s—G equations, respectively. He
raised an open question as to whether this is merely fortu-
itous or whether it bespeaks a more profound connection
between the two systems. Having in mind this and the fact
that the conserved quantities are obtainable from the sym-
metries of the systems, we investigated the relations between
the Lie-Bicklund (LB) symmetry groups of these two sys-
tems. It turns out that the infinitesimal LB symmetries, writ-
ten in the form of evolution equations, of the potential modi-
fied K-dV (PMK-dV) and s—G equations are identical. Now
the infinitesimal LB symmetries of the PMK—dV and modi-
fied Korteweg—deVries (MK—dV) are interrelated and these
in turn can be connected to the K—dV equation. Thus we
finally establish a connection between the infinitesimal LB
symmetries of K-dV and s-G equations in (1 + 1)-dimen-
sions and this connection is the same as that obtained by
Chodos for conserved quantities.

The plan of the paper is as follows. In Sec. II we explain
briefly the concepts of LB transformation groups, infinites-
imal LB symmetries and the associated evolution equations
and the methods of obtaining them. In Sec. III we tersely
derive a sequence of LB symmetries of the K-dV, MK—dV
and PMK-dV equations and the s—G equation following the
recent works>™ on higher order LB symmetries. In Sec. IV
we establish the relations among these LB symmetries be-
tween K—dV and s—G systems and show that this connection
is similar to the one discussed by Chodos from the Lax repre-
sentations of the two equations. In Sec. V, as a concluding
remark, we point out that the Chodos result can be obtained
by realizing the fact that the PMK-dV and s-G equations
have the same conserved densities.

*On leave from N. G. M. College, Pollachi 642 001, Tamilnadu, India.
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1. LB SYMMETRY GROUPS AND INFINITESIMAL
SYMMETRIES

Consider a partial differential equation of the form

H=H(x,t,u,u,, t, Uy, Uy, ) =0, (1
where
u, = ﬂ, i=1,2,-,n.
ax’

The most general infinitesimal operator of one parameter
LB groups of transformations leaving (1) invariant may be
taken as*

d a J J
X9=9— +Dyp— +DD. 53— +D,n—
) "au + "au, ”aux, 77(9u,
J J J
DinL + D32 4. +D" :
D5 FDu g L
(2)

where 7 is a function of x, ¢, ¥ and partial derivatives of u
with respect to x and ¢ of any arbitrary, but finite order. D,
and D, are the total derivative operators with respect to x
and ¢ respectively defined by

J a a a
Dx = — 4 u,— <+ — 4 u
dx ' Gu M Oy, > Bu,
a a
+ Uy — U3 — +
2c?u, 38u2
(ul,l = uxnuz,[ = Usxss CtC.),

with an analogous definition for D,. Then the invariance
condition of (1) with respect to the group whose infinitesimal
generators are tangent vectors (2) is given by

X(mH |p-0 =0. (3)
The condition (3) provides an algorithm for finding 7. Each
independent 7 satisfying (3) is called a LB symmetry of equa-
tion (1). In practice, one can obtain an infinite sequence of LB
symmetries (if they exist) which are polynomials in # and its
derivatives with respect to the variable x by finding a recur-
sion operator,® 4, which generates infinitely many symme-
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tries starting from a given symmetry. It turns out that
knowledge of a few lower order symmetries enable us to con-
struct 4.

For a partial differential equation admitting LB sym-
metries 7(u, u,,...) we define “‘evolution equations” [see, ¢. g.,
Ref. 6, Eq. (14)] connected with 7 as

u, = n(X, t,u,u, uz,...). (4)

Evidently Eq. (4) assigns a one-parameter LB group of trans-
formations [see, €. g., Ref. 7, Eq. (10)] which leave invariant
the solutions of the associated partial differential equations.
Further, any Lie-Béicklund group admitted by the given
partial differential equation is also admitted by any of (4).
Interestingly, one also finds that evolution equations of form
(4) describing the symmetries of different nonlinear partial
differential equations can have interrelations. In fact, we
find such a connection between the set of equations (4) ad-
mitted by K-dV and s—-G equations, and this connection is
the same as that found by Chodos in relating the infinite
number of conserved quantities.!

lil. LB SYMMETRIES FOR THE K-dV AND s-G
EQUATIONS

The equations which we consider are the following:

w, + ws + w; =0, (PMK-dV), (5)
4. +9:+3¢°¢, =0, (MK-dV), (6)
u, +u; +juu, =0, (K-dv), (7)
v, —sinv =0, (s-G). (8)

To start with, we obtain the first three lower-order symme-
tries and from them we construct the recursion operator
which generates the infinite sequence of symmetries for the
above equations.

Now Eq. (5) admits a LB symmetry n(w, w,, w,,,w,)
for a finite n if and only if for every solution w = wix, t ) of Eq.
(5)

X ()| w, + ws + jwi| =0, (9a)
or

Dy +Din+wiD,n=0. (9b)

Here X (1), D, , and D, are defined as in Sec. II. By using (2)in
{9), the condition (9) reduces to

Din+wiD, 7
i=t
where
7’ = j_ andn - _8_77
Y du K “ du

J
One can easily find that the following are the solutions of
equation (10) for 7:
7' =w, (11)
7 =w; + juy. (12)

1" and n"" correspond, respectively, to x and ¢ translation
symmetries of Eq. (5). Now we assume that there exists a
recursion operator 4 which generates (12} from (11).
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Using this 4 we may take the next LB symmetry in the form
™ = ws + B (w, w,, w,, W, w,). (13)

Substitution of (13)in (10) results in a polynomial form in ws,
ws, whose coefficients should vanish since for every solution
of (5) the condition (10) must hold. This leads to the following
determining equations for B:

9B _ 0, D, 98 = jul.

du, Jdu,

Solving these equations we obtain
B=3wiw, + F (w, w,, w,), (14)

where Fis arbitrary. Following the same lines of argument as
before we obtain ' in a recursive manner. In this way we
get

7™ = wy + w0 ws + s} + . (13)

The form of (11), {12), and (15) suggests that the recur-
sion operator 4 is of the form

A =D3 +pw) + qw)D 7 '(w,). (16)
To find p and g we note that A generates (15) from (12) and
{12) from (11), and therefore we have

P+ qw, = jwi, (17)
3w wi + wiws + p(ws + wy) +q(Iw + jwt)
= swlw; + jw,wl + jw. (18)

Solving (17) and (18) for p and ¢ and inserting these in (16) we
find

A=D!+w! —wD 'w, (19)
The proof that this 4 is indeed the recursion operator follows
from Olver’s work.®

In exactly the same way one can obtain the first three

LB symmetries and the recursion operator for the MK—-dV
equation as

7 =qu (20)

7" =q; + i, (21)

7" = g5+ 39°q, + 1099,9, + 3¢7 + ¥4, (22)
and

A=Di+¢ +qD; g (23)
and for the K-dV equation as

' =u, (24)

"= uy + Juu,, (25)

=g + Juus + Suyu, + utu,, (26)

A=D} +u+iuD " (27)

The s-G equation (8) will admit a LB symmetry of the
form (v, v;,...,v,) if and only if for every solution v = v(x, ¢)
of Eq. (8),

(D,D,)n — neosv = 0, (28)
Taking n = 5, we get the following determining equations
for %:

Dn, =0,

(29a)
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Now, =0, (29b)
Moo, V10 F Mo, Vo + My V3, + Mo, Vae + Moy Vs, =0,
(29¢)

Do, + 1,010 + (D, + 1, )05, + (Do, + 1, )5,
+ (Duno, + 1, )08, + (D7, + 1, Jus,

+ 7., Vs, — cOSV = 0, (294)
where
Uiy = Uy Uy = Uyyy, €IC.,
and
oD
"y,
i
TosTo, = dvs0v, e
with
v, = siny,

Uy, = U,COSV,

vy, = — vlsinv + v,cosv,
Vs, = — 3v,0,8inv — v} cosv + v,cosy,
vs, = — 6viv,cosv — 4v,v,8inv + visiny

— 3vksinv 4 v cosv.

Solving Eq. (29), we find the following solutions for %:

7' =v, (30a)
7" =v; + v, (30b)
7" =vs+ %Uf vs+ 30,07 + %”?- (30c)
The corresponding recursion operator is found to be
A=D? 4+ v} —v,D ', (31)

IV. RELATIONS BETWEEN INFINITESIMAL LB
SYMMETRIES

The set of equations (4) assigning the symmetry groups
for different systems reads as follows:

(a) PMK—dV:

w, =w,, (32a)
w, = w; + jwy, (32b)
w, = ws + Wi w, + jwwl + w. (32¢)

An infinite sequence of such equations follows by consider-
ing the higher-order symmetries generated by the recursion
operator4 = D2 + w} —w,D [ 'w,.

(b) MK-dV:
9 =41 (33a)
9, =9+ 34’9, (33b)
9. =4qs+39°9: + 1099:9, + 391 + 84", (33c)

................

withd =D +4>+¢q,D g
(¢) K-dV:
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u =u, (34a)
U, = Uy + 3uu,, (34b)
u, = us + $uus + Suyu, + {tu,, (34c)
withd =D? +u+4u,D "

(d) s-G:

v, =vy, (35a)
v, =5+ 7, (35b)
v, = s + §vus + 0,03 + 7, (35¢)

withd =D?Z + v} —v, D 'v,

We can now observe that the systems of equations (32)
and (35) are identical. On the other hand, one finds that Eqs.
(34) and (35) are connected by

u=gq’—2ig, (36)

where u and g are solutions of Egs. (7) and {6). This is because
Eq. (33) can be obtained from (34) with the aid of the relation
(36) and the fact® that the recursion operators of K—dV and
MKV are connected by (¢ — iD,.). Apykav

= Ay _4v(g — iD,). For example, Eq. (34b) becomes, after
the substitution of relation (36),

(¢° — 2igq,), = (§* — 2ig,) vux
+ (3/2)(¢* — 2ig,) (¢* — 2ig,)..
This can be written as

. d
2(4 _'aT>[q' —9;—3°q)] =0.
It follows that ¢, = ¢; + 3¢°q,, where ¢ is a solution of MK~

dV. The transformation (36) is the same as Miura’s transfor-
mations® to obtain MK-dV from K-dV.

It is easy to see now that the Egs. (33) and (32) are con-
nected by

g=uw,. (37)

The above considerations show that Egs. (34) and (35) are
connected by the relation

2 .
u=q%-2iq
2_,; Y
U =V - 21V g =w,
Y+="ss oy 1t = Memav

FIG. 1. Diagram showing the interrelations among the symmetries [Egs.
{32)35)] of the K-dV and s-G systems, written in the evolution form (4).
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u=v} —2iv,, (38)
where u and v are solutions of K-dV and s-G equations.

We now make a scale transformation 4 — — 4u of the
K-dV equation (7), which takes (7) to u, 4+ u; — 6uu, =0.
Correspondingly the relation (38) becomes

= — }(v} — 2iv,), which is exactly the same as the one

obtained by Chodos in relating the conserved quantities of
the K-dV and s—G equations. These results are illustrated
diagramatically in Fig. 1.

Further, the following relations are found to be true
among the LB symmetries of the various equations:

. d .
NMkav = 2(‘1 — )77MK_dv» u=q’— 2ig,, (39)

ox
MMkav = S NpMK-av> G = Wy, (40)
Ix
NeMmk—av = s, W=D (41)

The results lead finally to
az

d . .
O )

V. CONCLUSION

From the known forms of the conservative laws of the
s-G equation v,, — sin v = 0 and the PMK-dV equation
w, + ws + fw} =0 [seee. g., Ref. 9, Eqs. (2.13) and (2.14)]

459 J. Math. Phys., Vol. 23, Na. 3, March 1982

we can easily observe that the conserved densities of these
two systems are of the same functional form. Then from the
interrelations between PMK~dV-—-MK-dV (Miura)
—K-dV, the result of Chodos is obtained. Further, the con-
served quantities of the integrable equations are known to be
obtainable from the LB symmetries admitted by them,!%!!
Thus we see that the connection between the conserved den-
sities of the K~dV and s-G equations arises naturally from
the connection between their LB symmetries.
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Complementary energy principles in dissipative fluids
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Necessary and sufficient conditions for exponential stability of equilibria in dissipative fluids are
discussed on the basis of energy principles. First, a known maximum principle is reformulated in
a manner which is more appropriate for evaluation of actual growth rates. Secondly,
complementary variational principles are presented. The latter are quite useful for qualitative
estimates and numerical computations since they lead to upper and lower bounds for the exact
growth rates. The results are applicable to ideal magnetohydrodynamic (MHD) cases as well as

resistive plasmas and also solitary waves.

PACS numbers: 47.20. + m, 47.10. + g, 52.30. + 1, 52.35.Py

I. INTRODUCTION

Energy principles are very useful in determining the
stability of equilibria of dynamical systems.' Compared with
an eigenmode analysis, they lead more easily to qualitative
answers. Yarious formulations of energy principles have
been worked out, especially in plasma physics,” because of
their direct relevance to controlled nuclear fusion. The ques-
tions of sufficient and necessary conditions for stability have
been discussed. One important contribution in this develop-
ment was due to Laval et al.> who proved necessity without
making use of completeness assumptions for the operators
involved. And, indeed, there are many cases, for example in
magnetohydrodynamics,* where the operators do not have a
complete spectrum of eigenfunctions in the space of square
integrable functions.

So far the discussion was for nondissipative systems.
However, dissipative instabilities are well known and of
growing interest.” Therefore the extension of energy princi-
ples to a large class of dissipative systems by Barston®® was
another important step in the development of generalized
stability criteria. An extension of Barston’s work to two-
dimensional plasmas was done by Tasso,'® who also dis-
cussed some generalizations to conservative systems in La-
grangian representation including dissipative terms.!

Usually, these energy principles are written as maxi-
mum principles for the (maximum) growth rates. Then lower
bounds for the growth rates follow immediately. However,
from the practical point of view it is sometimes more desir-
able to have upper bounds. The latter can be derived when
complementary variational principles are known. Re-
centy,'? we have presented such complementary energy
principles in ideal magnetohydrodynamics. In this paper we
generalize these findings to dissipative fluids.

The paper is organized as follows. In Sec. 11, we start
with some canonical form for the dynamics of the perturba-
tions which is valid for many systems. We show that the
explicit result of Barston’ can be written in an equivalent
form which is more appropriate for evaluation. However,.
the main reason for our reformulation is that our procedure
allows us to derive complementary variational principlesin a
symmetric form. This is done in Sec. III, where we start with
a model system in analogy to that used in Sec. II. Then it is
shown that within this model system, and thereby also for
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the original system, the maximum growth rate follows from
aminimum principle. The resuits are summarized in Sec. IV,

il. THE MAXIMUM PRINCIPLE

Barston’ considered equations for small oscillations
about a state of equilibrium in the form

N&& + D3,E = FE, (1)

for t>0. Here N, D, and F are time-independent linear for-
mally self-adjoint operators with N0 and D>»0. The opera-
tor D represents the dissipative forces and F the conservative
forces.

It was proved that the system described by Eq. (1) is
exponentially stable if and only if the system in the absence
of dissipative forces is exponentiaily stable. Exponential in-
stability for sup, (§ | F |$ )/{¢ |§ ) > Ois thus guaranteed under
quite general conditions. Defining M as the set of functions
which satisfy the condition (£ |F | ) > 0 in the case of insta-
bility, the maximum growth rate ¥, can be written as’

(1L EIDIEY | EIFIE) Y
Vs 233[(4 CINIE)? <§|N|;>)
1 ¢IDI¢) ] 2
2 EINID)

Let us briefly comment on this result. First, there is no
doubt that from the theoretical point of view, the problem of
stability in dissipative systems [with the assumptions under-
lying Eq. (1)] is thereby solved. However, for practical appli-
cations, Eq. (2) may be difficult to evaluate because of its
quite complicated right-hand side. The proper choice of test
functions is not obvious. Also another reason motivates us to
reformulate Eq. (2). Once Eq. (2)is used as a basis for compu-
tations, we can only find lower bounds for the actual growth
rate ¥, This is obvious since numerically we approach the
growth rate from below when a maximum principle is em-
ployed. Therefore the knowledge of a corresponding mini-
mum principle is desirable. We shall derive the latter for the
present problem in a symmetric way after reformulation of
{2).

In order to find an equivalent form to Barston’s growth
rate (2), we now define the function

- &1Smig?
filr)= sup. (CINIEY (3)
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where

and M (y) is the set of functions ¢ for which (£ |S(¥)|¢ ) > 0.
Note that in the unstable case ¥ > 0 exist so that M (y) is not
empty. We shall prove that the greatest possible solution y of
the equation

Y =fi7 (5)
agrees with v as defined in Eq. (2).

Let us first make clear the idea behind this reformula-
tion as well as the practical advantage compared with Eq. (2).
To begin with the latter statement, we recognize that f_ () is
much simpler to evaluate than the right-hand side of Eq. (2),
and the remaining (for example, graphical) solution of Eq. (5)
is quite trivial. Qur statement, that the greatest possible solu-
tion of Eq. (5) is identical to ¥, is by no means trivial al-
though one might expect that the model system described by

NG =(F—yyD)§ (6)
has the same growth rate
_ IF—yDI¢)
G R T a )

as those systems described by Eq. (1).
To show that ¥, is a solution of Eq. (5), i.e.,

7%3 = f + (¥s), (8)
we proceed as follows. First, inserting a test function feM
into the argument of the supremum on the right-hand side of
Eq. (2) we obtain the value ¥<y;, where ¥ satisfies

. €D - CIFIE) .
T ENE T EWIE o
Rewriting Eq. (9), we can get a form similar to Egs. (3) and
{5), i.e.,
5 _ EISHIE) "
s 1o

Thus £ also belongs to M (); since (10) is true for any test
function {eM (y), we can write
V<L), (11)

where f, is defined by Eq. (3). When approaching the maxi-
mum, we can define

Y=vp—6 €30 (12)
so that

(rs —€P< filvs —¢€) (13)
follows. In the limit e—0, we obtain

72 <fiVa). (14)

To complete the proof of Eq. (8) we note that from
Eq. (2)

’a 1 «Ipig) i(s‘IDI§>2+ (CIFIg) 172
2 (EINIS) 4 (GIN|E)? (CINIS) 1)
follows for any function {eM. Thus,
(1S(rs))
F e
s el
461 J. Math. Phys., Vol. 23, No. 3, March 1982

or, if we maximize with respect to {eM (y;),

Ye2fo(va)- (17)

This completes the proof of Eq. (8).

To show that ¥<y holds for any solution of Eq. (5) one
proceeds as follows. First, analogous to the proof just given,
one finds

P =fun=su (4 &2 £)

crer v o e i)
CFIO Y21 EDIO T g
* <§|N|§>) 2 (EINIE) (1)

Then, because of M (y)C M, y<yp follows immediately.

lil. A MINIMUM PRINCIPLE

Let us now consider a model system with the following
equation of motion for the perturbations,

N6 =(F—yDJE, (19)
where 7 is a real parameter. The operators &, F, D have the
same properties as those appearing in Eq. (1).

In the unstable case, perturbations governed by Eq. (19)
grow with a maximum growth rate® y, ,

2= sup LISOAE) 20,
ceMn (GIN|E)
where S (y) = F — yD. It should be noted that for
¥y = ¥ = v, the model system (19) has the same maximum
growth rate as (1).
We now show that the same growth rate can be ob-
tained from the minimum principle

e (GISWHIE)
Under some extra condition [see Eq. (36) whichis trueif, e.g.,
S (¥) has only one positive eigenvalue],

r’=y; (22)
will follow.

We prove Eq. (22) in two steps. First, we show that
unstable perturbations with growth rate I [see Eq. (21)] ex-
ist. Since, on the other hand, y; is the maximum growth
rate,® I" 2<y?2 will follow.

Equation {19) has the following constant of motion:

EISMNTISMIEY —(.£1SW)8.6) =C. (23)
We choose now some (initial) displacements £,eM (y),
which satisfy

até—o = 7;§0) (24)
where
7 = &S IN T'S)|E)/(ElSE) >0, (25)

For these perturbations C = 0 holds.

The temporal behavior of the “kinetic energy” follows
from Eqgs. (19) and (23), using C =0,

FEISMNEY =4HEISHINTISIED- (26)
From the definition of I" [see Eq. (21)] we get for £ (¢ )eM (),
FUEISNE YA (£ IS )IE). (27)
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Defining T as the maximum time for which £ (¢ }eM (y) and
(3,£ |S(¥)|€) >0 hold, we find, for 0<t < 7, by integration
of (27),

3 (EISWIEI>2r (£ISNIED. (28)
Further integration yields, for 0<t < T,
(E1SWNE Y >LLolS (V)]0 > exp(2lt). (29)

Thus, T = o follows and {29) is true for any time ¢30. Fur-
thermore, (29) shows that growing perturbations exist whose
growth rates are at least I'". Together with the known result
that ¥, is the maximum growth rate,’

vi>I? (30)
is now sufficiently established.

We now demonstrate the second step of the proof of Eq.
(22). We want to investigate when I" 27 also holds [which

together with Eq. (30) will give (22)]. For that we take an
arbitrary function feM (7), such that

€& ISHIE) € ISWIE)
o CINIE) e LIS
&SI a1
eMin (EIN|EY

We first evaluate the second supremum on the right-hand
side of Eq. (31). In doing so we note that, without loss of
generality, we can normalize § such that

CISM=(SMIIN IS S)? (32)
holds. Furthermore, defining ¢ through

E=N"'SWf+e (33)
the additional relation

(fISMlg) =0 (34)

follows from Eq. (32}. Using Eqs. (33) and {34), we obtain

wp LIS
M) (EIN|E)
_ (SISIN 'S (W].f)* 35
PTBON SN + @ Wey )
Since N is positive definite, we get the result

LISl _ 1
gﬁﬂ?n—_@[m;) = (fISWN 'S ). (36)

Now it is obvious which additional condition we need
for the first supremum on the right-hand side of Eq. (31), i.e.,

CISWNEY _ ¢ ris -1 37
SR Cism: = W) o

Anticipating for the moment Eq. (37) (see discussion
below) we obtain from Eqs. (31), (36), and (37), together with
Eq. (20),

(SISMN'SHILS
ri< {38)
- (LIS
for feM (y). Since (38) is true for any feM (y), we immediately
obtain

A<l (39)

Together with (30), then Eq. (22) follows. Thus we have de-
rived complementary (maximum and minimum) principles
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for Eq. (19) under the condition (37).

The rest of the paper is devoted to a discussion of Eq.
(37) and the relation of our mode} system (19) to the more
general system (1).

First let us give a straightforward justification of Eq.
{37) under the (plausible) assumption that S (y) has only one
positive (discrete) eigenvalue. Employing steps similar to
those for the evaluation of the second supremum on the
right-hand side of Eq. (31), we choose [see Eq. (32)]

IS =LFISNIN3 (40)
because of freedom in normalization. Together with

§=f+o, (41)
[compare Eq. (33)] again

(fISlg)=0 (42)
follows. Making use of the last relation, we obtain

ANVl

cesttn E1S IS

= sup LISWN + o IStle) @3)

4 (fISIfY?

We will now prove that

(@ |S)lp <0 (44)
for functions @ satisfying Eq. (42) and feM (y), i.e,,

(fISf)>0. (45)

We recall that for this proof we need the assumption that S (y)
has only one discrete positive eigenvalue A, with the eigen-
function e,

Syle=4_e {46)

We decompose the functions fand ¢ into parts parallel
and perpendicular to e,

f=f+A (47)
and

P=@ + @ (48)
Equation (42) yields

(LLISWe) = —/1+<¢||M|>- (49)

Making use of the Schwarz inequality, under the as-
sumption that A ,_ is the only eigenvalue >0,

(@l —=SWle) (fil =SWMILI> () — S(r)lcpl();;)

we obtain, together with Eq. (49),

(P SWe <A Apy AP CAISWILY T (5

The right-hand side of Eq. (51) can be further estimated by
making use of (45),

ALALAY +LAISA) >0 (52)

or
(FUSONS) < =ATHAIA T (53)
Inserting (53) into (51), we get
(pISWle) =1 (gl + (@, 1SMe.)
<Adpyle)) — AL | AHALA T
=0, (54)
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i.e., the desired relation (44). Now we know that the supre-
mum on the right-hand side of Eq. (43) is realized for ¢ =0,
and Eq. (43} leads to Eq. (37).

After completing the proof of

e =173 (55)
if S (y) has only one positive eigenvalue, we summarize our
findings up to this point. For a nondissipative system [de-
scribed by Eq. (19)] with a parameter-dependent conserva-
tive force, we have shown that the maximum growth rate can
be determined by either a maximum or a minimum princi-
ple. The derivation of the latter was the main aim of the first
part of this section.

We now return to the original equation (1). Comparing
Eq. (5) with Eq. (20) we see that for

Y= (56)
the growth rate calculated from Eq. (20) agrees with the
maximum growth rate for the system (1} (see Sec. II). Just
now we have proved that the same growth rate can also be
calculated from the minimum principle (21), provided S{I"}
has only one positive eigenvalue. However, we want to em-
phasize that no assumptions regarding the negative eigenval-
ues and the completeness of the operators were made. Thus
Eq. (21)is the minimum principle for Eq. (1) which we looked
for.

If S (I"') has more than one discrete positive eigenvalue,
we can use a simple transformation

& =ne", (57)
where A is a positive parameter, to rewrite Eq. {1} in the form

N&*y + Dd,n = Fy, (58)
where

D=D+ 2N (59)
and

F=F—AD—A°N. (60)

Note that D and F have the same definiteness properties as D
and F, respectively. However, the eigenvalues of S are shifted
to lower values, compared with the corresponding eigenval-
ues of S, when we again define

S(y)=F—yD, (61)
since

D>o. (62}
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Thus, assuming that the positive eigenvalues are discrete, we
can always find a shift 4 such that S (I") has only one positive
eigenvalue.

Having in mind such a transformation when F has more
than one discrete positive eigenvalue, we find Eq. (37) rea-
sonably justified. Nevertheless, one can imagine cases (where
the continuum is involved) such that {37) need not be true.
These situations are not covered by the present investigation.
However, we note that in many applications one has Schro-
dinger-type operators for which the bounded states belong to
discrete eigenvalues so that our procedure is applicable.

IV. SUMMARY

In this paper, we have derived a minimum principle for
dissipative fluids which supplements the known maximum
principle. The latter we have also reformulated in a way
which is more appropriate for numerical computations.

The validity of the minimum principle is based on a
condition [Eq. (37)] which should be valid in most applica-
tions. We have shown explicitly that this condition is satis-
fied as long as the maximum positive eigenvalue of F'is not
the border of the continuum.
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Long-range order in the spin van der Waals model is considered when the number of spins is
finite and also when infinite. We show explicitly that a finite system cannot support long-range
order. An infinite system at high temperatures is found to be dominated by the entropy of
degenerate states of the system and, as a result, the system behaves essentially like an ideal
sy§tem. In an infinite system at low temperatures, long-range order exists, fully reflecting the
spin symmetry of the Hamiltonian. For the X¥-like regime (/> J, ), m, is finite but m,_ vanishes,
where m, and m, are reduced order parameters for the transverse and longitudinal directions,
.respectively. For the Ising-like regime (J < J, ), m,, vanishes but m, is finite. The isotropic
¥nteraction (J; = J ) behaves as a singularity and it must be considered separately. A physical
interpretation of the behavior of long-range order is offered using the geometry of spin space.

PACS numbers: 75.10. — b, 75.10.Dg, 05.70.Jk

i. INTRODUCTION

It was shown in a recent paper, referred to here as I, that
in the spin-} van der Waals model, there exists an ordered
state characterized by nonvanishing long-range order when
N— w0, where N denotes the number of spins of the system.'
This order appears in the evaluation of the partition function
in the form of a certain maximum fotal-spin value S,, about
which the integrand for the partition function is sharply
peaked. Thus one can readily obtain the partition function
by expanding it about this maximum in the manner of a
saddle point. The resultant partition function is asymptoti-
cally exact (i.e., exact as N oo ). The condition for the exis-
tence of a stable maximum yields a transcendental equation
for S;, which in fact turns out to be the familiar mean-field
equation for the spontaneous magnetization.? From this
equation one can deduce the critical temperature 7, and also
show that S, = O(N)for T<T,.

The existence of this long-range order below T, was
demonstrated in I for the XY-like and Ising-like regimes of
the spin van der Waals model separately. It is necessary to do
so since the ordering in the X Y-like regime, owing to its sym-
metry, is different from the ordering in the Ising-like regime.
In both regimes one obtains the same equation for S; but
with different values of T,. Above T, the situation is very
different from the ordered state. It is not necessary to distin-
guish whether the system is XY-like or Ising-like. In each
case the order goes as O (N '/?), so that the order per spin
vanishes as O (N ~'/?) in the asymptotic or thermodynamic
limit.

It was never really shown in I—only suggested—that S,
is connected to the spontaneous magnetization of the van der
Waals model. In this paper we wish to show this connection
explicitly. In particular we want to study (S, ) and (S, ) for
the XY-like and Ising-like regimes of the model when T'> T,
and T < T, and also when N is finite and infinite. We will also
study the isotropic Heisenberg case (1 = 0}, which owing to
its unique symmetry position with respect to the XY-like and
Ising-like regimes (4 > 0 and A < O, respectively), must be
given special consideration. One cannot obtain the Heisen-
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berg solutions from the XY-like solutions by simply making
A0 + nor from the Ising-like solutions by making

A—0 — , where A is a symmetry parameter defined after Eq.
{2).

In these studies we find a number of interesting fea-
tures, which are readily demonstrable in our soluble model.
For example, we will observe in the Ising-like regime of the
model how symmetry must be broken to give long-range
order in the system. When off-diagonal exchange dominates
(i.e., XY-like), long-range order arises in a different manner.
We will also observe how an ordered state emerges as N— o .

For most nontrivial cooperative models which exhibit a
second-order transition, it is not feasible—at least, not read-
ily feasible—to calculate, e.g., (S, for T'< T, nor to demon-
strate the above-mentioned features.® For those few cases
where it is possible, the attendant calculations and proofs
are, invariably, so exceedingly involved that they tend to
obscure the underlying physics. Our results for the van der
Waals model shown in this paper, however, are sufficiently
elementary as to help illuminate some essentials of cooperat-
ive physics.

In Sec. II we briefly describe the spin van der Waals
model, reviewing mainly physics of this model already
known. In Sec. III we consider a finite system to show that
there is no long-range order. In Sec. IV we consider an infi-
nite system of anisotropic spin coupling and in Sec. V, an
infinite system of isotropic spin coupling. Finally, in Sec. VI
we add a few concluding remarks from the vantage of our
obtained results.

ll. DESCRIPTION OF THE MODEL

We shall describe briefly below the spin van der Waals
model. The model is more fully described in 1. Consider a
system of N | spins situated on sites of a regular lattice. The
components of the individual spin operator at site / are de-
noted by s7, 57, and 57, with 1<i< N, and those of the total spin
by S,,S,,and S$,, e.g.,

N
S, = zs‘,.’ (1)

i=1
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witha =x, y, orz.
The model is defined by the following Hamiltonian*
with a conveniently chosen additive constant

N
H = —N"'Y[J(sisf +5is)) + 1. (i) ] — 4 (T +J,)
i£
= —N"Y\JSS—4S,3), 2)
where S = (S,.,S,,S,) and A =J — J, with J.J, >0.

In this system all spins are assumed to interact pairwise
and with equal strength, independent of their relative dis-
tances. The interaction, however, is assumed to be anisotro-
pic with respect to spin components. We observe that the
Hamiltonian is diagonal in the total spin operators, which
makes the model completely soluble.

Now A can be either positive or negative. If positive, the
model will be referred to as XY-like. If negative, it will be
referred to as Ising-like. The partition function depends on
the sign of A for T < T, but not for > T,.° The value of the
critical temperature 7, also depends on the sign of 4 (dis-
cussed below). The isotropic Heisenberg point (1 = 0) be-
haves as a singularity in the line of A, dividing the van der
Waals model into two physical regimes. Thus, one cannot
analytically continue across the isotropic point from the XY
side into the Ising side, nor conversely. This property is re-
flected in the behavior of the critical temperature of the
model.

ForA>0(i.e.,J>J,), the value of T is determined by J
only. That is, for J fixed but larger than J,, T, remains con-
stant, being entirely independent of the size of J,. Similarly
for A <0, the reverse holds. This behavior of the critical tem-
perature is a special feature of the van der Waals model,
stemming from its spin symmetry. We recall that for the
nearest-neighbor anisotropic Heisenberg model, the critical
exponent has been found to behave similarly.

lli. FINITE SYSTEM

When N is finite, one does not expect long-range order
to exist in the system (i.e., no 7,). We show explicitly in this
section that (S, ) and (S, ) indeed vanish identically. For a
finite system it is evidently unimportant whether the model
is XY-like or Ising-like. Our proofs here are useful mainly for
showing later how an ordered state can emerge in the asymp-
totic limit.

We will take the ensemble average in the usual way over
eigenstates of % weighted appropriately with the degener-
acy of these states. Spin ordering can, therefore, be obtained
directly as the ensemble average of S, or S,. One can also
introduce a small external field to align the spins of the sys-
tem, which may be turned off later.

A. Spin ordering in the transverse direction

We define spin ordering in the transverse direction as
follows:

(S,)=Z"'TrS,e#7, (3)
where the partition function Z is given by
Z=Tre 7, (4)

Asstated above, we take the trace over eigenstates of 777, i.e.,
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z="S S SKESS)eTESS), )

s§=0 s,= -5

where g is the degeneracy factor previously given with N
assumed to be an even number

N N

g(S’=(w—s)—(w—s—1)’ ©
and |E (S,S,)) denotes eigenstates of 7#°

H\E(S,S.)) = E(S,S,)|E(S.S,)) (7a)
and

(E(S,S)|E(S",S)) =856, (70)
Hence, the partition function is reduced to

7 = zg(S)e"ﬁE(s's'), (8)

S,S,

where

E(S,S,)= —N'[JS(S+ 1) —AS?], 9)

and it may be evaluated by carrying out the spin
summations.
We can evaluate spin ordering similarly

(S,) =Z 'Y g(S)e FTNE(SS,)IS, |E (S.S.))-(10)

Using the raising and lowering operators for .S, , we obtain
Sx IE(S’SZ)) = i(s - Sz)1/2(S + Sz - l)llzlE(S’Sz + 1))

+ %(S+Sz)1/2(s_sz - 1)1/2|E(S’Sz - 1))'
(11)

Hence, by the orthogonality relation [see Eq. (7b}] we have
(S.) = 0 as long as N is finite.
Spin ordering may also be evaluated by turning on a
small external field H along the transverse direction, i.e.,
H - — HS,. (12)

Even though [77,5,]#0, one can obtain (S, ) by the follow-
ing means:

(Sx>=ﬁ_a—Han(H=0), (13)

where Z (H ) is the field-dependent partition function. The
noncommutativity poses no difficulty here since only those
terms linear in H need be kept.® One can show readily that
(13) leads to the same result as shown above [Eq. (10)].

B. Spin ordering in the longitudinal direction

We define spin ordering in the longitudinal direction as
follows:

(S,)=Z " 'TrS,e 5*. (14)
It may be evaluated similarly to the ordering in the trans-
verse direction, viz.,

(S,) =Z~'Sg(S)S,e ~FE, (15)

But since E (S,S,) is even in S,, we obtain (S,) =0.

Because S, is a diagonal operator, it is necessary to
break the up—down symmetry by introducing a small up or
down field,
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H—X — HS,, (16)
such that
4,0

(Sz> =B 517

Since [#°,S,] = O, the above field-dependent partition func-
tion can be more readily evaluated here than in the trans-
verse case. Terms linear in H, however, vanish for the same
reason (i.e., oddness in S,) yielding (S,) = 0 for N finite.

We add a few remarks. Both (S, ) and (S, ) vanish fora
finite system but in different ways. In the representation in
which S? and S, are diagonal, (S, ) vanishes because S, is
not diagonal, i.e., the states of 8 and S, are not stationary
states of S, . In effect it is like having zero eigenvalues, and
symmetry cannot be broken with null eigenvalues. Now, sta-
tionary states of 57 of finite NV are definite and discrete.
When S, acts on one of these stationary states it creates a
new set of states by overturning spins, which are thus differ-
ent from the original state. Hence, owing to orthogonality,
none of these new states can singly contribute to the ensem-
ble average. Physically, it means that the total x spin does
not have a definite value. Individual spins do not align them-
selves but precess in the XY plane of spin space.

In this representation {S,) vanishes because both the
positive and negative eigenvalues of S, (S, = — S,..., +95)
contribute equally to the ensemble average. That is, ali possi-
ble stationary states of 57 are included in the ensemble. The
total z spin has a definite value for each of these states for a
given S but with an equally probable orientation of being up
or down. One can, of course, break this symmetry by intro-
ducing an external field. But as soon as the field is removed,
the finite system restores itself to the original state of symme-
try. Whether the system can restore itself depends on wheth-
er HN—0 or « . For a finite system, HN—0 always as H—0
{as in our results in this section). If HN— 0 as N— oo (first),
then the system can retain broken symmetry even after the
field is removed (as shown in Sec. IV), and thus an ordered
state can emerge asymptotically.

In the asymptotic limit, long-range order in the trans-
verse direction can also exist (as shown in Sec. IV) if station-
ary states of #° of N spins are no longer discrete and form a
nondenumerably infinite or dense set of states. When S, acts
on any one of these stationary states, it will overturn a spin
(i.e., S,—S, + 1). But for a very large number of spins, i.e.,
S, = O(N~), with x = O{1) and N— w0, the overturning will
have little effect on the state. Asymptotically, S, thus acts as
a quasidiagonal operator with eigenvalues (S — S 2)'/2 and
all the stationary states can now contribute singly to the en-
semble average, unlike the case when N is finite.

Also, when N is finite, the sign of A is unimportant to
stationary states of 57°. But in the asymptotic limit, where
the system can order itself, the sign of 4 will be found essen-
tial in sorting out appropriate stationary states of the system.

In Z (H = 0). (17)

V. INFINITE SYSTEM OF ANISOTROPIC SPIN
COUPLING

In this section we consider the long-range order in the
system of anisotropic spin coupling (A #0) when N— . Itis
convenient to define the following reduced long-range order
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parameter:

1
m, = lim —<(S,), 1
N< ) (18)

No o %

where @ = x, y, or z. We shall study m_, for the XY-like and
Ising-like regimes. We expect all m,’s to vanish for 7> 7T,
but some m,,’s to survive for T< T,.

A.mforT<T,

For an infinite system whose stationary states of
form a nondenumerably dense set of states (see Appendix A),
we can write

o« S
(S.)=2""| ds f dS,g(S)(S? — §2)V/% ~PEEH, (19)
0 -8

where

Z= fds ds,g(S)e ~PEES) (20)
and, to the leading order in ¥,

glS) = (S/N )2V +2e - NV (21)
and

E(SS,)= —N'JS?~AS2). (21a)

Evidently, W (S') is related to the entropy of the system for a
given value of .7

We consider (S, ) in the XY-like regime first. For 4 > 0,
the S, dependence in (19) is essentially Gaussian and the
main contributions to the S, integration come from .S,

= O(N ''?). An examination shows that the phase factor

G(S)=— W(S) +BJ(S/N)* + O(N ~')has asharp maxi-
mumatS = S, = O (¥ ),sothatexp NG (S )issharply peaked
at about § =S,

To evaluate the double integral, we write S = S, + Nx
and S, = N 2 and expand the S integrand about S = S,. We
then obtain, to order O (N ~'),2

(sx>=so+Az—‘f dxe—‘"’xf dze %, (22

where a, b, and 4 are some constants, all positive but other-
wise unimportant to our consideration. The second term of
the right-hand side of (22) vanishes. Hence, for the XY-like
regime below T,

m,=m+O(N), (23)

where m = 2S5,/N, which is thus of order unity and remains
finite in the asymptotic limit.’

Next we consider (S, ) in the Ising-like regime. For
A <0, the S, dependence in (19) is no longer Gaussian. As
may be expected, the S, integrand, in fact, contributes maxi-
mally at S, = O(N ). The S integrand is still peaked at
S =8, = O(N). Hence, now maximal S and S, are of the
same order in N. To remove the N dependence, we write
S = Nx and S, = Nz and express (19) in the following way:

w
J- dx eVNWx
0

m =

X

dZ(Xz _ 22)1/26022
—z , (24)

o0 X
J. dx e ("’xj dz ™
0 -
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whereg=A'BN,A'= —1>0.
One can show that fora>0,
dz(x* — 22)"/%*

= ymx2e 2 {I4ax?) — I 5 jax?)}, (25)
where I, and I are, respectively, the modified Bessel func-
tion of order O and its first derivative with respect to its argu-
ment.'° Now since a— «, we can use the asymptotic form
for the Bessel function,'®i.e., y—oo,

e
L) = 2 ———[1+ /8y + Oy~ )] (26)

Hence, for a— o,

dx(x*

Substituting (27) into (24), we again expand the x integrand
of (24) about x = x, = Sy/N. First, the numerator of (24} is as
follows:

f dx eNG(x)x{%ﬂI/2a—3/2 —leaxz}

— 2212 = Y(m)\2a =3 2% e, (27)

=i77”2“_3/2 dx eNG"x)x-x'l
(V]
= r'%a = Bxs !, (28)
where G, (x) = — W (x) + BJ,x* and B is a constant, a com-

mon factor also in the denominator of (24). The denominator
can also be evaluated. For a— o,

f dz e*” = (ax)" '™ (29)
Hence,

f " dx eV@x{(ax)~ e’} = (ax,) " 'B. (30)

0

Substituting (28) and (30) into (24), we finally obtain
m, = rVH4BA N1 31)

which, therefore, vanishes in the asymptotic limit as
o ( N~ 1/2)'

B.mtor7<T7,

Following Eqgs. (16) and (17), we shall first break the
symmetry by introducing a small external field along the
longitudinal direction and consider the field-dependent par-
tition function. We must remember that, for our infinite sys-
tem, HN— 0 as N— oo and H—0. It is thus convenient to
think of H vanishing as H = O (N ~*), where } <x < 1 such
that, e.g., HN '/2-0 as N— o« and H—0. This condition on
H ensures that the external field term represents a perturba-
tion to the internal interaction energy [see (16)].

The field-dependent partition function for an infinite
system is given by

Z(H)= f dS dS,g(S Je ~PESS) +PHS, (32)
Weshall evaluate Z (H ) in the X ¥-like and Ising-like regimes
and obtain (S,) from it by extracting linear terms of H.

For A >0 we have
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— ABSY/N + BHS,
b

© S
ZH)=2"*N "f dseesis|l  dS,e
0 -8
(33)
whereG(S)= — W(S)+BJ(S/N)* + O(N ~'). Asmaybe
seen in (33), the main contributions to the S, integration
come from S, = O (N '/?). This fact already indicates that m,
cannot exist for the X Y-like regime. Since the S, integrand is
dominated by S, = O (N !/2), one can immediately show that
linear terms of H in (30) vanish,!' i.e.,
ZH)=Z(0)+O(H?. (34)

Thus, m, = 0 for the X'Y-like regime."?
For A <0, we have

Z(H)=2V+N"! f wdSe”G‘s’Sf s, et e ans, (35)
o )

where 4 '=—1>0.

As in the evaluation of (24), the main contributions to
the S, integration now come from S, = O (¥ ); and S and S,
are of the same order of magnitude in V. Hence, one can no
longer expand the field-dependent term in (32). The S, inte-
gration may, however, be related to Dawson’s integral D,

Diyj=e” f ydx e (36)

We obtain
ZH)= 2N+ZN—‘p“’Ze—PQ’rdSeNWS
0

x {5+ 27D (p(S + Q) + &**~ 2D p(S - Q))},
(37)
wherep = A ' /NandQ = HN /24 '.SinceS = O (N jwecan
use in (37) the asymptotic form for Dawson’s integral D (y),
i.e., for p— o0,
D)=k +0p7) (38)
Thus for N— o0,

ZH)=2"*'N"! —3/2e—PQ’fwds eVl
0

e2pSQ+pQ2 e~ PSQ+pQ*
{ l (39
S+Q S—-0Q
where G,(S)= — W(S)+BJ,(S/N)* + O(N ~'). Now since

2pSQ = BHS and pQ* = H>N /44 ', we can neglect pQ * in
the argument of each of the above exponential functions in-
side the brace of (39). Hence for N— 0,

(H)_2N+1N—l —3/2] dSeNG’(S'S

eBHS e —BHS
x{ - 1w
S+ HN/2A S—~HN/24
Now we can proceed to evaluate the .S integration. It

has been shown previously that exp NG, (S ) is sharply peaked
about S = S, = O (N ). Hence, the integration may be carried
out by expanding the integrand about S = §,. Thus, we get
the leading order as shown below:

Z(H)=

[ PHS e —BHS, } al)

C + s
Se+HN/24'  S,— HN/22'
where Cis a constant, independent of H. Clearly, the second
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exponential term may be dropped (i.e., symmetry broken)
since HN— o0 .'* Also, in the denominator of the first term in
the right-hand side of (41), we have S, + HN /24 ' =S|, for
N— . Thus, we can now obtain (S, ) via (17)

(S,) =S, (42a)

or

.=m (42b)

in the Ising-like regime.

C.mandmfor7>T,

For T'> T, we expect m, and m, to vanish in both the
XY-like and Ising-like regimes. We shall show below that in
all cases the S and S, integrands make maximum contribu-
tions at S = O (N '/?) and S, = O (N /%) suggesting that m,
and m, cannot exist in the asymptotic limit.

We shall consider m, first. Then, using (19) we can ex-
press (S, ) for T> T, in the following form:

<Sx>=Z—12N+2N—lj dSe~cS’/NS
0

S
xf dS,(S? — §2)!2e 1S, (43)
-5

wherec =(2 —J)>0.

Now whether A is positive or not, S, in (43) is bounded
by { — S,5) and the main contributions to the S integration
comefromsS = O (N '/*)only. Hence, clearly (S, ) = O (N /%
and m, = 0 in the X'Y-like and Ising-like regimes.

We shall next consider m,. Then, using (32), we can
express Z (H ) for T> T, in the following form:

ZH) =2”+2N“J dS e~ <SNS
0

« S dSz e,ws /N + HS,' (44)
-5

As before, it is sufficient to find linear terms of Hin Z (H } to
obtain (S, ). Again whether X Y-like or Ising-like, S, in (44) is
also bounded by ( — 5,5 ) and the main contributions to the §
integration come from S = O (N '/?). Hence, the field term
containing HS, may be expanded; its linear term of H, how-
ever, vanishes. Therefore m, = 0 in the XY-like and Ising-
like regimes.

V. INFINITE SYSTEM OF ISOTROPIC SPIN
INTERACTION

Viewed through the geometry of spin space, the X Y-like
system may be thought of as representing an oblate configu-
ration and the Ising-like system a prolate one. Then #°
(4 = 0) or the isotropic system represents a sphere, which is
thus a unique limiting boundary for each of the nonspherical
configurations. One is tempted to think that the partition
function and long-range order for the isotropic system can be
obtained from those of the anisotropic systems by making
A =0.For T>T,, one can indeed do so; but for T'< T, one
cannot. Our low-temperature solutions, as may be noted, do
not permit 4 = 0. In obtaining these analytic solutions we
have, in fact, made use of the nonsphericity of the anisotro-
pic systems explicitly.
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We shall first obtain the partition function for4A = 0. To
obtain long-range order, it is necessary to introduce an exter-
nal field along some direction to align the spins. Otherwise,
(S,) =(S,) = (S,) =0 owing to its symmetry. We shall
consider (S, ) and (S, ) while the spins are aligned along the
longitudinal direction.

A. Partition function

The partition function for A = 0 may be written as

© S
Z=2+ ZN“J dsS eS| ds,. (45)
0

-5
For T'> T, the S dependence is essentially Gaussian. Thus,
by integrating directly we obtain

Z =2V aN)"?/2 — BT (46)
One can obtain this result from the oblate or prolate parti-
tion function by making A—0 + (i.e., J,—J).

For T < T, the § dependence is not Gaussian. The §
integrand is peaked at S = S, = O (¥ ). By expanding about
Sy, we obtain

Z =2+2N~'S.exp{ — NW(S,) + BINm?*/4}. (47)
One cannot get this result from the XY-like or Ising-like
partition function by making A—0 + . However, the free
energy per spin,

InZ/N =In2 — (W-}BIm?), (48)

can be obtained from the nonspherical free energies by tak-
ingA—0 4.

B.m,

We now introduce a small external field along the longi-
tudinal direction and obtain m, via the field-dependent par-
tition function

o0 S
Z(H)=2"*2N"! f dSeNG‘S'Sf ds, > (49)
0 -5

Now for T'> T, S = O (N '/?). Hence there is no linear term
in H. Thatis,m, =0for T>T.,.
For T'< T, we obtain

Z(H) = Z(0)(Sy/BH {15 — ¢ —FHS}, (50)

where Z (0) = Z, which is field-independent and given by
(47). By dropping the second exponential term in (50) since
HS,— « (i.e., symmetry-breaking) and then by taking a de-
rivative with respect to SH, we obtain

m,=m+O(N"). (51)

C.m,

We now calculate long-range order in the transverse
direction while the spins are aligned by an external field
along the longitudinal direction. The field will be, as before,
turned off after N— . Then we have

dedSz gS)S2 — S PESS
(S$,)= ’ (52)
[asas.gisreset=s
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where E'(S,S,) = — JS?/N — HS,.

ForT>T.,S =S, = O(N '?).Hence,itfollowsdirectly
from (52) that (S, ) = O (N '/*)and m,—0 as N> .

For T < T., (52) may be written as

J. dx e¥Wx | dx(x? — 22)/2%e"
—_ 0 —-Xx , (53)

X

X

dz e”*

-—X

o
J. dx eV¥x
0

where ¥ = BHN. The above is very similar to (24), differing
only in the second exponential term. One can show that

X
J. dz{x? — z%)'/%e"
0

= mx*{Lfyx) — I 5(vx)}, (54)
where 1] is the second derivative of the Bessel function with
respect to its argument. Now since y— o0, we can again use
the asymptotic form for the Bessel function

To{yx) — I§(yx) = (2m) ™~ "/ 2(yx) = %™, (55)

Hence,

o0 X
J. dx e¥Wx | dzix? — %)%
0

= C(r/2p°) x5 €™, (56)
where C is a constant, a common factor also in the denomi-
nator of (53). The denominator is essentially the field-depen-
dent partition function

f ) dx eVS™x

0

dz e” = Cy~ler™, {57)
where we have again dropped exp( — ¥x,) in (57) since
y—>c0. Thus, we obtain finally

m, = (mx,/2BHN)'/*—0, (58)

since AN— .

VI. CONCLUDING REMARKS

We have demonstrated in this paper that long-range
order is built up with individual spins which all become
aligned along some direction. For a finite number of spins,
the system cannot support broken symmetry. We have
shown that as soon as an external orienting field is removed,
the system restores itself to the original state of symmetry.
For an infinite number of spins the collective behavior of the
system is vastly different. There can be an ordered state here,
which is fully dependent on the symmetries of the
Hamiltonian.

For high temperatures (i.e., 7> T}, an infinite system is
dominated by the entropy of degenerate states. Thus, the
interaction or even the symmetries of the Hamiltonian are
unimportant. In fact, the specific heat vanishes entirely as in
anideal system.2 This stems from the fact that if S = O (N '/?)
only, then the energy per spin vanishes asymptotically.
Hence, it is as if there are no interactions at all. For this
reason, the high-temperature partition function behaves
smoothly as a function of A for all values of 4, including
A=0.
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For low temperatures (i.e., T'< T,), we have shown that
long-range order exists and it depends on A like a step func-
tion about A = 0 (or about the isotropy point J, = J ), which
acts, therefore, like a singularity. We note that this behavior
is merely a reflection of the spin symmetry of the Hamilton-
ian. Hence, if J>J,,m, =mbutm, =0.If J<J,, m, =0
but m, = m. If J = J,, m, or m, is finite, depending on the
direction of the orienting field and the other vanishes.

For long-range order to exist, it is of course necessary to
break some symmetry of the system. As is customary, we do
so by orienting the spins along some direction with an exter-
nal field. The controlling factor turns out to be the behavior
of HN (i.e., whether HN—Q or « as H—{0). We have insisted
a priori on the condition that, to achieve symmetry break,
HN-> o« as N—« and H—0. This condition has played a
crucial role throughout in determining whether the quantity
HS is vanishingly small or indefinitely large. In the former,
symmetry break is prohibited and in the latter, symmetry
break is permitted. For this condition to be applicable
throughout, it was necessary to demand that H = O(N ~7)
with § <x < 1. We have offered no justification for it other
than a physical argument. Namely, if S, or HS, is to be a
perturbation to the Hamiltonian, the strength of H cannot be
greater than what we have demanded.

In the evaluation of (S, ), the Bessel function I, ap-
peared. The appearance of this function is intriguing, invit-
ing an explanation. The origin seems to be traceable to cylin-
drical symmetry present in spin space. If the system is Ising-
like (i.e., prolate-shaped in spin space), there is nonzero m,—
a physical axis—about which complete rotational symmetry
exists. Although m, vanishes asymptotically, its direction in
spin space is arbitrary as long as it is orthogonal to the direc-
tion of m,. We have in fact proved in I that the time-correla-
tion function (S, S, (¢)) has Larmor precession about the di-
rection of m,,which suffers critical slowdown since m,—0 as
T—T,. This situation persists up to and including the iso-
tropic point, provided that the orienting field remains fixed
along the z direction in spin space.

If the system is X Y-like (i.e., oblate-shaped in spin
space}, the system is unable to enjoy this kind of rotational
symmetry since m, = 0. That is, (S, ) cannot precess, as
there are no physical axes perpendicular to it. Hence, its
motion resembles a succession of tumblings in spin space.
We have also proved' that (S,.S,(¢)) in the XY-like regime
does not precess and behaves smoothly across 7. But as
soon as one introduces an external field strong enough to
align the spins along the z direction, then the Bessel function
will be realized.

Finally, the van der Waals model is a high density limit
of the nearest-neighbor anisotropic Heisenberg model {i.e.,
g— o0, Where q is the coordination number).* In the limiting
process the full spin symmetry of the Heisenberg model must
evidently become simplified and reduced to the elementary
symmetry exhibited by the van der Waals model. Thus, the
physical and mathematical results of the van der Waals mod-
el are likely to be no more than a shadow of those of the
Heisenberg model. Therefore, one cannot expect to learn
much about the Heisenberg model from the van der Waals
model. But our understanding of the simpler model can
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serve as a basis for gaining insight into the more complicated
model.
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APPENDIX A: ASYMPTOTIC STATIONARY STATES

For a finite system, (S, ) = 0. If (S, } #0 as N— o,
symmetry break exists or, equivalently, stationary states of
% must also become stationary states of .S,., where
[#7, S, ]#0. We shall term a state which becomes asymp-
totically stationary an asymptotic stationary state. We show
below that if macroscopic eigenvalues (defined below) merge
and approach a limiting value smoothly as N— 0, then sym-
metry break can be achieved.

If,as N— 0, Sand S, = O (N}, where0 < y< 1, weshall
term them macroscopic and their eigenvalues macroscopic
eigenvalues. In this Appendix we limit our consideration to
macroscopic quantities only. Consider (21a) as energy per
spin €,(S,S,),

€n(S,S;) = — {J(S/N) —A(S./NV}. (A1)

As N— w, €5 smoothly approaches a limiting value and thus
its eigenstate |€y > also approaches the corresponding ei-
genstate smoothly.'> Then, for fixed N and S, we define the
energy difference between two adjacent levels as

Aey(S.S;) = €x(S)S,) — €x(S.S, — 1). (A2)

If N is finite, d¢€y, is finite also, indicating a discreteness of
the energy levels. But as N— o, A€, being O (N ~ ') becomes
arbitrarily small, i.e., Aey—de, . Hence, asymptotically, the
energy behaves classical.

For a finite system whose energy levels are discrete,

S £|en(S,S;)) = ¢ *(S.S;)|en(S,S; £ 1)), (A3)
where
c*(S,5,) =4S FS,)"(S £ S, —1)'? (A4)

and § * =S, +iS,. As the energy levels merge, one can
Taylor expand a state, say, of (5,5 ;) about a nearby state of
(S,S,), where (1/N)(S, —S,)=0(N ), ie,

len(S,S 1)) = |€n(S.S. )
+(5; —S5;)

a
€x(S,S;) + - (AS
7S, len(S)S.)) (AS5)
Now the second expansion term may be written as
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oN g

— |ex (S . A6
7. aNI v (5,8, )) (A6)
By our requirement on the eigenstates, the right-hand side is
well behaved, in fact, vanishing as O (¥ ~". Hence,

d
5§; IGN(S)Sz)) =

Lim |ey(S,5;) = |€(S,S.)) + OV 7). (A7)

It follows directly

lim (ey(S,5;)[S, ex(S.S,)) = (5 - §7)~ (A8)

Our argument for (S, ) %0 is reminiscent of an argu-
ment due to Bogoliubov'® for a system of weakly interacting
many bosons lying in the condensed state (i.e., the zero-mo-
mentum state). He argued that < ¥ {Ny)|agt | (Vo) > #0,
where ag= are boson creation/destruction operators in the
zero-momentum state,since Wy(No) — ¥ (N, + 1) =O(N 1),
where ¥, and N, refer, respectively, to the wavefunction and
boson number in the zero-momentum state. Thus, the Bose
condensed state is also a state of broken symmetry.

One can express our energy eigenstates in the coordi-
nate representation. We note that our Hamiltonian {2) is in
the form of a one-dimensional harmonic oscillator. Thus the
wavefunctions will be of Hermite polynomials. Since the ei-
genvalues are macroscopically large, the corresponding
Hermite polynomials are thus of degree n— o (i.€., the zeros
of Hermite polynomials merging to form a continuum and
the wavefunctions behaving classical as already noted).
Hence, (A5) can be given an equivalent expansion in the co-
ordinate representation.
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